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ABSTRACT

In this paper, we made an attempt to study the algebraic
nature of anti- fuzzy subsemiring of a semiring and
we introduce the some theorems in anti-fuzzy subsemiring of
a semiring.
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1. INTRODUCTION

There are many concepts of universal algebras generalizing an
associative ring (R ; + ; . ). Some of them in particular,
nearrings and several kinds of semirings have been proven
very useful. An algebra (R ; +, .) is said to be a semiring if (R
;+)and (R ; .) are semigroups satisfying a. (b+c ) =a. b+a. c
and (b+c) .a= b.at+c.aforall a, band cin R. A semiring R
is said to be additively commutative if a+b = b+a for all a,
b in R. A semiring R may have an identity 1, defined by 1. a =
a=a.1andazero0, defined by O+ta=a=a+0anda.0=0
= 0.a for all a in R. After the introduction of fuzzy sets by
L.A.Zadeh[9], several researchers explored on the
generalization of the concept of fuzzy sets. The notion of
fuzzy subnearrings and ideals was introduced by S.Abou Zaid
[1]. In this paper, we introduce the some theorems in anti-
fuzzy subsemiring of a semiring.

2. PRELIMINARIES

2.1 Definition
Let X be a non—empty set. A fuzzy subset A of X is a
function A : X — [0, 1].

2.2  Definition:

Let R be a semiring. A fuzzy subset A of R is said to be a
fuzzy subsemiring (FSSR) of R if it satisfies the following
conditions:

0] Ha(X +y) = min{pa(x), pa(y)}
(i) pra(xy) = min{ pa(x), pa(y) }, forall xand y in R.
2.3  Definition

Let R be a semiring. A fuzzy subset A of R is said to be an
anti-fuzzy subsemiring (AFSSR) of R if it satisfies the
following conditions:

() palx+y) <max{ pa(x), uay) 3,
(i)  pakxy) <max{ pa(x), pa(y) }, forall xandy in R.
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2.4 Definition

Let R be a semiring. An  anti-fuzzy subsemiring A of R is
said to be an anti-fuzzy normal subsemiring (AFNSSR) of
R if it satisfies the following conditions:

() pa(xty) = paly+x),
(if) pa(xy) = pa(yx), forall xand y in R.

2.5  Definition

Let A and B be fuzzy subsets of sets G and H, respectively.
The anti-product of A and B, denoted by AxB, is defined as
AxB ={{(X, ¥), pax(X.y))/for all x in G and y in H}, where

Haxa(X, y) = max{ pa(x), us(y) }-
2.6 Definition:

Let A be a fuzzy subset in a set S, the anti-strongest fuzzy
relation on S, that is a fuzzy relation on A is V given by

pv(X, y) = max { pa(x), pa(y) 3, forall xand y in S.

2.7  Definition:

Let (R, +, ) and (R, +, - ) be any two semirings. Let f: R —
R' be any function and A be an anti-fuzzy subsemiring in R,
V be an anti-fuzzy subsemiring in f(R) = R', defined by uy(y)

= INf ). forall xinRandyin R'. Then Ais called a

xef(y)
preimage of V under f and is denoted by f (V).

2.8  Definition:

Let (R, +, ) and (R', +, .) be any two semirings. Then the
function f: R — R'is called a semiring homomorphism if
f(x+y) = f(x) + f(y), f(xy) = f(x) f(y), forall xand y in R.

2.9  Definition:

Let (R, +, .)and (R, +, .) be any two semirings. Then the
function f: R — R'is called a semiring anti-homomorphism
if f(x +y) =f(y) + f(x), f(xy) =f(y) f(x), for all x and
yinR.

2.10 Definition:

Let (R, +, )and (R', + .)be any two semirings. Then the
function f: R — R' be a semiring homomorphism. If f is one-
to-one and onto, then f is called a semiring isomorphism.

2.11 Definition:

Let (R, +, )and (R', + .)be any two semirings. Then the
function f : R — R' be a semiring anti-homomorphism. If f is
one-to-one and onto, then f is called a semiring
anti-isomorphism.

