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ABSTRACT
The aim of this paper is to study the properties of t-cut set, strong
t-cut set, t-quasi-cut set, strong t-quasi-cut set and ∈ ∨q-cut set
of a fuzzy set µ. For any intuitionistic fuzzy A =< µA, νA >
and α, β ∈ [0, 1], we define and study the properties of upper
(α, β) cut setA(α,β), strong upper (α, β) cut setA(α, β)

˙

, lower

(α, β) cut set A(α,β), strong lower (α, β) cut set A
(α, β)

˙ , up-
per (α, β)-quasi-cut set A<α,β>, strong upper (α, β)-quasi-cut
setA< α, β >

˙
, lower (α, β)-quasi-cut setA<α,β>, strong lower

(α, β)-quasi-cut set A
< α, β >

˙ and ∈ ∨q-cut set.
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1. INTRODUCTION
In many complicated situations in real life several types of uncer-
tainties occur, to handle such situation we have theory of Probabil-
ity, theory of Interval Mathematics, Fuzzy set theory, Rough set the-
ory and Vague set theory. Fuzzy set is introduced in [1] by Zadeh.
The theory of fuzzy set is further generalised to intuitionistic fuzzy
set, interval valued fuzzy set, temporal intuitionistic fuzzy set etc.
The concept of intuitionistic fuzzy set introduced by Atanassov [2]
in 1983. Das [3] introduced the notion of level subset (called cut
set ) of a set. Since then different researcher [4, 5, 6, 3, 7] have con-
tributed significantly for the development of literatures of cut sets.
In the theory of fuzzy sets, intuitionistic fuzzy sets, interval valued
fuzzy sets, cut sets play very important rule for the development of
the theory. Here in this paper, various types of cut sets in fuzzy sets
and in intuitionistic fuzzy sets are discussed.

2. PRELIMINARIES
DEFINITION 1. ([4, 5]) A fuzzy set µ of the form

µ(y) =

{
t, if y = x t ∈ (0, 1]

0, if y 6= x

is called a fuzzy point with support x and value t and is denoted by
xt.

DEFINITION 2. ([4, 5]) A fuzzy point xt is said to belong to
(respectively be quasi coincident with) a fuzzy set µ written as xt ∈
µ (respectively xtqµ) if µ(x) ≥ t (respectively µ(x) + t > 1). If
xt ∈ µ or xtqµ, then we write xt ∈ ∨qµ. (Note ∈ ∨q means ∈ ∨q
does not hold).

DEFINITION 3. Let X be a set and µ be a fuzzy subset of X,
then t-cut set and t-strong cut set of fuzzy set µ are given by
µt = {x |x ∈ X and µ(x) ≥ t} and
µt

˙
= {x |x ∈ X and µ(x) > t}

From the point of view of neighbourhood, we have x ∈ µt ⇔
µ(x) ≥ t ⇔ xt ∈ µ. Prof.L. Cheng-Zhong [8]introduced a new
concept of strong neighbourhood and he define x ∈ µt

˙
⇔ µ(x) >

t⇔ xt∈
˙
µ

Therefore t-cut set and t-strong cut set of fuzzy set µ are given by
µt = {x |xt ∈ µ} µt

˙
= {x |xt∈

˙
µ}

Quasi neighbourhood play an important rule in fuzzy topology
[11, 12]. Now xtqµ ⇔ µ(x) + t > 1 based on quasi neigh-
bourhood, we can defined a new kind of cut set as < µ >t

˙
=

{x |xtqµ} Here < µ >t
˙

is called as t-strong quasi-cut set of
fuzzy set µ. Combining both the notion we define another cut set as
[µ]t

˙
= {x |xt ∈ ∨qµ}. Here [µ]t

˙
is called ∈ ∨q-cut set.

DEFINITION 4. Let X be a set and µ be a fuzzy subset of X,
then t-quasi-cut set and t-strong quasi cut set of fuzzy set µ are are
denoted and defined by
< µ >t= {x |x ∈ X µ(x) + t ≥ 1} = {x |xtq

˙
µ}

< µ >t
˙
= {x |x ∈ X µ(x) + t > 1} = {x | xtqµ}

DEFINITION 5. ([9, 10]) An intuitionistic fuzzy set (IFS) A
of a BG-algebra X is an object of the form A = {<
x, µA(x), νA(x) > |x ∈ X}, where µA : X → [0, 1] and
νA : X → [0, 1] with the condition 0 ≤ µA(x) + νA(x) ≤
1,∀x ∈ X . The numbers µA(x) and νA(x) denote respectively
the degree of membership and the degree of non-membership of
the element x in set A. For the sake of simplicity, we shall use
the symbol A = (µA, νA) for the intuitionistic fuzzy set A = {<
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x, µA(x), νA(x) > |x ∈ X}. The class of IFSs on a universe X is
denoted by IFS(X).

