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ABSTRACT

In 1999, Ozbakir and Coker [23] introduced the concept
intuitionistic fuzzy multifunctions and studied their lower and
upper intuitionistic fuzzy semi continuity from a topological
space to an intuitionistic fuzzy topological space.
The present paper introduces the concept of a-continuous
intuitionistic fuzzy multifunctions. An Intuitionistic fuzzy
multifunction F from a topological spaces (X,7) to an
intuitionistic fuzzy toplogical spaces (Y,T)is said to be

Intuitionistic fuzzy a-continuous at a point X, € X if for

any G;,G, € IFO(Y) such that F(xo) € G; and F(x,) N G,
there exists U € aO(X) containing x, such that F(u) c G,
andF(u) NG, Vu e U. F is called Intuitionistic fuzzy a-
continuous if it has this property at each point of X. Several
properties and characterizations of Intuitionistic fuzzy o-
continuous
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1. INTRODUCTION

After the introduction of fuzzy sets by Zadeh [29] in 1965 and
fuzzy topology by Chang [6] in 1967, several researches were
conducted on the generalizations of the notions of fuzzy sets
and fuzzy topology. The concept of intuitionistic fuzzy sets
was introduced by Atanassov [2,3,4] as a generalization of
fuzzy sets. In the last 27 years various concepts of fuzzy
mathematics have been extended for intuitionistic fuzzy sets.
In 1997 Coker [7] introduced the concept of intuitionistic
fuzzy topological spaces as a generalization of fuzzy
topological spaces. In 1999, Ozbakir and Coker [23]
introduced the concept intuitionistic fuzzy multifunctions and
studied their lower and upper intuitionistic fuzzy semi
continuity from a topological space to an intuitionistic fuzzy
topological space. In the present paper we introduce the
concepts of intuitionistic fuzzy a-continuous multifunctions
and obtain some of their characterizations and properties.

2. PRELIMINARIES

Throughout this paper (X,7) and (Y, T" ) represents a
topological space and an intuitionistic fuzzy topological space
respectively. A subset A of a topological space (X, T) is called
Semi open [11] (resp. a-open[19]) if
Ac Cl(Int(A)) (resp.Ac Int (Cl(]nt(A))). The complement
of a semi open (resp. a-open) set is called semi closed

(resp. a-closed). Every open (resp. closed) set is a-open
(resp. a-closed) and every a-open (resp. a-closed) set is semi
open ( resp. semi closed) ,but the converses may not be
true..The family of all a-open (resp. a-closed) subsets of
topological space(X,T) is denoted by a0(X) (resp. aC(X)).
The intersection of all a-closed (resp. semi closed) sets of X
containing a set A of X is called the a-closure [14 ] (resp.
semi closure ) of A. It is denoted by aCI(A) ( resp. sCI(A)).
The union of all a-open (resp. semi open) sub sets of A of X
is called the a-interior [14] (resp. semi interior) of A .It is
denoted by alInt(A) ( resp. sInt(A)) . A subset A of X is a-
closed (resp. semi closed) if and only if
A D Cl(Int(CL(A))) (resp.A o Int(CL(A)). Asubset N of a
topological space(X,T) is called a a-neighborhood [14] of a
point x of X if there exists a a-open set O of X such that
XEOCN. Aisaa -openin X ifand only ifitisa a -
neighborhood of each of its points. A subset V of X is called
aa -neighborhood of a subset A of X if there exists U €
aO(X) such that A c U c V. A mapping f from a topological
space (X, T") to another topological space (X*, T7*) is said to
be a-continuous [15, 16] if the inverse image of every open
set of X* is a -open in X. Every continuous mapping is a-
continuous but the converse may not be true [15]. A
multifunction F from a topological space (X, T) to another
topological space (X*, T*) is said to be lower a-continuous
[18] (resp. upper a-continuous[18]) at a point x, € X if for
every a-neighborhood U of x, and for any open set W of X*
such that F(xo) NW #= @ (resp. F(xo) € W) there is a a-
neighborhood U of x, such that F(x)nW +# @ (resp.
F(x) c W) forevery x € U.

Lemma 2.1[25]: Let A be a subset of a topological space
(X, 7). Then:

(@ Ais a-closed in X <sInt(CI(A) c A;

(b) sInt(CI(A)) = CI(Int(CI(A)));

(c) aCI(A) = AUCI(Int(CI(A))).

Lemma 2.2[25]: Let A be a subset of a topological space
(X, ). Then the following conditions are equivalent :

@ A€a0(X)

(@ U c A cInt(CL(U)) for some open set U.

(b) U c A c sCI(U) for some open set U.

