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ABSTRACT

In this paper, we have discussed fuzzification of elliptic
partial differential equation taking Laplace Equation in two
variable into consideration. While solving this equation
numerically at different grid points, on the other hand we
want to observe findings using fuzzy intervals. Finite
difference method is applied in solving the equation
numerically.

Keywords
a-cut, fuzzy membership function(fm.f),interval of
confidence, triangular fuzzy number(t.f.n.).

1. INTRODUCTION

The concept of Fuzzy differential equation was first
introduced by Chang and Zadeh [1]. Dubois and Prade [2] has
given the extension principle. In this paper, we first applied
finite difference method to solve Laplace equation
numerically ,then fuzzified.

2. BASIC CONCEPT AND
DEFINITIONS

A triangular Fuzzy number p is defined by three real numbers
with base as the interval [a,c] and b as the vertex of the
triangle. The membership functions are defined as follows:

X—a

; wherea<x<b
b—a
X—

,u(x)(z) 5 c; where b < x < ¢  where a-cuts are given by

0 ,  otherwise

Apla)=)a+ab-a) and  Aglaf=)c+abd-c)

2.1 Application of Finite Difference
Method in Laplace Equation

The Laplace’s Equation in two  variable is
o%u o%u

E-I—@—zy:o 3uxx+uyy:0 ——————————— (1)

which is very often encountered in heat and mass transfer
theory, fluid mechanics, elasticity, electrostatics, and other
areas of mechanics and physics, is an elliptic partial
differential equation since B - 4AC = -4 < 0.

Replacing u,, and uy, by finite difference method, (1)
becomes

Uiy —2u; j +u N Ui g = 2u; g g -0

h? k2
1 ]
N R N N N RN (2)

[Taking meshes to be of square nature]

i.e. the value of u at any mesh point is the arithmetic mean of
its values at the four neighboring mesh points to the left, right,
above and below which is called Standard Five Point Formula
(SFPF) could be represented as per Fig-1. Here we will use
two formulae called Standard Five Point Formula (SFPF) and

Diagonal Five Point Formula (DFPF) represented
respectively by diagrams Fig-1 and Fig-2.
Ui,i+l
Ui
Ui — Uiy
\4
Uija
Fig-1
U,
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Fig-2

We will use Diagonal Five Point Formula (DFPF) wherever
necessary as

1
uj, =7 [”[+1,j+1 FUiy 1t U et ”Hl,jfl] -3
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3. APPLICATION OF FUZZY
INTERVAL IN LAPLACE EQUATION

Boundary points have been taken from C; to Ci¢ due to
equation no. (1) with fuzzy intervals as given in Table-1.

CidNMh; b h3] Co(3Na; 122, 123]

C3@Ns; 52,551 Ca(Fan,lsn. 1431

Cs(Esy;lsp s3] Ce( e l62: 1631

Cr(AMg4, 72,1731 Cs(=ls1. l3,2, 133 ]

Co(=)o ;oo 193] Cro&Mhoy; ho,2; hos ]

CiuA M hia hisl Cro(M2y: h22:h1231]

Ci333; h32, h3 ] Cia(3Mhay; hao; has ]

Cis3isy; hsp: lis3] Ci6Ghe6,; he2; hep ]

Table-1

Moreover u; to ug are nine interior points due to the square
grids as shown in the Fig-3.

C1 C2 C3 C4 C5
U, U, Us
Cis Co
U4 U5 U6
Cis C,
U, Us Us
Cia Cy
Cis
Cn Ch Cyo Co
Fig-3

L . 0 .
Now to evaluate initial value of us i.e. ug ) using Standard

Five Point Formula as

=)

Ly+hy+hsi+ly Bo+hip+hsy+lp By +hi3+hs3 ‘*'17‘3} -(4)
4 ’ 4 ’ 4
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Fuzzy membership functions (f.m.f.) and respective a-cuts of
Cs, Cy1, Cy5 and C; are respectively

X-l3,
N 13’1 <x 313’2
hy—lhy
- X+ 1353
Hc, X)E)—=; 13,2 <x< 13,3 ----------------------- (5)
’ hy—h,

0 ; Otherwise

Hence a-cut of Cj; is
(e ](a)(=)[(13,2 —ha+l (3 -ho)a+l; ]

x=ly L < x<]
—Z [ 1,13XS012
11,2 ~ 1,1
—X+Z”j3
Hc,, (X)(=) #; hp Sx<l3p -mmmmmmmeeeeeee (6)
11,37 41,2