2.12 Definition:

Let A be an anti-fuzzy subsemiring of a semiring (R, +, - )
and a in R. Then the pseudo anti-fuzzy coset (aA)® is defined
by ( (apa)®)(X) = p(a)ua(x), for every x in R and for some p in
P.

44



3. PROPERTIES OF ANTI-FUZZY
SUBSEMIRING OF A SEMIRING

3.1. Theorem:

Union of any two anti-fuzzy subsemiring of a semiring R is an
anti-fuzzy subsemiring of R.

Proof: Let A and B be any two anti-fuzzy subsemirings of a
semiring R and x and y in R.Let A={( x, pa(X) )/xeR}and
B={(x,us(X) )/ xeR}and also let C=A U B = { (X, puc(x)) /
xeR}, where max{ pa(X), us(X)} = pc(x). Now,
He(x+y) = max{pa(x +y),us(x+ y)} < max{
max { pa(x), na(y) 3 max{pg(x), pe(y)}} = max{max{
HAX), He(X) }, max{ pa(y), pe(y) } } = max{ pc(x), pe(y) }-
Therefore, uc(x +y) <max {pc(X),uc(y)}.for all x and y
in R. And, pc(xy) = max {ua(xy), pe(xy)}<max{max{ua(x),
na()} max{ug(x), pe(y) } I=max{max{pa(x),us(X) }
max{pa(y),ue(y)}}= max{ pc(x), nc(y)}-Therefore, pc(xy) <
max{ pc(X), uc(y) }, for all x and y in R. Therefore C is an
anti-fuzzy subsemiring of a semiring R. Hence the union of
any two anti-fuzzy subsemirings of a semiring R is an anti-
fuzzy subsemiring of R.

3.2.  Theorem:

The union of a family of anti-fuzzy subsemirings of
semiring R is an anti-fuzzy subsemiring of R.

Proof: Let {V;: iel} be a family of anti-fuzzy subsemirings
of a semiring R and let A = LJVi . Let x and y in R. Then,

iel

Ha(X +y) =SUPpyi(x +y) = SUPmax{ wi(X), miy)} =

iel iel
max{ SUP pvi(x), SUPpvi(y) }= max{ upa(¥), Haly)
iel iel

}.Therefore, pa(x+y) <max{ pa(X), pa(y) }, forall xand y in
R.

And,pa(Xy)= su P pvitxy)< su P max{uyi(X), vi(y) }=max{

iel iel

SUP pvi(X), SUP pvi(y)}=max{pa(X), ma(y)}- Therefore,
iel iel

pa(xy) < max{ pa(x), pa(y) }, forall xand y in R. That is, A

is an anti-fuzzy subsemiring of a semiring R. Hence, the union

of a family of anti-fuzzy subsemirings of R is an anti-fuzzy

subsemiring of R.

3.3.  Theorem:

If A and B are any two anti-fuzzy subsemirings of the
semirings R; and R, respectively, then anti-product AxB is an
anti-fuzzy subsemiring of R;XR.,.

Proof: Let A and B be two anti-fuzzy subsemirings of the
semirings R; and R, respectively. Let x; and x, be in Ry, y;
and y, be in R,. Then ( x;, y; ) and (X2, ¥ ) are in
R1XR,.Now, Haxe [(x4, Y1) +(Xzs y2)]
=Haxa(Xa+Xz,Y1Y2)=max{ua(X1+Xz), ue(Y1+y2)}

<max {max {pa(X1),ua(X2) hmax{ua(ys), us(y2)}}

=max{max{pa(x1), ue(y)}max{ua(xz), ua(y2)}} =
max{uaxe (X1, Y1), Haxs (X2, ¥2)}- Therefore,  paxe [ (X1, y1) +
(X2, ¥2) 1= max{ pae (X1, Y1), Hae (X2, ¥Y2) }. AlSO, paxs
[(X1, Y1) (X2s ¥2)] = paxe ( XXz, Y1Yo) =max{pa(Xixz),
ua(yiy2) } < max {max {pa(X1),ua(Xz ) }max{ us(ys),
ua(y2) 3} = max{max{pa(xs), pe(y)}, max{ua(xz), ne(y2)}
= max{pae (X1, Y1), Hae (X2, Y2) }. Therefore, pae [(X4,