DEFINITION 6. ([4]) If A = {< x, µA(x), νA(x) > |x ∈ X}
and B = {< x,µB(x), νB(x) > |x ∈ X} are any two IFS of a
set X , then
A ⊆ B if and only if for all x ∈ X,µA(x) ≤ µB(x) and
νA(x) ≥ νB(x),
A = B if and only if for all x ∈ X,µA(x) = µB(x) and
νA(x) = νB(x),
A ∩B = {< x, (µA ∩ µB)(x), (νA ∪ νB)(x) > |x ∈ X},
where (µA ∩ µB)(x) = min{µA(x), µB(x)} and
(νA ∪ νB)(x) = max{νA(x), νB(x)},
A ∪B = {< x, (µA ∪ µB)(x), (νA ∩ νB)(x) > |x ∈ X},
where (µA ∪ µB)(x) = max{µA(x), µB(x)} and
(νA ∩ νB)(x) = min{νA(x), νB(x)}.

DEFINITION 7. Let X and Y be two non empty sets
and f : X −→ Y be a mapping. Let µ and ν be two
fuzzy subsets of X and Y respectively . Then the image of
µ under the map f is denoted by f(µ) and is defined by

f(µ)(y) =

{
∨{µ(x) : x ∈ f−1(y) 6= Φ}
0 otherwise

also pre image of ν under f is denoted by f−1(ν) and is defined as
f−1(ν)(x) = ν(f(x)));∀x ∈ X

DEFINITION 8. Let X and Y be two non empty sets and
f : X −→ Y be a mapping. Let A and B be IFS’s of X and Y
respectively . Then the image of A under the map f is denoted by
f(A) and is defined by f(A)(y) = (µf(A)(y), νf(A)(y)), where

µf(A)(y) =

{
∨{µA(x) : x ∈ f−1(y) 6= Φ}
0 otherwise

and

νf(A)(y) =

{
∧{νA(x) : x ∈ f−1(y) 6= Φ}
1 otherwise

also pre image of B under f is denoted by f−1(B)
and is defined as f−1(B)(x) = (µf−1(B), νf−1(B)) =
(µB(f(x)), νB(f(x)));∀x ∈ X

µA(x) ≤ µf(A)(f(x)) and νA(x) ≥ νf(A)(f(x)) ∀x ∈ X
however equality hold when the map f is bijective.

DEFINITION 9. [4, 5] A fuzzy point xt is said to belong to
(respectively be quasi coincident with) an intuitionistic fuzzy set
A = {< x, µA(x), νA(x) > |x ∈ X} written as xt ∈ A (re-
spectively xtqA), if µA(x) ≥ t (respectively µA(x) + t > 1) and
νA(x) ≤ t (respectively νA(x) + t < 1). If xt ∈ A or xtqA, then
xt ∈ ∨qA.

DEFINITION 10. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and t ∈ [0, 1], then t-quasi-cut set, t-strong quasi cut
set and ∈ ∨q cut set. of fuzzy membership set µA are given by
(µA)t = {x |xt ∈ µA} = {x |µA(x) ≥ t},
(µA)t

˙
= {x |xt∈

˙
µA} = {x |µA(x) > t},

< µA >t= {x |xtq
˙
µA} = {x |µA(x) + t ≥ 1},

< µA >t
˙
= {x |xtqµA} = {x |µA(x) + t > 1},

[µA]t = {x |xt ∈ ∨qµA} = {x|µA(x) ≥ t or µA(x) + t > 1},
where (µA)t is called t-cut set of µA, (µA)t

˙
is called strong t-cut

set of µA, < µA >t is called t-quasi-cut set of µA, < µA >t
˙

is

called strong t-quasi-cut set of µA and [µA]t is called ∈ ∨q-cut set
of µA, clearly [µA]t =< µA >t

˙
∪(µA)t,

and t-quasi-cut set, t-strong quasi cut set and ∈ ∨q cut set of fuzzy
non membership set νA are given by
(νA)t = {x |xt ∈ νA} = {x | νA(x) ≤ t},
(νA)t

˙
= {x |xt∈

˙
νA} = {x | νA(x) < t},

< νA >t= {x |xtq
˙
νA} = {x | νA(x) + t ≤ 1},

< νA >t
˙
= {x |xtqνA} = {x | νA(x) + t < 1},

[νA]t = {x |xt ∈ ∨qνA} = {x | νA(x) ≤ t or νA(x) + t < 1},
where (νA)t is called t-cut set of νA, (νA)t

˙
is called strong t-cut set

of νA, < νA >t is called t-quasi-cut set of νA, < νA >t
˙

is called
strong t-quasi-cut set of νA and [νA]t is called ∈ ∨q cut set of νA,
clearly [νA]t =< νA >t

˙
∪(νA)t.

DEFINITION 11. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and α, β ∈ [0, 1] then we define upper (α, β) cut set
A(α,β) and strong upper (α, β) cut set A(α, β)

˙

of A as

A(α,β) = {x |x ∈ X,µA(x) ≥ α and νA(x) ≤ β}
A(α, β)

˙

= {x |x ∈ X,µA(x) > α and νA(x) < β}

Lower (α, β) cut set A(α,β) and strong lower (α, β) cut set

A
(α, β)

˙ as

A(α,β) = {x |x ∈ X,µA(x) ≤ α & νA(x) ≥ β}

A
(α, β)

˙ = {x |x ∈ X,µA(x) < α & νA(x) > β}

DEFINITION 12. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and α, β ∈ [0, 1] then we define upper (α, β)-quasi-cut
set A<α,β>, strong upper (α, β)-quasi-cut set A< α, β >