0 ; Otherwise

Hence a-cut of C;; is

[Cll](a)(:)[(ll L2 —hpa+h—Uis —hia+hz ]

x—ls
Tl 3 hisp<x<ls;
15,2 =51

—X+115’3

Hcys (*)=) 3 hsp Sx <53 mmmmmmmmmmmmnnees (7)
his3—hsp

0 ; Otherwise

Hence a-cut of C;5 is

[Cis] (=)[(115,2 —lispa+ls—(lis3—lisp)a+1s;3 ]

x—l7
—_— 17’1 SXSIIZ
lyo=l4
- X+ 1753
He, (YEN———"=3 Iy SXSIy3 pmmmmmmmeemmeeeeees (8)
l13—=17,

0 ; Otherwise

Hence a-cut of C; is
¢ ](a)(:)[(lzz —lya+ly 1~ 3=l 0)a+173 ]

Hence from (4), interval of confidence for ugo) is

B+ p—hw+h—hs) b~k o Bi+hy+hsi+hy

[ (0)](0‘) ~ 4 4
—(b3—ho)-hp—hp)—~3—h5)—(3—h2) s ha+hz+hs3+hs
4 4
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To retain two roots with a € [0,1], let

(13,2 Lt p—h D Hh o) Hq —171) 13,1 g+
4 4

__(133 _13\2)_(]1 B _ll 12)_(11 B _11 52)_(17,3 _17,2) l +l +l +l73

4 4

4 —(By+hy +hsi+i70)

(Bo+hip+hsy+l) =Gy +h+hsi+))

Hence a=

—4)C2 +(l3’3 +ll 13 +ll 53 +l7’3)

(Ba+h3+thsz+l3)—(hp +h1p sy +h5)

And 0=

Hence f.m.f. for g (0)

=Gy +hyn+hs +ay)
(Ba~h)+p—h)+hsa—hs) +a—ky)

1 1
Wherei (13?1 +11 1 +ll 31 +l7?1) SXS2(13’2 +ll 12 +11 52 +l7?2)

—4x+(l3?3 +ll 13 +ll 33 +l7?3)
(h3=ho)+U3—hp)+ls—lis)+l3-1))

Ho@E)

1 1
Wherez‘ (13’2 +11 12 +ll 2 +l7,2)SxS2(l3’3 +ll 13 +ll 33 +l7?3)

0 s Otherwise

9)

In a similar way we can find out fuzzy membership functions
for

4O L0 L © 0 0 0) 0 (0)
1 3 9 7 2 6 8 :

Uy Ug Uy Uy U g and uy

Next successive approximations with their fm.f. as required
may be obtained from previous approximations and specified
boundary conditios.

4. ANUMERICAL EXAMPLE

Let us consider the Laplace Equation in two variables

Ui (+) Uy, (5)0
(10)

in the region R(=){(xy) 0<x<4,0<y<4} with
2
boundary conditions ©(0,y)(=)0, u(x,0)(=) x? s u(x,y)(=)x2,

u(x,y)(=)8(+)2y. Leibmann’s iteration process will be
applied to solve eqn.(10) which is

u"i (= ) G OO e CO T CO AR B (11)

Initial values of the u;’s may be calculated with the help of
Standard Five Point formula (SFPF) and Diagonal Five Point
Formula (DFPF).
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For given boundary conditions, the boundary points and their
respective numerical values are

C1:0, szl, C3:4 . C4:9 . C5:16 . C6:14 . C7:12 . nglo
5 C9=8 5 C10=4.5 5 C11=2 N C12=0.5 N C13=0 5 C14=0 N C15=0
, Ci6=0.

Now to evaluate initial values u;-s (i=12,....9)
0 1
uf" =)l ]

= ul® (=)[4.449, 4.5, 4.501] - —————————————— (12)
Now to find f.m.f. and respective interval of confidence of

these four C;s as

X399 3999 <x<4
4-3.999
—-x+4
; 4<x<4.001
He, @y ¢ ASx
0 ; otherwise
Interval of confidence for G is

Ci (=) [001 +3.999, —.001c +4.001]

22199 999 < x <2
2-1.999
—x+2.001
=) ——————; 2<x<2.001
#c,, () (=) 2.001_2 x
0 R otherwise
Interval of confidence for Ch is

C{(=) [001a +1.999, -.001 +2.001]

2Ly 999 < x <12
12-11.999
—-x+12.001
=) ———; 12<x<12.001
#e; N T o011 ¥
0 ; otherwise
Interval of confidence for Cy is

C$9)(=) [001a +11.999, —.001 +12.001]

And
X001 g 001<x<0
0+.001
—x+.001
b, (¥)(=) 0.001=0 ° 0<x<0.001
0 ; otherwise
Interval of confidence for Cis is

{9 (=) [0.001a - 0.001, - 0.001cx +0.001]

Hence interval of confidence for u( ) is

[ugO)J(“>(=)[o.001a +4.499,-0.001c +4.501]