Y1)(Xz, ¥2)] < max{ paxe (X1, Y1), Baxe (X2, ¥2)}. Hence AxB
is an anti-fuzzy subsemiring of semiring of R;xR,.
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3.4. Theorem:

Let A be a fuzzy subset of a semiring R and V be the strongest
anti-fuzzy relation of R. Then A is an anti-fuzzy subsemiring
of R if and only if V is an anti-fuzzy subsemiring of RxR.

Proof: Suppose that A is an anti-fuzzy subsemiring of a
semiring R.Then for any x = ( X, X,) and y = (Y1, ¥o) are
in RxR. We have, py (x+ y) =pv[(X1,X2)+(y1,Y2)]
=pv(Xe Y1, XotYo)=

max{pa(X1+y1), Ha(Xp+Y2) }<max {max { ua(Xy),
ta(yn)Fmax{ua(xz), ua(y2)}y=max

{max{pa(X1),ua(*2)}, max{ua(ys) naly2)}}
=max{py (X1, X2), v (Y1,Y2)} = max{ pyv (X), pv (y) }. Therefore,
py (X +y) < max{ py (X), py (y) }, for all x and y in RxR.
And, py(xy)=py [(X1, X2) (Y1, ¥2)] = v Xay1, Xay2) = max {
Ha(XaY1),  Ha(X2Y2)} < max  {max{ pa(X1), a1 )},
max{pa(Xz), maly2 3} = max{max {pa(xd), Ha(X2)},
max{pa(ys), ualy2) 33 = max{py(Xs, X2),mv(Y1, ¥2)}= max{

pv (X), pv (y) }- Therefore, py (xy) < max {py (), pv ()}, for
all x and y in RxR. This proves that V is an anti-fuzzy

subsemiring of RxR. Conversely assume that V is an anti-
fuzzy subsemiring of RxR, then for any X = (Xg, Xp) and y
= (Y1, ¥2) are in RxR, we have  max{ pa(Xi+ Y1), na(Xe* ¥2)
}= (Xt yr, Xot Yo ) =uv[(Xe X))+ (Y Yo)l=uy (X+ y)<
max{uy(X),uy ()} = max{ py (Xy,
X2), My (Y1, Y2) 3= max{max{ pa(x1), na(X2) }, max{ua(ys),
Ha(Y2)} }- I pa(Xat Y1) Zpa(Xet Y2), Ha(Xy) = pa(X2), Ha(y1) =
ua(Y2), We get, pa(Xi+ Y1) < maxy{ pa(Xy), pa(yn)}, for all x;
and y; in R. And, max{ua(X1y), pa(X2y2) } = pv( Xay1
» XaY2) = vl (X1, X2) (Y, Y2)I = wv (XY) <max{py (X), wy ()}
= max{py (X1, X2), by (Y1, Y2)} = max{max{pa(x1), na(x2)},
max {pa(ys), pa(y23}} If pa(XyD)>pa(Xay2), ma(X)>ua(X2),

ta(y1) = palyz), we get pa(xay1)< max{ pa(xs), na(ys) }, for
all x4, y; in R. Therefore A is an anti-fuzzy subsemiring of R.

3.5.  Theorem:
A is an anti-fuzzy subsemiring of a semiring (R, +, - ) if and

only if pa(x+y) < max{pa(X), na()} pa(xy) <
max{pa(X), na(y) }, forall xand y in R.

Proof: It is trivial.

3.6.  Theorem:

If A'is an anti-fuzzy subsemiring of a semiring (R, +, -), then
H = { x / xeR: pa(x) =0} is either empty or is a subsemiring
of R.

Proof: If no element satisfies this condition, then H is empty.
If x and y in H, then pa(x+y) < max {pa(x),
ua(y)}= max {0, 0}=0. Therefore, pa(x+y) = 0. And, pa (Xy)
< max {pa(X), na(y)} = max{0,0} = 0. Therefore, pa(
xy)=0. We get x+y, xy in H. Therefore, H is a subsemiring of
R. Hence H is either empty or is a subsemiring of R.