˙
of A as

A<α,β> = {x |x ∈ X,µA(x) + α ≥ 1 and νA(x) + β ≤ 1}
A< α, β >

˙
= {x |x ∈ X,µA(x) + α > 1 and νA(x) + β < 1}

Lower (α, β) -quasi-cut setA<α,β>, strong lower (α, β)-quasi-cut

set A
< α, β >

˙ as

A<α,β> = {x |x ∈ X,µA(x) + α ≤ 1 & νA(x) + β ≥ 1}

A
< α, β >

˙ = {x |x ∈ X,µA(x) + α < 1 & νA(x) + β > 1}

DEFINITION 13. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and t ∈ [0, 1] then we define (∈,∈ ∨q)-t-cut set of A as

At = {x |xt ∈ ∨qA}
= {x |µA(x) ≥ t and νA(x) ≤ t orµA(x) + t ≥ 1 and νA(x) + t ≤ 1}
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THEOREM 14. If µ and λ be two fuzzy subset of a set X, then

(i)(µ ∪ λ)t = (µ)t ∪ (λt) (ii)(µ ∪ λ)t
˙

= (µ)t
˙
∪ (λ)t

˙
(iii) < µ ∪ λ >t=< µ >t ∪ < λ >t (iv) < µ ∪ λ >t

˙
=< µ >t

˙
∪ < λ >t

˙
(v)[µ ∪ λ]t = [µ]t ∪ [λt] (vi)[µ ∪ λ]t

˙
= [µ]t

˙
∪ [λ]t

˙
(vii)(µ ∩ λ)t = (µ)t ∩ (λt) (viii)(µ ∩ λ)t

˙
= (µ)t

˙
∩ (λ)t

˙
(ix) < µ ∩ λ >t=< µ >t ∩ < λ >t (x) < µ ∩ λ >t

˙
=< µ >t

˙
∩ < λ >t

˙
(xi)[µ ∩ λ]t = [µ]t ∩ [λt] (xii)[µ ∩ λ]t

˙
= [µ]t

˙
∩ [λ]t

˙
(xiii)(µt)

c =< µc >(1− t)
˙

(xiv)(µt
˙
)c =< µc >(1−t)

(xv)[µ]ct = (µc)t∩ < µc >(1− t)
˙

(xvi)[µ]t =< µ >t ∪(µ)t

PROOF. (i) We have (µ ∪ λ)t = {x ∈ X|(µ ∪ λ)(x) ≥ t}
Now x ∈ (µ ∪ λ)t ⇔ (µ ∪ λ)(x) ≥ t
⇔ max{µ(x), λ(x)} ≥ t
⇔ µ(x) ≥ t orλ(x) ≥ t
⇔ x ∈ (µ)t orx ∈ (λt)
Therefore (µ ∪ λ)t = (µ)t ∪ (λt)
(iv) we have < µ ∪ λ >t

˙
= {x ∈ X|(µ ∪ λ)(x) + t > 1}

Now x ∈< µ ∪ λ >t
˙
⇔ (µ ∪ λ)(x) + t > 1

⇔ max{µ(x), λ(x)}+ t > 1
⇔ µ(x) + t > 1 orλ(x) + t > 1
⇔ x ∈< µ >t

˙
orx ∈< λ >t

˙Therefore < µ ∪ λ >t
˙
=< µ >t

˙
∪ < λt

˙
>

(ix) we have < µ ∩ λ >t
˙
= {x ∈ X|(µ ∩ λ)(x) + t ≥ 1}

Now x ∈< µ ∩ λ >t
˙
⇔ (µ ∩ λ)(x) + t ≥ 1

⇔ min{µ(x), λ(x)}+ t ≥ 1
⇔ µ(x) + t ≥ 1 andλ(x) + t ≥ 1
⇔ x ∈< µ >t andx ∈< λt >
Therefore < µ ∩ λ >t=< µ >t ∩ < λt >
(xi)
we have [µ∩λ]t

˙
= {x ∈ X|(µ∩λ)(x) ≥ t or (µ∩λ)(x)+ t > 1}

Now x ∈ [µ ∩ λ]t
˙
⇔ (µ ∩ λ)(x) ≥ t or (µ ∩ λ)(x) + t > 1}

⇔ min{µ(x), λ(x)} ≥ t ormin{µ(x), λ(x)}+ t > 1
⇔ µ(x) ≥ t, λ(x) ≥ t orµ(x) + t > 1, λ(x) + t > 1
⇔ µ(x) ≥ t orµ(x) + t > 1 andλ(x) ≥ t orλ(x) + t > 1
⇔ x ∈ [µ]t andx ∈ [λ]t
Therefore [µ ∩ λ]t = [µ]t ∩ [λt]
(xiii) we have

(µt)
c = {x |µ(x) + t ≥ 1}c

= {x |µ(x) + t < 1}
= {x | 1− µ(x) > t}
= {x | 1− µ(x) + 1− t > 1}
= {x |µc(x) + 1− t > 1}
= < µc >(1− t)

