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ABSTRACT

This paper deals with fuzzy goal programming approach to
quadratic  bi-level multi-objective programming problem
involving a single decision maker with multiple objectives at the
upper level and a single decision maker with multiple objectives
at the lower level. The objective functions of each level decision
maker are quadratic in nature and the system constraints are
linear functions. In the model formulation of the problem, we
first determine the individual best solution of the quadratic
objective functions subject to the system constraints and
construct the quadratic membership functions of the objective
functions of both levels. The quadratic membership functions
are then transformed into equivalent linear membership
functions by first order Taylor series at the individual best
solution point. A possible relaxation of each level decision is
considered by providing preference bounds on the decision
variables for avoiding decision deadlock. Fuzzy goal
programming approach is then used to achieve maximum degree
of each of the membership goals by minimizing negative
deviational variables. To demonstrate the efficiency of the
proposed approach, an illustrative numerical example is
provided.

General Terms
Quadratic bi-level multi-objective programming.

Keywords
Fuzzy goal programming, Quadratic programming, Quadratic
bi-level programming, Quadratic bi-level multi-objective
programming.

1. INTRODUCTION

A quadratic bi-level multi-objective programming problem
(QBLMOPP) involves a single decision maker viz. upper level
decision maker (ULDM) with multiple objectives at the upper
level and a single decision maker viz. lower level decision
maker (LLDM) with multiple objectives at the lower level. The
objective functions of each level decision maker (DM) are
quadratic in nature and the system constraints are linear
functions. Here, ULDM and LLDM independently control a set
of decision variables.

Our primary objectives of the study are (i) to transform the
quadratic membership functions into equivalent linear
membership functions at the individual best solution point by
first order Taylor series approximation and (ii) to introduce an
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alternative fuzzy goal programming (FGP) approach for solving
QBLMOPP.

Rest of the paper is organized as follows. Section 2 provides a
brief literature review. Section 3 presents QBLMOPP
formulation. Section 4 discusses fuzzy programming
formulation of QBLMOPP. Subsection 4.1 describes
transformation of quadratic membership functions into
equivalent linear membership functions by first order Taylor
polynomial series. Subsection 4.2 describes preference bounds
of both level DMs. In subsection 4.3, formulation of FGP model
for solving QBLMOPP is presented. Section 5 provides FGP
algorithm for solving QBLMOPP. Section 6 is devoted to solve
the model for a numerical example and to show the efficiency of
the proposed approach. Section 7 presents the concluding
remarks and future research directions.

2. LITERATURE REVIEW

The formal formulation of bi-level programming problem
(BLPP) was studied by Candler and Townsley [1] and Fortuny-
Amat and McCarl [2]. Anandalingam [3] discussed multi-level
programming problem (MLPP) as well as bi-level decentralized
programming problem based on Stackelberg solution concept in
1988. Lai [4] applied the concept of fuzzy set theory to MLPP
for the first time. Shih et al. [5], Shih and Lee [6] extended Lai’s
concept by introducing non-compensatory max-min aggregation
operator and compensatory fuzzy operator respectively for
MLPP. Sakawa et al. [7] presented interactive fuzzy
programming for MLPP in 1998. Pramanik and Roy [8]
discussed FGP approach for solving MLPP and they also extend
the concept for solving decentralized bi-level programming
problem.

Edmund and Bard [9] dealt with nonlinear bi-level mathematical
problems in 1991. Savard and Gauvin [10] proposed steepest
decent direction for the nonlinear bi-level programming. Vicente
et. al. [11] discussed descent approaches for quadratic bi-level
programming problem (QBLPP) in 1994. Thirwani and Arora
[12] proposed an algorithm to QBLPP for integer variables. Pal
and Moitra [13] proposed FGP procedure to QBLPP.

In this study, we formulate quadratic membership functions of
the objective functions of both level DMs. The quadratic
membership functions are then transformed into equivalent
linear membership functions at the individual best solution point
by first order Taylor series approximation. A possible relaxation
of decision of ULDM and LLDM are considered by providing



preference bounds on the decision variables under their control
in the decision-making situation for avoiding decision deadlock.
Then FGP approach due to Pramanik and Roy [8] and Pramanik
and Dey [14, 15] is used for achieving highest degree of each of
the membership goals by minimizing negative deviational
variables. To demonstrate the efficiency of the proposed FGP
approach, a numerical example is solved.