() A csCl(Int(A)).

Definition 2.1 [2, 3, 4]: Let Y be a nonempty fixed set. An
intuitionistic fuzzy set A in Y is an object having the form

A ={<x13(), vz(y) >yeY}
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where the functions p;:Y—1and vz:Y—I denotes the degree
of membership (namely p;\(y)) and the degree of non

membership (namely v 5 (y)) of each element yeY to the set

A respectively, and 0 < pz(x) + vz(x) <1foreachyeY.

Definition 2.2 [2, 3, 4]: Let Y be a nonempty set and the
intuitionistic fuzzy sets A and B be in the form

A ={<y,uz(y), vz(y) >:y eV},

B={<y,uz(y),vg(y) >:y e Y}and let

{Ag:a € A} be an arbitrary family of intuitionistic fuzzy
setsin Y. Then:

(@ A cBifvyeY[ng0) <ng®) and vz () = v
(b) A=BifA cB andBcA ;

© A={<yvz®,uz(» > :ye Y}

(d) 0 ={<y,0,1>:yeY}and 1 ={<y,1,0>:yeY}

€ NAy ={<yA g, Vg >y evh

A VA, ={<yV 1z, Aoz >y e Y

Definition 2.3 [8] :Two Intuitionistic Fuzzy Sets A and B of
Y are said to be quasi coincident  (AqB for short) if
3 y € Ysuch that

nz(y) > vg(y) or vx(y) <pg®»).

Lemma 2.3[8]: For any two intuitionistic fuzzy sets
A andB of Y,|(dgB) A c B°.

Definition 2.4 [7]: An intuitionistic fuzzy topology on

a non empty set Y is a family T of intuitionistic fuzzy

sets in Y which satisfy the following axioms:

(0y. 0,1 e,

(0,). 4, N A, € T, forany 4, 4, €T,

(0g). U A, forany family {A,:a € A} € T.

In this case the pair (Y,T) is called an intuitionistic fuzzy
topological space and each intuitionistic fuzzy set inT, is
known as an intuitionistic fuzzy open set in Y. The
complement AC of an intuitionistic fuzzy open set B is called
an intuitionistic fuzzy closed setin Y.

Definition 2.5 [7]: Let (Y, T' ) be an intuitionistic fuzzy
topological space and A be an intuitionistic fuzzy set in Y.
Then the interior and closure of A are defined by:

cl(4 ) = ~n{K : K is an intuitionistic fuzzy closed
setinYand4 <K},

int(A ) = U{G : G is an intuitionistic fuzzy open set
inYand G cG}.

Definition 2.6 [23]: Let X and Y are two non empty sets. A
function F: X—Y is called intuitionistic fuzzy multifunction if

F(x) is an intuitionistic fuzzy setin Y, ¥/ x€ X.

Definition 2.7 [27]: Let F: X—Y is an intuitionistic fuzzy
multifunction and A be a subset of X. Then F(A) =
UxeAF(x) .

Definition 2.8 [23]: Let F :X—Y be an intuitionistic fuzzy

multifunction. Then the upper inverse F+(A ) and lower

inverse F~ (A ) of an intuitionistic fuzzy set A in Y are
defined as follows:

F (A )={xeX  F)C 4 }
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F™ (A )={xeX :F(X)g4 }.

Definition 2.9 [23]: An Intuitionistic fuzzy multifunction
F: (X,T) —(Y,I') is said to be:

(@) Intuitionistic ~ fuzzy  upper  a-continuous  [28]
(Intuitionistic fuzzy upper semi continuous[23] ) at a
point x, € X if for any intuitionistic fuzzy open
set W < Y such that F(x,) c W there exists an U €
a0(X) (resp. open set U c X ) containing x, such that
F(U) cW.

(b) Intuitionistic fuzzy lower a-continuous ( resp.
Intuitionistic fuzzy lower semi continuous) at a point
xo € X if for any intuitionistic fuzzy open set W c
Y such that F(x,)qW there exists an U € a0 (X) (resp.
open set U < X) containing x, such that F(x)qW ,V x €
w.

(c) Intuitionistic ~ fuzzy  upper  a-continuous  (resp.
intuitionistic fuzzy lower a-continuous Intuitionistic
fuzzy upper semi-continuous, intuitionistic fuzzy lower
semi-continuous) if it is intuitionistic fuzzy upper a-
continuous (resp. intuitionistic fuzzy lower a-continuous
intuitionistic fuzzy upper semi-continuous, intuitionistic
fuzzy lower semi-continuous) at each point of X.