3.7. Theorem:
If A be an anti-fuzzy subsemiring of a semiring (R, +, -), then
if pa(x+y) = 1, then either ua(x) =1 or pa(y) = 1, for

allxandyinR.

Proof: Let x and y in R. By the definition pa(x+y ) < max {

pa( X), pa(y) }, which implies that 1 <max {pa(x), p
a(Y)}. Therefore, either pua(x) = 1 or pa(y) = 1.
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In the following Theorem © is the composition operation of
functions :

3.8.  Theorem:
Let A be an anti-fuzzy subsemiring of a semiring H and f is an
isomorphism from a semiring R onto H. Then A-f is an anti-
fuzzy subsemiring of R.

Proof: Let x and y in R and A be an anti-fuzzy subsemiring of
a semiring H.

Then we have, (uaf )(x+y)=pa(f(x+y) ) = ua(
f)+ f(y)) = max {ua(f(x)), pa(f(y))} =max{(uacf) (x),
(uacf)(y)}, which implies that(uacf) (xty) < max {(ua°f)
(9, (uash)(¥)}. And (uach)(xy) =ua(f(xy)) =pa(ff(y)) <
max{ua(f(x)), ua(fy))i= max {(ua-f)(x), (nacf)(y)}which

implies that (pacf)(xy)<max{(pa°f)(X),(nacf)(y) }.Therefore
(A-f) is an anti-fuzzy subsemiring of a semiring R.

3.9. Theorem:

Let A be an anti-fuzzy subsemiring of a semiring H and f is an
anti-isomorphism from a semiring R onto H. Then A°f is an
anti-fuzzy subsemiring of R.

Proof: Let x and y in R and A be an anti-fuzzy subsemiring of
a semiring H.

Then we have, ( pacf )( X+Y)= pa( f(x+y) ) = pa(
fiy)H(x) ) < max{pa(f(x)), pa(f(y)) } < max{(ua°f)
(X),(1acH(Y)}, which implies that (uacf)(x+y) < max
{(na"H)(X).(na"D(Y)}- And (nacf
)(xXY)=pA(f(xY))=paEy)fx)<max {pa( f(X) ), pa( fy))} <
max {(ua*H(X),(na°f)(y)}, which implies that (ua°f) (xy) <
max{(pua°f(x),(na°f)(y)}. Therefore A-f is an anti-fuzzy
subsemiring of a semiring R.

3.10. Theorem:

Let A be an anti-fuzzy subsemiring of a semiring (R, +, .),
then the pseudo anti-fuzzy coset (aA)® is an anti-fuzzy
subsemiring of a semiring R, for ain R.

Proof: Let A be an anti-fuzzy subsemiring of a semiring R.
For every x and y in R, we have,
((apa))(x+y)=p(@pa(xty)<p(@)max {(na(x),  pay)} =
max{p(@)ua(x), p@ra(y)} = max{( (apa)’) (x), (@ua))(¥)}-
Therefore, ((apa)®)(x+y) < max {((apa)®) (x), (
(apa)’)(y) 3. Now, ((apa))(xy) = p(@pa( xy) <
p(a)max { 1a(¥), pa(y) 3= max {p(@)na(x),
p(@)ra(y)} = max {((apa)’)(x), ((@na)’) (v)}. Therefore,

((@pa)”) (xy) < max { ((apa)’)(x), ((@na)’)(y)}- Hence (aA)°
is an anti-fuzzy subsemiring of a semiring R.

3.11. Theorem:

Let (R, +, .) and (R', +, .) be any two semirings. The
homomorphic image of an anti-fuzzy subsemiring of R is an
anti-fuzzy subsemiring of R'.