˙
⇒ (µt)

c = < µc >(1− t)
˙

(xv) Let

x ∈ [µ]ct ⇔ x 6∈ [µ]t

⇔ xt∈ ∨qµ
⇔ xt∈µ and xtqµ

⇔ µ(x) < t and µ(x) + t ≤ 1

⇔ −µ(x) > −t and − µ(x)− t ≥ −1

⇔ 1− µ(x) > 1− t and 1− µ(x)− t ≥ 0

⇔ µc(x) > 1− t and µc(x)− t ≥ 0

⇔ µc(x) > 1− t and µc(x) ≥ t
⇔ x ∈ (µc)(1−t) and x ∈ (µc)t

⇔ x ∈ (µc)(1− t)
˙

∩ (µc)t

Hence [µ]ct = (µc)t∩ < µc >(1− t)
˙

(xvi) Let

x ∈ [µ]t ⇔ x ∈ [µ]t

⇔ xt ∈ ∨qµ
⇔ xt ∈ µ or xtqµ

⇔ µ(x) ≥ t or µ(x) + t > 1

⇔ x ∈ (µ)t or x ∈< µ >t
˙

⇔ x ∈ (µ)t∪ < µ >t
˙

Hence [µ]t =< µ >t ∪(µ)t

THEOREM 15. If A ⊆ B then

(i) A(α,β) ⊆ B(α,β) (1)
(ii) A(α, β)

˙

⊆ B(α, β)
˙

(2)

PROOF. If A ⊆ B then

µA(x) ≤ µB(x)andνA(x) ≥ νB(x) (3)

(i) Let x ∈ A(α,β)

⇒ µA(x) ≥ α and νA(x) ≤ β
⇒ µB(x) ≥ α and νB(x) ≤ β by (3)

⇒ x ∈ B(α,β)

Therefore x ∈ A(α,β) ⇒ x ∈ B(α,β)

Hence A(α,β) ⊆ B(α,β)

(ii) Same as (i)
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THEOREM 16. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and α, β ∈ [0, 1] then

(i)(A ∪B)(α,β) ⊇ A(α,β) ∪B(α,β)

(ii)(A ∪B)(α, β)
˙

⊇ A(α, β)
˙

∪B(α, β)
˙

(iii)(A ∪B)(α,β) ⊇ A(α,β) ∩B(α,β)

(iv)(A ∪B)(α, β)
˙

⊇ A(α, β)
˙

∩B(α, β)
˙

(v)(A ∩B)(α,β) = A(α,β) ∩B(α,β)

(vi)(A ∩B)(α, β)
˙

= A(α, β)
˙

∩B(α, β)
˙

(vii)(Ac)(α,β) ⊆ (A(β, α)
˙

)c

(viii)(Ac)(α, β)
˙

⊆ (A(β,α))
c

(ix)α ≥ γ andβ ≤ δ ⇒ A(α,β) ⊆ A(γ,δ)

(x)α ≥ γ andβ ≤ δ ⇒ A(α, β)
˙

⊆ A(γ, δ)
˙

PROOF. Since A ⊆ A ∪B and B ⊆ A ∪B Therefore by The-
orem 15
(i) A(α,β) ⊆ (A ∪B)(α,β) and B(α,β) ⊆ (A ∪B)(α,β),and there-
fore
(A ∪B)(α,β) ⊇ A(α,β) ∪B(α,β)

(ii) A(α, β)
˙

⊆ (A∪B)(α, β)
˙

and B(α, β)
˙

⊆ (A∪B)(α, β)
˙

,and

therefore
(A ∪B)(α, β)

˙

⊇ A(α, β)
˙

∪B(α, β)
˙(vi) We have (A ∩ B)(α, β)

˙

= {x ∈ X|(µA ∩ µB)(x) >

α, (νA ∪ νB)(x) < β}
x ∈ (A ∩B)(α, β)

˙
⇔ (µA ∩ µB)(x) > α and (νA ∪ νB)(x) < β

⇔ min{µA(x), µB(x)} > α and max{νA(x), νB(x)} < β

⇔ µA(x) > α,µB(x) > α and νA(x) < β, νB(x) < β

⇔ µA(x) > α, νA(x) < β and µB(x) > α, νB(x) < β

⇔ x ∈ A(α, β)
˙

and x ∈ B(α, β)
˙⇔ x ∈ A(α, β)

˙

∩B(α, β)
˙

Therefore (A ∩B)(α, β)
˙

= A(α, β)
˙

∩B(α, β)
˙(viii)

x ∈ (Ac)(α, β)
˙

⇒ νA(x) > α and µA(x) < β

⇒ µA(x) < β and νA(x) > α

⇒ µA(x) 6≥ β and νA(x) 6≤ α
⇒ x ∈ (A(β,α))

c

Hence (Ac)(α, β)
˙

⊆ (A(β,α))
c

(ix) Here α ≥ γ and β ≤ δ
x ∈ A(α,β)

⇒ µA(x) ≥ α and νA(x) ≤ β
⇒ µA(x) ≥ α ≥ γ and νA(x) ≤ β ≤ δ
⇒ µA(x) ≥ γ and νA(x) ≤ δ
⇒ x ∈ A(γ,δ)

Hence A(α,β) ⊆ A(γ,δ)

THEOREM 17. If A ⊆ B then

(i) A(α,β) ⊇ B(α,β) (4)

(ii) A
(α, β)

˙ ⊇ B(α, β)
˙ (5)

PROOF. Same as above

THEOREM 18. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and α, β ∈ [0, 1] then