3. a-COONTINUOUS INTUITIONISTIC
FUZZY MULTIFUNCTIONS

Definition 3.1: An Intuitionistic fuzzy multifunction
F: (X,T7)—(Y,I') is said to be:

(@) Intuitionistic fuzzy a-continuous at a point X, € X if

for any G,,G, €IFO(Y) such that F(x,) c G,
and F (xo) N G, there exists U € a0 (X) containing x,
such that F(u) € Gy and F(u) N G,V u € U.

(b) Intuitionistic fuzzy a-continuous if it has this property at
each point of X.

Theorem 3.1: If F: (X,T7)—(Y,I) is intuitionistic fuzzy a-
continuous then F is intuitionistic fuzzy upper a-continuous
and intuitionistic fuzzy lower a-continuous .

Proof: Obvious.

Theorem 3.2: Let F: (X,7) — (Y,I) be an intuitionistic

fuzzy multifunction, Then the following statements are

equivalent:

(a) Fis intuitionistic fuzzy a-continuous at a point x € X;

(b) for any G,,G, € IFO(Y) such that F(x) c G, and
F(x)qG, Jthere result the relation
x € sCI(Int(F*(G,) N F~(Gy))).

(c) for every G,,G, € IFO(Y) such that F(x) c G; and
F(x)qG, , and for any semi-open set U of X containing
X, there exists a non-empty open set Gy C U, such that
F(Gy) c G, and F(u)qG,, vV u € Gy.

Proof. (a) = (b): Let G,,G, € IFO(Y) with F(x) c G, and
F(x)qG, 3 U € aO(X) containing x such that F(U) < G, and
F(u)qG,VueU. Thus,x €U cF*(G,) and x€elUc
F~(G,). Therefore x €U c F*(G) NnF (Gy).
SincelU € a0(X). By Lemma 2.2 we have

x € U < sCI(IntU) < sCl(Int (F*(G) n F~(G2))).
(b)=(c): Let G,, G, € IFO(Y) with F(x) < G, and F(x)qG,.
Then x € sCI(Int(F*(G,) n F~(G,))). Let U be any semi-
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open subset of X containing x. Then UN Int (F*(G]) n

F7(G,)) # 0. PutGy = Int(Int(F*(G,) n F~(G,)) nU),
then Gy # ¢, Gy C U,

Gy C Int(F*(G,)) < F*(G,) and

Gy C Int(F~(G,)) € F~(G,).And thus F(Gy) < G, and
F(u)qG,, Vu € Gy.

(c) = (a): Let {U,} be the family of semi-open sets of X
containing x. For any semi-open set U of X containing x and
for every G;,G, € IFO(Y) with F(x) € G, and F(x)qG,,
there exists a non-empty open set Gy C U such that F(Gy) <
G, and F(u)qG,, Vu € Gy. Let W=U {Gy: U € U, }. Then W
is open in X, x€ sCI(W), F(w) < G, and F(w)qG,, for every
weW. Put S=W U {x}, then W c S c sCI(W) thus W €
a0(X) x € S,F(S) c G, and F(t)qG, VvVt € S. Hence F is
intuitionistic fuzzy a-continuous at x.

Definition 3.2: Let Abe an intuitionistic fuzzy set of an
intuitionistic fuzzy topological space (Y,T). Then V is said to
be a neighbourhood of A in Y if there exists an intuitionistic
fuzzy openset U of Y suchthatAc U c V.

Defination 3.3: Let (Y,I') be an intuitionistic fuzzy
topological space, an intuitionistic fuzzy set V is called a semi
g-neighbourhood of an intuitionistic fuzzy set 4 of Y if
Ja T € IFSO(Y) such that AqU c V.

Theorem 3.3: Let F: (X,7) — (Y,T) be an intuitionistic
fuzzy multifunction, Then the following statements are
equivalent:

(a) Fis intuitionistic fuzzy a-continuous.

(b) F*(G,) nF~(G,) € a0(X), for every G,, G, € IFO(Y)

(c) F*(Vy) UF~(V,) € aC(X),Forany V,,V, € IFC(Y).

(d) sint(Cl(F~(By) UF*(B,))) c F~(ClB,) U
F*(CIB,),for any pair of intuitionistic fuzzy sets
B, B, of Y.

() aCl(F~(By)VUF*(B,)) c F~(ClB,) U F*(CLB,),for
any pair of intuitionistic fuzzy sets B, B, of Y.

(M) ant(F~(B) nF*(B.))) = F~ (Int(B,)) n
F*(Int(B,)), for any pair of intuitionistic fuzzy sets
By, B, of Y.