We are to retain two roots with a € [0,1].
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Let 0.001cr +4.499 =x; and —0.001cx +4.501 = x, (say)
x1 —4.499

0.001

Hence f. m. f. for ug

Mo (=)

Similarly f.m.f. for u(”, u{? ,u§® ,u$® , ul®  u® ¥ &

u®

o (X))

o (X))

o (X))

0 (X))

0 (X))

Hyo (x)(=)

2.125-2.124

2.126-2.125

9.125-9.124

6.625-6.624

6.626—6.625

0 is
x—4.499
4.5-4.499
—x+4.501
4501-45 "
0 ;

5

are respectively

x—2.124
-x+2.126

s

0 ;

x-9.124

-x+9.126

9.126-9.125 °

0 ;

x—6.624

—x+6.626

s

0 ;

x—1.624
1.625-1.624
—x+1.626
1.626-1.625 °
0 ;

s

x—4.9365

4.9375-4.9365

—x+4.9385

4.9385-4.9375

0 ;

x—28.0615

8.0625-8.0615

—x+8.0635

8.0635-8.0625

0 ;

and

X +4.501
0.001

4499<x<45

45<x<4501 —————— (13)

Otherwise

2.124<x<2.125

2.125<x<2.126

otherwise

9.124<x<9.125

9.125<x<9.126

otherwise

6.624 < x <6.625

6.625<x<6.626

otherwise

1.624 < x<1.625

1.625<x<1.626

otherwise

4.9365<x<4.9375

4.9375<x<4.9385

otherwise

8.0615 < x<8.0625

8.0625 < x <8.0635

otherwise
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Hyo (x)(=)

Hyo (x)(=)

3.6875-3.6865

3.6885-3.6875
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X-36865 3.6865 < x < 3.6875

—x+3.6885 : 3.6875< x<3.6885

0 ; otherwise
_X=20615 . 2.0615 < x < 2.0625
2.0625-2.0615

_—x+20635 2.0625 < x < 2.0635
2.0635—2.0625

0 ; otherwise

Similarly f.m.f.of fourth approximations have been found as

0 (=)

0 (X)(=)

Hy® (*)(=)

Mo (X))

x—1.99369824218
1.99469824218 —1.99369824218
where 1.99369824218 < x <1.99469824218
-x+1.99569824218
1.99569824218 —1.99469824218
where 199469824218 < x < 99569824218

0 R otherwise

x—4.91832202145
4.91932202145-4.91832202145

4.91832202145 < x < 4.91932202145
—-x+4.92032202145
4.92032202145 -4.91932202145
4.91932202145 < x < 4.92032202145

otherwise

where

where
0 ;

x —8.99445849605
8.99545849605 - 8.99445849605
8.99445849605 < x < 8.99545849605
—x+8.99645849605
8.99645849605 —8.99545849605
where  8.99545849605 < x < 8.99645849605

0 ;

where

otherwise

x—2.06114428709
2.06214428709 —-2.06114428709
2.06114428709 < x <2.06214428709
—x+2.06314428709
2.06314428709 —2.06214428709
where 2.06214428709 < x <2.06314428709

0 ;

where

otherwise
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Mo (X))

Mo (X))

Hyo (X))

Hy» (*)(=)

x—4.68632812492

4.68732812492 — 4.68632812492
where 4.68632812492 < x <4.68732812492

—x+4.68832812492

4.68832812492 — 4.68732812492
where 4.68832812492 < x <4.68732812492

0 ; otherwise

x—38.06143704217

8.06243704217 -8.06143704217
where 8.06143704217 < x <8.06243704217

—x+8.06343704217

8.06343704217 —8.06243704217
where 8.06243704217 < x <8.06343704217

0 ;

otherwise

x—1.56586962889

1.56686962889 —1.56586962889
where 1.56586962889 < x <1.56686962889

-x+1.56786962889

1.56786962889 —1.56686962889
where 1.56686962889 < x <1.56786962889

0 ;

otherwise

x—3.70424685662
3.70524685662 —3.70424685662
where 3.70424685662 < x < 3.70524685662
—x+3.70624685662
3.70624685662 —3.70524685662
where 3.70524685662 < x < 3.70624685662

0 ;

otherwise
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X —6.56592097467
6.56692097467 —6.56592097467
where  6.56592097467 < x < 6.56692097467
— X+ 656792097467
6.56792097467 — 6.56692097467
where  6.56692097467 < x < 6.56792097467

0 ;

Hyo (X))

otherwise

5. CONCLUSION

Here we have given fm.f. for initial approximations with
fourth approximations in solving the numerical example. This
may however be increased up to desired accuracy.
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