(i) (A ∪B)(α,β) = A(α,β) ∩B(α,β)

(ii) (A ∪B)
(α, β)

˙ = A
(α, β)

˙ ∩B(α, β)
˙

(iii) (A ∩B)(α,β) ⊇ A(α,β) ∪B(α,β)

(iv) (A ∩B)
(α, β)

˙ ⊇ A(α, β)
˙ ∪B(α, β)

˙

(v) (Ac)(α,β) ⊆ (A
(β, α)

˙ )c

(vi) (Ac)
(α, β)

˙ ⊆ (A(β,α))c

(vii)α ≥ γ andβ ≤ δ ⇒ A(α,β) ⊇ A(γ,δ)

(viii)α ≥ γ andβ ≤ δ ⇒ A
(α, β)

˙ ⊇ A(γ, δ)
˙

PROOF. (i) Let

x ∈ (A ∪B)(α,β)

⇔ (µA ∪ µB)(x) ≤ α and (νA ∩ νB)(x) ≥ β
⇔ max{µA(x), µB(x)} ≤ α and min{νA(x), νB(x)} ≥ β
⇔ µA(x) ≤ α, µB(x) ≤ α and νA(x) ≥ β, νB(x) ≥ β
⇔ µA(x) ≤ α, νA(x) ≥ β and µB(x) ≤ α, νB(x) ≥ β
⇔ x ∈ A(α,β) and x ∈ B(α,β)

⇔ x ∈ A(α,β) ∩B(α,β)

Hence (A ∪B)(α,β) = A(α,β) ∩B(α,β)

(iii) Let

x ∈ A(α,β) ∪B(α,β)

⇒ x ∈ A(α,β) or x ∈ B(α,β)

⇒ µA(x) ≤ α and νA(x) ≥ β or µB(x) ≤ α and νB(x) ≥ β
⇒ µA(x) ≤ α or µB(x) ≤ α and νA(x) ≥ β or νB(x) ≥ β
⇒ min{µA(x), µB(x)} ≤ α and max{νA(x), νB(x)} ≥ β
⇒ (µA ∩ µB)(x) ≤ α and (νA ∪ νB)(x) ≥ β
⇒ x ∈ (A ∩B)(α,β)

Hence A(α,β) ∪B(α,β) ⊆ (A ∩B)(α,β)

THEOREM 19. If A ⊆ B then

(i) A<α,β> ⊆ B<α,β> (6)
(ii) A< α, β >

˙
⊆ B< α, β >

˙
(7)

PROOF. Same as above

4



International Journal of Computer Applications (0975 - 8887)
Volume 122 - No. 22, July 2015

THEOREM 20. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and α, β ∈ [0, 1] then

(i) (A ∪B)<α,β> ⊇ A<α,β> ∪B<α,β>
(ii) (A ∪B)< α, β >

˙
⊇ A< α, β >

˙
∪B< α, β >

˙
(iii) (A ∩B)<α,β> = A<α,β> ∩B<α,β>
(iv) (A ∩B)< α, β >

˙
= A< α, β >

˙
∩B< α, β >

˙
(v) (Ac)<α,β> ⊆ (A< β,α >

˙
)c

(vi) (Ac)< α, β >
˙

⊆ (A<β,α>)c

(vii)α ≥ γ andβ ≤ δ ⇒ A<α,β> ⊇ A<γ,δ>
(viii)α ≥ γ andβ ≤ δ ⇒ A< α, β >

˙
⊇ A< γ, δ >

˙

PROOF. Since A ⊆ A ∪B and B ⊆ A ∪B Therefore by The-
orem
(i) A<α,β> ⊆ (A ∪B)<α,β> and B<α,β> ⊆ (A ∪B)<α,β>,and
therefore
(A ∪B)<α,β> ⊇ A<α,β> ∪B<α,β>
(ii) A< α, β >

˙
⊆ (A ∪ B)< α, β >

˙
and B< α, β >

˙
⊆ (A ∪

B)< α, β >
˙

,and therefore

(A ∪B)< α, β >
˙

⊇ A< α, β >
˙

∪B< α, β >
˙(iv) We have (A ∩B)< α, β >

˙
= {x ∈ X|(µA ∩ µB)(x) + α >

1, (νA ∪ νB)(x) + β < 1}

x ∈ (A ∩B)< α, β >
˙

⇔ (µA ∩ µB)(x) + α > 1 and (νA ∪ νB)(x) + β < 1

⇔ min{µA(x), µB(x)}+ α > 1 and max{νA(x), νB(x)}+ β < 1

⇔ µA(x) + α > 1, µB(x) + α > 1 and νA(x) + β < 1, νB(x) + β < 1

⇔ µA(x) + α > 1, νA(x) + β < 1 and µB(x) + α > 1, νB(x) + β < 1

⇔ x ∈ A< α, β >
˙

and x ∈ B< α, β >
˙⇔ x ∈ A< α, β >

˙
∩B< α, β >

˙

Therefore (A ∩B)< α, β >
˙

= A< α, β >
˙

∩B< α, β >
˙(vi)

x ∈ (Ac)< α, β >
˙

⇔ νA(x) + α > 1 and µA(x) + β < 1

⇔ µA(x) + β < 1 and νA(x) + α > 1

⇔ µA(x) + β 6≥ 1 and νA(x) + α 6≤ 1

⇔ x ∈ (A<β,α>)c

Hence (Ac)< α, β >
˙

⊆ (A<β,α>)c

(vii) Here α ≥ γ and β ≤ δ

Let x ∈ A<γ,δ>
⇒ µA(x) + γ ≥ 1 and νA(x) + δ ≤ 1

⇒ µA(x) + α ≥ 1 and νA(x) + β ≤ 1

⇒ x ∈ A<α,β>

Hence A<γ,δ> ⊆ A<α,β>

THEOREM 21. If A ⊆ B then

(i) A<α,β> ⊇ B<α,β> (8)