3. FORMULATION OF QBLMOPP

We consider QBLMOPP of maximization — type of objective
functions at each level. Let us suppose that the ULDM controls

the decision vectorxi= (Xjj,Xjp,...XjN, ) and the LLDM

controls the decision vectorx2= (X31,X33,...XpN,) in the

decision-making situation. Mathematically, QBLMOPP can be
stated as:

ULDM:

f— _— - _T_ f—
HlaXZH(X)={C]iX+%X Diix} (i=1,2,...,m) 1)

X1

LLDM:

—_— —_— —_— _T_ —_—
max Z, (x) = {C2JX+%X Dojx} G =1, 2, ..., my)
X2

@)

subject to

X eS={(;|,;2)|X1;1+X2;2 S‘t_),;126,;2 >0 } 3)

Here, ;:;1 u;2 is the set of decision vector, N; + N, = N =
total number of decision variables of the system and M is the
total number of constraints. Cii i=1, 2, ..., my), C2j =1, 2,
.., my) and Bare constant vectors. X] and Xz are constant
matrices. B]i(i =1, 2, .., ml),sz(j =1, 2, ..., my) are
constant symmetric matrices. The symbol ‘T’ represents
transposition. We assume that the objective functions Z;;(x) (i
=1,2,...,my)and sz(;) (G=1,2, ..., my) are concave and the

system constraints are convex. We also assume S (# @) to be
bounded.

4. FUZZY PROGRAMMING

FORMULATION OF QBLMOPP
We now formulate the fuzzy programming model of QBLMOPP

by transforming the objective functions Z“(;) i=12,..,m)),

sz(;) G=1,2,...,my) into fuzzy goals by means of assigning

an imprecise aspiration level to each of them.
—B ..
Let, zﬁ=z“(x1ij= maxZH(x)(l =1,2 .., m)and Z3=
xeS

sz(;sz)ZmaxZZj(;)(j =1, 2, ..., mp) be the optimal
xeS
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solutions of the objective functions of ULDM and LLDM
respectively when calculated in isolation subject to the system
constraints.

Then the fuzzy goals appear in the form:

Zi(x) 2 Zp(i=1,2, ...m)and Zy (x )2 Z5,(G=1,2, ...,
mz).

Using the individual best solutions, we formulate a payoff
matrix as follows:

Zp(®) e Zpy () Zg1(X) e Zogy, (%)
-B -B -B -B -B
X1 Zyp(X11) o Zygy (X11) o Zpp(X11) e Zogy, (X11)
B B B .
Xim, Z11(X1m,) - Zlm, Xim,) - Zp1(X1m,) - Z2m2 (Xim,) | (4)
- S 4 e
X21 Zy1(X21) o Zyp (X21) o Zpp(X21) .. Zypy, (X21)

B s B "B T B
_XZmZZU(XZmz ). Zlml (XZmZ) ZZI(XZmz) szz (XZm2 )_

The maximum value of each column gives the upper tolerance
limit or aspired level of achievement for the objective functions

Zi(x) (i = 1,2, ..., m) and Zyi(x) G = 1, 2, ..., m)). The

minimum value of each column gives lower tolerance limit or
lowest acceptable level of achievement for the objective

function i.e. Z)} = min { Zy;(x;)) }(i = 1,2, ..., m)) and Z}; =

min { Zp;(x2j) }G = 1,2, ..., my).

The objective values, which are equal to or larger than ZF,-' (;) @

=1, 2, ..., my) should be absolutely satisfactory to ULDM.
Similarly, the objective values, which are equal to or larger than

ZZBJ-(;) G =1, 2, ..., m) should be absolutely satisfactory to

LLDM. If the individual best solutions are identical, then a
satisfactory optimal solution of the system is reached. However,
this situation arises rarely because the objectives of ULDM and
LLDM are conflicting in general.

The quadratic membership function u“(;) corresponding to the

objective function Zli(;) i=1,2,...,m) of the ULDM can be
formulated as:

L if Z(x)> 728

Wi (x) = M,ile‘}v <Zp(0)<ZBLG=1,2,...,m)
0, v if ) (x)<ZY

(5)

Here, Zﬁ and ZIVI-V (i=1, 2, ..., m) are respectively the upper

and lower tolerance limits of the fuzzy objective goal for
ULDM.
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The quadratic membership function py; (;) corresponding to the

objective function sz(;) G=1,2, ..., my) of the LLDM can be

written as:

1, if Z,(x) > Z5;
- Z0-23 - .
Moy (x) =4 =i 235 <Z5;00<Z8 (G = 1, 2, o,
Zyi —Zy; _
0, if Z5;(x)<Z3]
my) (6)

Here, Z% and Z%-J G=1,2, ..., my) are respectively the upper

and lower tolerance limit of the fuzzy objective goal for LLDM.