(g) For each point x of X for each neighbourhood 7, of F(x)
and for each g-neighbourhood I, of F(x), F*(V;) n
F~(7,) is a a-neighbourhood of x.

Proof: (a) =(b). Letany G;, G, € IFO(Y) and x € F*(G;) n
F=(G,), thus F(x) c G, and F(x)qG,, Since F being
intuitionistic fuzzy a-continuous according to the theorem 3.2
(b).There follows that x € sCL(Int(F*(G,) n F~(G,))). And
as x is chosen arbitrarily in F*(G,) nF~(G,),
we have F*(G,) nF~(G,) c sCl(Int (F+(ﬁ1) n F‘(ﬁz)))
and thus F*(G,) n F~(G,) € a0(X) by Lemma 2.2

(b) =(c). It follows from Theorem 3.2 [27] (c) and (d).

(c) =(d). Suppose that (c) holds and let
By, B, be two intuitionistic fuzzy sets of Y . Then CI(B,) €
IFC(Y), Cl(B;) e IFC(Y)and thus by (c) F~(Cl(B;))u
F*(Cl(B,)) € aC(X). Hence by
Lemma2.1(a),sInt[ CL(F~(Cl(B,)) U F* (cz(éz))] c
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F=(CI(B,)) UF*(CI(By). NowB; < CU(B,) and B, c
Cl(B,)By Theorem 3.2 [27] (e) and (f) F*(B,) c
F*(Cl(B,)) and F~(By) c F~(Cl(By)). Consequently,
sint( CL(F~(B,)) U F*(B,)) © F~(CI(B,)) U F* (CI(By).

(d) = (e). Suppose (d) hold. Since aCl(A)=Au
sint(Cl(A)) for each subset A of X, it followsthat,
aCl(F~(By) UF*(B,)) = (F~(B,) UF*(By) U
sInt( Cl(F~(By) U F*(B,)))
c (F-(By) UF*(By)u (F~(ClB,)) UF*(ClB,))
F=(CI(B,)) U F*(CI(By).
(©=(0).(aint (F~(By) 0 F*(B,) ))* = aCl((F~(B;) n
FHE)) C
=aCl((F~(B) )V (F*(B,)")

= aCl (F*(B,)  UF~(B,)")
c FH(ci(B,)) uF(CU(B,)) = F*((Int(B1)©) u
F—((Int(éz))c) = (F~(IntB,))° v
(F*(IntB,))¢ = (F~(IntB,)) n F*(IntB,))° .
And  thus , ant(F~(B,)nF*(B,)) o F~-(IntBy) n
F*(IntB,).

(@) =(g). Let x € X, V, is a neighbourhood of F(x) and 7,
is a g-neighbourhood of F(x). Then 3 T,, U, € IFO(Y)

such that F(x) c U, c ¥, and F(x) qU, c 7,.
Therefore, x € F*(U,) n F~(0,). Therefore, by
hypothesis

x € F*(0,) nF~(0,)
= F*(Int(0)) n F~ (Int (7))
c alnt (F*(U,) n F~(0,))
c amt(F*(V,) nF~(V,))
c (F*(1) n F~(%,)).
It follows that F*(¥,) n F~(V,) is a-neighbourhood of

X.
(9)=(a). Obvious.

Definition 3.4: An intuitionistic fuzzy multifunction F: (X, 7T")

— (Y,T) iscalled :

(a) intuitionistic fuzzy strongly lower semi- continuous
F~(B) is a open set in X if for each intuitionistic fuzzy
setBofY.

(b) intuitionistic fuzzy strongly upper semi-continuous if
F*(B) is a open set in X if for each intuitionistic fuzzy
setBof Y.

Theorem 3.4: Let F: (X,7) — (Y,T) be an intuitionistic
fuzzy upper a-continuous and intuitionistic fuzzy strongly
lower semi-continuous intuitionistic fuzzy multifunction then
F is intuitionistic fuzzy a-continuous.

Proof: Let G,,G, € IFO(Y) Now F being intuitionistic fuzzy
upper a —continuous, and G, € IFO(Y), F*(G,) € a0(X) by
theorem 4.1[28]. Again F being intuitionistic fuzzy strongly
lower semi-continuous,F~(G,) is an open set in X. Hence
F*(G) NF~(G,) €a0(X) and by Theorem 3.3, F is
intuitionistic fuzzy a —continuous.
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Theorem 3.5: Let F: (X,7) — (Y,I) be an intuitionistic
fuzzy lower a-continuous and intuitionistic fuzzy strongly
upper semi-continuous intuitionistic fuzzy multifunction then
F is intuitionistic fuzzy a-continuous.

Proof: Obvious.
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