(ii) A
< α, β >

˙ ⊇ B< α, β >
˙ (9)

PROOF. Same as above

THEOREM 22. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and α, β ∈ [0, 1] then

(i) (A ∪B)<α,β> ⊆ A<α,β> ∩B<α,β>

(ii) (A ∪B)
< α, β >

˙ ⊆ A< α, β >
˙ ∩B< α, β >

˙
(iii) (A ∩B)<α,β> = A<α,β> ∪B<α,β>

(iv) (A ∩B)
< α, β >

˙ = A
< α, β >

˙ ∪B< α, β >
˙

(v) (Ac)<α,β> ⊆ (A
< α, β >

˙ )c

(vi) (Ac)
< α, β >

˙ ⊆ (A<β,α>)c

(vii)α ≥ γ andβ ≤ δ ⇒ A<α,β> ⊆ A<γ,δ>

(viii)α ≥ γ andβ ≤ δ ⇒ A
< α, β >

˙ ⊆ A< γ, δ >
˙

PROOF. Similar to Theorem 20.

THEOREM 23. If A ⊆ B then At ⊆ Bt
PROOF. Straightforward.

THEOREM 24. Let A =< µA, νA > be intuitionistic fuzzy
subset of X and t ∈ [0, 1], then (A ∪B)t = At ∪Bt

PROOF. Straightforward.

THEOREM 25. Let f : X −→ Y be a mapping, then

(i)f(µt) ⊆ (f(µ))t

(ii)f(µt
˙
) ⊆ (f(µ))t

˙
(iii)f(< µ >t) ⊆< f(µ) >t

(iv)f(< µ >t
˙
) ⊆< f(µ) >t

˙
(v)f [µ]t

˙
) ⊆ [f(µ)]t

˙
(vi)f [µ]t

˙
) ⊆ [f(µ)]t

˙
(vii)f−1(µt) = (f−1(µ))t

(viii)f−1(µt
˙
) = (f−1(µ))t

˙
(ix)f−1(< µ >t) =< f−1(µ) >t

(x)f−1(< µ >t
˙
) =< f−1(µ) >t

˙
(xi)f−1[µ]t

˙
) = [f−1(µ)]t

˙
(xii)f−1[µ]t

˙
) = [f−1(µ)]t

˙
PROOF. (i) Let y ∈ f(µt) be any element, then there exists

x ∈ µt such that f(x) = y and µ(x) ≥ t
⇒ ∨{µ(x) : x ∈ f−1(y)} ≥ t
⇒ f(µ)(f(x)) ≥ t
⇒ f(µ)(y) ≥ t
⇒ y ∈ (f(µ))t
Hence f(µt) ⊆ (f(µ))t
(iv) Let y ∈ f < µt

˙
> be any element, then there exists x ∈ µt

˙such that f(x) = y and µ(x) + t > 1
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⇒ ∨{µ(x) : x ∈ f−1(y)}+ t > 1
⇒ f(µ)(f(x)) + t > 1
⇒ f(µ)(y) + t > 1
⇒ y ∈< f(µ) >t

˙Hence f(< µ >t
˙
) ⊆< f(µ) >t

˙(vii) we have

(f−1(µ))t = {x ∈ X | f−1(µ)(x) ≥ t}
= {x ∈ X |µf(x) ≥ t}
= {x ∈ X | f(x) ∈ µt}
= {x ∈ X |x ∈ f−1(µt)}
= f−1(µt)

Hence f−1(µt) = (f−1(µ))t
(ix) we have

< f−1(µ) >t = {x ∈ X | f−1(µ)(x) + t > 1}
= {x ∈ X |µf(x) + t > 1}
= {x ∈ X | f(x) ∈< µt >}
= {x ∈ X |x ∈ f−1 < µt >}
= f−1(< µt >)

Hence f−1(< µt >) =< f−1(µ) >t

THEOREM 26. Let f : X −→ Y be a mapping, then

(i)f(A(α,β)) ⊆ (f(A))(α,β)

(x)f−1(B(α,β)) = (f−1(B))(α,β)

(ii)f(A(α, β)
˙

) ⊆ (f(A))(α, β)
˙

(xi)f−1(B(α, β)
˙

) = (f−1(B))(α, β)
˙

(iii)f(A(α,β)) ⊆ (f(A))(α,β)

(xii)f−1(B(α,β)) = (f−1(B))(α,β)

(iv)f(A
(α, β)

˙ ) ⊆ (f(A))
(α, β)

˙

(xiii)f−1(B
(α, β)