Now the problem reduces to

max pg;(x),(i=1,2, ...,m) (7)
maX“’Zj(x)J(j = 1’29 “-’mz) (8)
subject to

XxeS= {(;1,;2 )| K1;1 +X2;2 SE,;1 26,;2 26 }.

4.1 Linearization of  the quadratic
membership functions by first order Taylor
series

Let, Xii= (x%l*,xlzl*,...,xk:,x%\l:“,...,x%\l]*)be the individual

best solution of the quadratic membership function uli(;) i=1,
2, ..., m;) subject to the constraints for ULDM. Also Ilet,

. oo L .
X2j :(xlzj*,xgj*,...,XTZ\IJ:,XTZ\IJ:H,...,X%\JJ*)be the individual best

solution of the membership function uzj(;) G=12, .., m)
subject to the constraints for LLDM. Next, we transform the
quadratic membership functions pj;(x)(i =1, 2, ..., my) and
uzj(;)(j =1, 2, ..., mp) into equivalent linear membership

functions at the individual best solution point by first order
Taylor series as follows:

— — % 0 % s
pii (x) 2wy (xgq) + (X - X%l )— mii(x35) + (x2- Xlzl )

x4
0 —x li* 0 —x
-— i i) oo (XN, X i i)t
%, mi (xpi) ( N, N‘)aXN, mi (xii) (
Xny1 X)) o () o ey xi) =2
1 N ox OxXN
(x11) =& (), (=1,2, ..., m) 9)
- —x 2j* 0 —x 2j*
Hoj (X)) = Py (x25) + (%1 - X )g Maj (x2j) + (X2 x5 )
1

0 —% 2j* 0 —%
— Uy )+t - ; )+
%, Haj (x25) + .. (XN, XNZ)@XN Haj (x25)
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2
axN2+1

Moy (x2j) =E2j(X) (= 1,2, ..., my) (10)

2% —* 2% 0
(XN2+1—XNJ +) qu(XZj)+"'+(XN_XNJ )—
2 5XN

4.2 Characterization of preference bounds

on the decision variables

In the decision-making situation, each level DM desires to
maximize his/her own objective function over a common
feasible region. However, since the individual best solutions of
ULDM and LLDM are distinct, the direct compromise optimal
solution does not arise. Therefore, cooperation between ULDM
and LLDM is essential to reach a compromise optimal solution.
In this context, each level DM tries to get maximum benefit by
considering the benefit of other DM also. Therefore, we
consider the relaxation on decision of ULDM and LLDM
simultaneously to reach a compromise optimal solution by
providing their preference upper and lower bounds on the
decision variables.

Let, /;;and uj; be the lower and upper bounds on the decision

variable xy; (1=1, 2, ..., N)) provided by the ULDM such that
i <xy<up( =1, 2, ..., Ny). Also let,/5;and uy;be the
lower and upper bounds on the decision variable x,;(j = 1, 2,
..., Np) provided by the LLDM so that £5; < X,j<u;G=1,2,
.y No).

4.3 FGP model of QBLMOPP

The QBLMOPP represented by (7) and (8) reduces to the
following problem

max & (x), (=1,2, ...,m) (11)
max &2_] (X)’(j = 1’ 25 LR mZ)
(12)

subject to

XxeS= {(;1,;2)| X1;1 +X2;2 SE,;l 26,;2 26 }s
Gi<xsu (i=1,2, .., Ny
Z2~Sx2jiu2j(]'= 1,2, ...,Nz).

J

The maximum value of a membership function is unity (one), so
for the defined membership functions in (11) & (12), the flexible
membership goals having the aspiration level unity can be
presented as:

() +di-dfi=1,(=1,2,...,m)) (13)
Eaj(X) Tdaj-db=1(G=1,2,....m) (14)

Here, d;;20(i=1,2, ..., m)), dgjzoq =1, 2, ..., my) represent

the negative deviational variables and dﬁ >0@G=1,2,..,m)),
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d§j20(j =1, 2, ..., my) represent the positive deviational
variables such that djx dj;j=0(i = 1, 2, ..., m) and djjx

Ej =0(G =1, 2, ..., my). Following Pramanik and Roy [8] and
Pramanik and Dey [14, 15], (13) & (14) can be written as:

Ep(x)+dp > 1,(1=1,2,...,m) (15)
Eaj(x)+dg; = 1(G=1,2, ..., my) (16)

Then proposed FGP model can be formulated as:

T

min (Xdj;+ 2 d;) (17)
i=l j=1

subject to

Ei(x) +dp > 1,(=1,2,...,m)

gZJ(X)+dEJ > 1, (_] = 1,2, ceey mz)
XxeS= {(;1,;2)| K1;1 +X2;2 SE,;l 26,;2 26 }
lisx<u (i=1,2,...,Np)

f2jSX2jSu2j,(].: ],2, ...,Nz)
d;>0,G=1,2,....,m)

d7;20G=1,2, ..., my).

m,; m,
ie. min (Xdji+ 3 d3)) (18)
i=1 =l
—% 1i* 0 —* 1i* 0 —%*
i (xg) - X1 ) — mii(xqi) + (2= X3 ) — mii (xy4
axl 6x2
1i* 0 —% 1j*
) o (X, —XI\‘Il)aX— wi (x5) + (XNI_H—XI\]II_H)
Nl
0 — lix. O — _
Wi (xpi) + e T (XN =XN ) — i (x3) i > 1,
OXN, +1 OxXN
(i=1,2,...,m)

2% 0

—k - 2* a
Hoj (x25) + (x1- X o Maj (x2j) + (xa = x5 )g Haj (
1 2

—* 2% 0 —* 2j*
x2j) t . (XN, _XNz)m Maj (x2j) T (XN, 41 =X 1)
2
0 — 2j* 0 —
— My (x25) * + (Xn =Xy )T My (x25)
OXN, +1 ! OXN !

+d3;21L,G=1,2,....m))
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x €S={(x1,x2)| Aix1+A2x2 <b,x1 20,x2 20 },
lisxsug, (i=1,2,..,Ny)

Lrj<%gi<up, (=12, .., Ny)

d;>0,(31=1,2,...,m)
320G =12, ..., my).

5. FGP ALGORITHM FOR QBLMOPP

From the discussion of the previous section, the proposed FGP
algorithm for solving QBLMOPP can be outlined as given
below:

Step 1: Find the individual best solution of each quadratic
objective function for both ULDM and LLDM subject to the
system constraints.

Step 2: Formulate the payoff matrix as given by (4). Then
define upper and lower tolerance limits of each objective
function for both ULDM and LLDM.

Step 3: Construct quadratic membership function uli(;) i=1,
2, ..., m;) corresponding to the objective function Z“(;) i=1,
2, ..., my) of ULDM. Similarly, construct quadratic membership
function W,i(x) G =1, 2, ..., my) corresponding to the objective

function Zy;(x) (= 1,2, ..., m;) of LLDM.

Step 4: Find the individual best solution of the quadratic
membership functions uli(;) (i=1,2,...,m)andpy(x) (=1,

2, ..., my) subject to the system constraints.

Step 5: Transform the quadratic membership functions uli(;) @
=1,2,...,m)and uzj(;) G=1,2, ..., my) into equivalent linear

membership functions éli(;) i=1,2,..,m)and &y; (;) G=1,

2, ..., my) respectively at the individual best solution point by
first order Taylor series approximation as given by (9) and (10).

Step 6: Determine the preference bounds on the decision
variables provided by the DMs under their control such that
Zli SXH Suli (1 = 1, 2, N]) and le Sij Sllzj(j = 1, 2,

N,).
Step 7: Formulate the FGP model (18) for QBLMOPP.

Step 8: Solve the FGP model. If the solution is acceptable to
ULDM and LLDM, then compromise optimal solution is
reached. Otherwise, both the level DMs provide another set of
preference upper and lower bounds on the decision variables to
reach a compromise optimal solution i.e. go to step 6 until the
compromise optimal solution is reached.

Step 9: End.
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6. NUMERICAL EXAMPLE

To illustrate the proposed FGP approach for solving
QBLMOPP, we consider the following numerical example:
ULDM:

Z11(x) =(6x1 +3x, —X12 —X%),
max le(x)=(7x1+4x2—x12—5x%),
i Zl3(x)=(5xl+3xz—x12—4x%)

LLDM:

max
X2

(zmm:(le +6x,-3x] —x%),J
Zyp(x) = (31 +7x2 =X —X3)

subject to
X+ X, <3,
4%, + X, <9,
x; >0,x,>0.

The individual best solution of the objective functions subject to

the constraints areZﬁ=10at 2, 1);ZFZ=11.25 at (2.167,
0333); ZB=6.696 at (2.161, 0.354);Z5,=925 at (0.25,
2.75); 75,2125 at (0.5,2.5).

Then, the fuzzy goals appear as: Z”(;)Z 10, le(§)z 11.25,

Z13(X)2 6.696, Zy1(X)29.25, Zpy(x)212.5.