Proof: Let (R, +, .) and (R', +, .) be any two semirings. Let f:
R — R' be a homomorphism. Then, f(x+y) = f(x) + f(y) and
f(xy) = f(x) f(y), for all xand y in R. Let VV = f(A), where A is
an anti-fuzzy subsemiring of R. We have to prove that V
is an anti-fuzzy subsemiring of R'. Now, for f(x), f(y) in R,
() +£(y)) = pu( fixty) )< palxty) < max{pa(x), pa(y)}
which implies that w(f(x) +H(y)) < max{p,(f(x)),
m(fY)}. Again,  u(fOYF(Y))=uu(flxy))<pa(xy) < max{
Ha(X), na(y)} which implies that p,(f(x)f(y))< max{u.(f(x)),
u,(f(y))}. Hence V is an anti-fuzzy subsemiring of R'.
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3.12. Theorem:

Let (R, +, .) and (R', +, .) be any two semirings. The
homomorphic preimage of an anti-fuzzy subsemiring of R' is
an anti-fuzzy subsemiring of R.

Proof: Let (R, +, .) and (R', +, .) be any two semirings. Let f :
R — R' be a homomorphism. Then, f(x+y) = f(x) + f(y) and
f(xy) = f(x) f(y), for all xand y in R. Let VV = f(A), where V is
an anti-fuzzy subsemiring of R'. We have to prove that A
is an anti- fuzzy subsemiring of R. Let x and y in R. Then,
pa(x+y) = p(f(x +y)) = p(f)+(y)) < max{p,(f(x)),
f(y))}= max {ua(x), pa(y)} which implies that pa(x+ y) <
max {pa(X), ua(y)} Again, pa(xy) = pu(f(xy)) = p(fF)f(y))
< max { p( f(x), w(fY))}= max{ua(x), pa(y)} which
implies that pa(xy) < max{ pa(X), pa(y) }. Hence A is an
anti-fuzzy subsemiring of R.

3.13. Theorem:

Let (R, +, .) and (R', +, .) be any two semirings. The anti-
homomorphic image of an anti-fuzzy subsemiring of R is an
anti-fuzzy subsemiring of R'.

Proof: Let (R, +, .) and (R', +, .) be any two semirings. Let f:
R — R' be an anti-homomorphism. Then, f(x+y) = f(y) + f(x)
and f(xy) = f(y) f(x), forall x, y € R. Let V = f(A), where A is
an anti-fuzzy subsemiring of R. We have to prove that V is an
anti-fuzzy subsemiring of R'. Now, for f(x), f(y) in R', p,( f(x)
+f(y)) = p( fly + %) )< paly + x) < max{ pa(y),
pa()}= max{ pa(x), paly) } which implies that
u(f)H(y)smax {u,(f(x)),  p (F(Y))}. Again, p( f(x)f(y))
= u(f(yx) )< pa(yx) < max{ pa(y), pa()}= max{pa(x),
a(Y)}, which implies that  u,(fx)f(y)) < max{py( f(x)),
uy(f(y))}. Hence V is an anti-fuzzy subsemiring of R,

3.14. Theorem:

Let (R, +, . ) and (R', +, .) be any two semirings. The anti-
homomorphic preimage of an anti-fuzzy subsemiring of R' is
an anti-fuzzy subsemiring of R.

Proof: Let (R, +, .) and (R', +, .) be any two semirings. Let f:
R — R' be an anti-homomorphism. Then, f(x+y) = f(y) + f(X)
and f(xy) = f(y) f(x), for all xand y in R. Let V = f(A), where
Vis an anti-fuzzy subsemiring of R'. We have to prove
that A is an anti-fuzzy subsemiring of R. Let x and y in R.
Then pa(x+y) = w( fx +y) = n (fy) + f(x) <
max{u(f(y)), w( fONI= max{u(f(x)),  wl( f(y)}
= max{pa(X), ua(y)}, which implies that pa(x +y) < max
{ua®), )}  Again,  pa(xy) = py(f(xy))
=pu(f(y)f(x))<max { py(f(y)), uo(F(x)) F=max{u, (F(x)),
m(f(y))}= max{ua(x), ua(y)} which implies that pa(xy) <
max{ua(x), na(y) }. Hence Alisan  anti-fuzzy subsemiring
of R.
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