˙ ) = (f−1(B))
(α, β)

˙
(v)f(A<α,β>) ⊆ (f(A))<α,β>

(xiv)f−1(B<α,β>) = (f−1(B))<α,β>

(vi)f(A< α, β >
˙

) ⊆ (f(A))< α, β >
˙

(xv)f−1(B< α, β >
˙

) = (f−1(B))< α, β >
˙

(vii)f(A<α,β>) ⊆ (f(A))<α,β>

(xvi)f−1(B<α,β>) = (f−1(B))<α,β>

(viii)f(A
< α, β >

˙ ) ⊆ (f(A))
< α, β >

˙

(xvii)f−1(B
< α, β >

˙ ) = (f−1(B))
< α, β >

˙
(ix)f(At) ⊆ (f(A))t, ∀A ∈ IFS(X)

(xviii)f−1(Bt) = (f−1(B))t, ∀B ∈ IFS(X)

PROOF. (v) Let y ∈ f(A<α,β>) be any element, then there ex-
ists x ∈ A<α,β> such that f(x) = y and µA(x) + α ≥ 1 and
νA(x) + β ≤ 1
⇒ ∨{µA(x) : x ∈ f−1(y)} + α ≥ 1 and ∧{νA(x) : x ∈
f−1(y)}+ β ≤ 1
⇒ µf(A)(f(x)) + α ≥ 1 and νf(A)(f(x)) + β ≤ 1
⇒ f(µ)(y) + α ≥ 1 and f(ν)(y) + β ≤ 1

⇒ y ∈ (f(A))<α,β>
Hence f(A<α,β>) ⊆ (f(A))<α,β>
(xiv) we have

(f−1(B))<α,β> = {x ∈ X |µf−1(B)(x) + α ≥ 1, νf−1(B)(x) + β ≤ 1}
= {x ∈ X |µBf(x) + α ≥ 1, νBf(x) + β ≤ 1}
= {x ∈ X | f(x) ∈ B<α,β>}
= {x ∈ X |x ∈ f−1(B<α,β>)}
= f−1(B<α,β>)

Hence f−1(B<α,β>) = (f−1(B))<α,β>

3. CUT SET OF CARTESIAN PRODUCT OF
FUZZY SETS AND INTUITIONISTIC FUZZY
SETS

DEFINITION 27. Let µ , ν be two two fuzzy subsets of X and Y
respectively then their cartesian product of µ and ν is denoted by
µ×ν and is defined as µ×ν = {(x, y), (µ×ν)(x, y) |x ∈ X, y ∈
Y }, where (µ× ν)(x, y) = min{µ(x), ν(y)}

THEOREM 28. Let µ , ν be two two fuzzy subsets of X and Y
respectively, then

(i) (µ× ν)t = (µ)t × (ν)t

(ii) (µ× ν)t
˙

= (µ)t
˙
× (ν)t

˙
(iii) < µ× ν >t=< µ >t × < ν >t

(iv) < µ× ν >t
˙
=< µ >t

˙
× < ν >t

˙
(v) [µ× ν]t = [µ]t × [ν]t

(vi) [µ× ν]t
˙

= [µ]t
˙
× [ν]t

˙
PROOF. (i) Let (x, y) ∈ (µ× ν)t be any element

⇔ (µ× ν)(x, y) ≥ t
⇔ min{µ(x), ν(y)} ≥ t
⇔ µ(x) ≥ t, ν(y) ≥ t
⇔ x ∈ (µ)t, y ∈ (ν)t

⇔ (x, y) ∈ (µ)t × (ν)t

Hence (µ× ν)t = (µ)t × (ν)t
(iii) Let (x, y) ∈< µ× ν >t be any element

⇔ (µ× ν)(x, y) + t ≥ 1

⇔ min{µ(x), ν(y)}+ t ≥ 1

⇔ µ(x) + t ≥ 1, ν(y) + t ≥ 1

⇔ x ∈< µ >t, y ∈< ν >t

⇔ (x, y) ∈< µ >t × < ν >t

Hence < µ× ν >t=< µ >t × < ν >t

DEFINITION 29. In [10] there are six ways catesian prod-
uct of two IFs are defined, here we use only two ways viz.
×4 and ×5. Let A = (µA, νA) and B = (µB , νB) be
any two IFSs of X and Y respectively. Then their carte-
sian product A ×4 B is defined by (A ×4 B)(x, y) =
{< (x, y), µ(A×4B)(x, y), ν(A×4B) >: x, y ∈ X} where
µ(A×4B)(x, y) = min{µA(x), µB(y)}, ν(A×4B)(x, y) =
max{νA(x), νB(y)} and their cartesian product
A ×5 B is defined by (A ×5 B)(x, y) = {<
(x, y), µ(A×5B)(x, y), ν(A×5B) >: x, y ∈ X} where
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µ(A×5B)(x, y) = max{µA(x), µB(y)}, ν(A×5B)(x, y) =
min{νA(x), νB(y)}

THEOREM 30. Let A = (µA, νA) and B = (µB , νB) be any
two IFSs of of X and Y respectively, then

(i) (A×4 B)(α,β) = A(α,β) ×4 B(α,β)