10 9 5 -3 2.125
9.194 11.25 6.694 -7.866 4.025
9.233 11.246 6.696 —7.689 4.166
2.125 —-25.125 -20.812 9.25 12.375

4 -18 -15.25 9 12.5

Payoff matrix =

Here, ZP, = 10, )\ =2.125, Z}=11.25, Z}3 = -25.125, Z} =
6.696, Z)y = -20.812, Z5 =925, Z3 =-7.866, 25 =125,
ZY = 4.025.

The quadratic membership functions of ULDM are

Z1)(x)-2.125 _ 6x, +3x, ~x} —x} ~2.125

; = bl
L TN 10-2.125

= Zi5(x)+25.125 _ Tx; +4x, —x} —5x3 +25.125
2 11.25+25.125 11.25+25.125 ’

—  Z;5(x)+20.812 _ 5x,+3x, —x7 —4x3 +20.812
py3(x) = =

6.696 +20.812 6.696+20.812

The quadratic membership functions of LLDM are
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@)= Z,)(x)+7.866 _ 2x; +6x, —3x} —x3 +7.866
Hai 9.25+7.866 9.25+7.866 ’

Zyy(x)—4.025 _ 3x; +7x, —x} —x3 ~4.025
12.5-4.025 12.5-4.025 '

Moy (x) =

The membership functions 1(;), le(;) and 5 (;) for ULDM
are maximal at the points (2, 1), (2.167, 0.333) and (2.161,
0.354) respectively. The membership functions py;(X), oy (;)

for LLDM are maximal at the points (0.25, 2.75) and (0.5, 2.5)
respectively.

Then, the quadratic membership functions are transformed into
linear at the individual best solution point by first order Taylor
polynomial series as follows:

- 0 0
P = u 2 D+ x-2) — @ D+ - 1H)—
0X1 6X2
W (2, 1) =1+ (x,—2) X 0254 + (x,— 1) x 0.127 =&, (x) ,
- 0
M (X) = o (2,167, 0.333) + (x; — 2.167)g o ( 2.167,
1
0.333) + (x5 — 0.333)8i 1y (2.167,0.333) = 1 + (x; — 2.167)
X2
% 0.073 + (x, — 0.333) X 0.018 =&, (x),
- 0
M0 = py3 (2161, 0354) + (xy = 2.161) —— py; (2,161,
X1
0.354) + (x, — 0.354)6i 1y (2161, 0.354) = 1 + (x, — 2.161)
X2
% 0.025 + (X, — 0.354) x 0.006 =&5(x) ,
- 0
H21(0) = M1 (025, 2.75) + (x1 = 0.25) —— 1, (025, 2.75) +
X1
(X2 — 2.75)6i 151 (0.25,2.75) = 1 + (x; — 0.25) x 0.029 + (x,
X2
~2.75) % 0.029 =£,,(x) ,
- 0
Moo (X) = o) (0.5, 2.5) + (x1 - 0.5) o M 0.5,2.5) + (x2 -
1
2.5)6i 151 (0.5,2.5) =1+ (x; — 0.5) x 0.236 + (x5 — 2.5) x
X2
0.236 =£,,(x).

Let the preference bounds provided by the respective DMs be

Then, the proposed FGP model for solving QBLMOPP is
formulated as follows:
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min ( %dﬁ + % dz;)

i=1 j=1
subject to
1+ (x;—2) X 0.254 + (x, -1) X 0.127 + dj; > 1,
1+ (x;—2.167) x 0.073 + (x, -0.333) x 0.018 + dp> 1,
1+ (x; - 2.161) x 0.025 + (x, -0.354) x 0.006 + dy3> 1,
1+ (x; —0.25) x 0.029 + (x, -2.75) x 0.029 + d5; > 1,

1+ (x; - 0.5) x 0.236 + (x5 -2.5) X 0.236 + d3,> 1,

X;+ X, <3,

4x, +x, <9,

x;>0,x,>0,
d;;>0,(1=1,2,3)

d3;20,(=1,2).

By solving the FGP model, we find the optimal solution x; =
1.9,x,=1.1.

The objective values are Z;;=9.88, Z;, = 8.04, Z;3 = 4.35,
ZZI = —1.64, 222 =8.54.

The resulting membership values are pj;= 0.9894, pyp=
0.9117, 113=0.9147, 1y, =0.3637, 1yy=0.5375.

Note: All solutions of the problem are obtained by using Lingo
6.0.

7. CONCLUSION

This paper introduced an alternative technique for solving
QBLMOPP. Proposed concept can be extended to multi-level as
well as decentralized multi-level multi-objective quadratic
programming problems. We hope that the proposed approach
can contribute to future study in the field of practical
implementation to real world hierarchical decision-making
problems involving quadratic objectives especially in quadratic
assignment problem, portfolio problems etc.
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