(ii) (A×4 B)(α, β)
˙

= A(α, β)
˙

×4 B(α, β)
˙

(iii) (A×4 B)(α,β) ⊆ A(α,β) ×4 B
(α,β)

(iv) (A×4 B)
(α, β)

˙ ⊆ A(α, β)
˙ ×4 B

(α, β)
˙

(v) (A×4 B)<α,β> = A<α,β> ×4 B<α,β>

(vi) (A×4 B)< α, β >
˙

= A< α, β >
˙

×4 B< α, β >
˙

(vii) (A×4 B)<α,β> ⊆ A<α,β> ×4 B
<α,β>

(viii) (A×4 B)
< α, β >

˙ ⊆ A< α, β >
˙ ×4 B

< α, β >
˙

(ix) (A×5 B)(α,β) ⊆ A(α,β) ×5 B(α,β)

(x) (A×5 B)(α, β)
˙

⊆ A(α, β)
˙

×5 B(α, β)
˙

(xi) (A×5 B)(α,β) = A(α,β) ×5 B
(α,β)

(xii) (A×5 B)
(α, β)

˙ = A
(α, β)

˙ ×5 B
(α, β)

˙
(xiii) (A×5 B)<α,β> ⊆ A<α,β> ×5 B<α,β>

(xiv) (A×5 B)< α, β >
˙

⊆ A< α, β >
˙

×5 B< α, β >
˙

(xv) (A×5 B)<α,β> = A<α,β> ×5 B
<α,β>

(xvi) (A×5 B)
< α, β >

˙ = A
< α, β >

˙ ×5 B
< α, β >

˙
(xvii) (A×4 B)t = At ×4 Bt

(xviii) (A×5 B)t ⊆ At ×5 Bt

∀α, β ∈ [0, 1], with 0 ≤ α+ β ≤ 1

PROOF. (i)Let (x, y) ∈ (A×4 B)(α,β) be any element

⇔ µ(A×4B)(x, y) ≥ α and ν(A×4B)(x, y) ≤ β
⇔ min{µA(x), µB(y)} ≥ α and max{νA(x), νB(y)} ≤ β
⇔ µA(x) ≥ α, µB(y) ≥ α and νA(x) ≤ β, νB(y) ≤ β
⇔ µA(x) ≥ α, νA(x) ≤ β and µB(y) ≥ α, νB(y) ≤ β
⇔ x ∈ A(α,β) and y ∈ B(α,β)

⇔ (x, y) ∈ A(α,β) ×4 B(α,β)

Hence (A×4 B)(α,β) = A(α,β) ×4 B(α,β)

(iv) Let (x, y) ∈ (A×4 B)
(α, β)

˙ be any element

⇒ µ(A×4B)(x, y) < α and ν(A×4B)(x, y) > β

⇒ min{µA(x), µB(y)} < α and max{νA(x), νB(y)} > β

⇒ µA(x) ≥ α or µB(y) < α and νA(x) ≤ β or νB(y) > β

⇒ µA(x) < α, νA(x) > β and µB(y) < α, νB(y) > β

⇒ x ∈ A(α, β)
˙ and y ∈ B(α, β)

˙
⇒ (x, y) ∈ A(α,β) ×4 B(α,β)

Hence (A×4 B)
(α, β)

˙ ⊆ A(α, β)
˙ ×4 B

(α, β)
˙

(ix)Let (x, y) ∈ (A×5 B)(α,β) be any element

⇒ µ(A×5B)(x, y) ≥ α and ν(A×5B)(x, y) ≤ β
⇒ max{µA(x), µB(y)} ≥ α and min{νA(x), νB(y)} ≤ β
⇒ µA(x) ≥ α or µB(y) ≥ α and νA(x) ≤ β or νB(y) ≤ β
⇒ µA(x) ≥ α, νA(x) ≤ β and µB(y) ≥ α, νB(y) ≤ β
⇒ x ∈ A(α,β) and y ∈ B(α,β)

⇒ (x, y) ∈ A(α,β) ×5 B(α,β)

Hence (A×4 B)(α,β) ⊆ A(α,β) ×4 B(α,β)

(xii) Let (x, y) ∈ (A×5 B)
(α, β)

˙ be any element

⇔ µ(A×5B)(x, y) < α and ν(A×5B)(x, y) > β

⇔ max{µA(x), µB(y)} < α and min{νA(x), νB(y)} > β

⇔ µA(x) ≥ α, µB(y) < α and νA(x) ≤ β, νB(y) > β

⇔ µA(x) < α, νA(x) > β and µB(y) < α, νB(y) > β

⇔ x ∈ A(α, β)
˙ and y ∈ B(α, β)

˙
⇔ (x, y) ∈ A(α,β) ×5 B(α,β)

Hence (A×5 B)
(α, β)

˙ = A
(α, β)

˙ ×5 B
(α, β)

˙

4. CONCLUSION
In this paper, we have discussed detail theory of cut sets in fuzzy
sets and in intuitionistic fuzzy sets. It is observed that the papers
[4, 6, 3] and [7] are purely based on cut sets. Now our expectation is
that this work will built foundations for further study of the theory
of cut sets in both fuzzy sets and intuitionistic fuzzy sets. Also,
in our opinion, the definition of various types of cut sets can be
extended to cut sets of interval-valued fuzzy sets and cubic fuzzy
sets.
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