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ABSTRACT

The present paper deals with a common fixed point theorem for
weakly compatible mappings using condition of integral type in
an intuitionistic fuzzy metric space. This result discovers the
possibility of the idea of reciprocal continuity and weakly
compatible maps to the problem of finding common fixed point
of six mappings.
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1. INTRODUCTION

In 1965, Zadeh [5 Jinitiated the concept of fuzzy sets to describe
the situation in which data are imprecise or vague or uncertain.
After that in 1975, Kramosil and Michalek [6] gave the concept
of fuzzy metric space, which opened an opportunity for further
development of analysis in such spaces. Most of the early
interest in fuzzy set theory pertained to representing uncertainty
in human cognitive processes. Later on motivated by fuzzy sets,
Atanassov [4] introduced and studied the concept of
intuitionistic fuzzy sets . There has been much progress in the
study of intuitionistic fuzzy sets by many authors. As a
generalization of fuzzy metric space given by Kramosial and
Michalek [6], Alaca, Turkoglu and Yildiz [3] proposed the idea
of intuitionistic fuzzy metric spaces using t-norms and
continuous t-conorms. Branciari [1] obtained a fixed point
theorem for a single mapping satisfying an analogue of Banach’s
Contraction Principle for an integral type inequality.
S.Muralisankar and G. Kalpana [7] proved a common fixed
point theorem for pointwise R-weakly commuting mappings
using contractive condition of integral type in an intuitionistic
fuzzy metric space. The aim of this paper is to establish a
common integral type fixed point theorem for weakly
compatible mappings in an intuitionistic fuzzy metric space.

Definition 1.1. [ 5] Let X be any set. A fuzzy set Ain X is a
function with domain X and valuesin [0, 1].

Definition 1.2 [ 9 ]: A binary operation * : [0, 1] x [0, 1] — [0,
1] is a continuous t-norm if it satisfies the following conditions:

(1) * is associative and commutative,
(2) * is continuous,
(3)a*l=aforalla € [0,1],

4 a *b < c * d whenever a < ¢ and b < d,
foreacha, b,c,d € [0, 1].

Example 1.3: Two typical examples of continuous t-norm are a
*b =aband

a*b =min(a, b).

Definition 1.4 [ 2] : A binary operation ¢ : [0, 1] x [0, 1] — [0,
1] is a continuous t-conorm if it satisfies the following
conditions :

(1) ¢ is associative and commutative,
(2) ¢ is continuous,
(3)a¢0=aforalla € [0, 1],

(4)adb<codwhenevera<candb<d, foreacha b, c,d e
[0, 1].

Example 1.5 : Two typical examples of continuous t-conorm are
a0b = min(at+b, 1) and a ¢ b = max(a, b).

Definition 1.6 [ 3 ] : A 5-tuple (X,M,N, *, 0) is called a
intuitionistic fuzzy metric

space if X is an arbitrary (non-empty) set, * is a continuous t-
norm, ¢ a continuous t-conorm and M,N are fuzzy sets on
X2x[0,00), satisfying the following conditions :

foreach x,y,z € Xandt,s>0,

0] M(x, y, t) + N(x, y, t) <1,

(ii) M(x,y, 0) =0,

(i) M(x,y,t) =1 ifand only if x =y,

(iv) M(x, y, t) = M(y, x, 1),

(V) M(X, y, t) *M(y, z, s) < M(X, z, t + 8),

(vi) M(x, Y, .) : [0,0) — [0, 1] is left continuous,
lim

(vii) M(x,y, t) =1,
t—>w

(viii) N(x,y, 0) =1,
(ix) N(x, y,t) =0 ifand only if x =y,
) N(x, y, ) = N(y, x, 1),
(xi) N(X, ¥, 1) O N(y, z, 8) > N(X, z, t + 5),
(xii) N(X, Y, .) : [0,00) — [0, 1] is right continuous,
i) M Ny =0,
t—>o0

Then (M,N) is called an intuitionistic fuzzy metric on X. The
functions M(x, y, t) and N(X, y, t) denote the degree of nearness
and the degree of non-nearness between x and y with respect to
t, respectively.



Example 1.7: (Induced intuitionistic fuzzy metric)

Let (X, d) be a metric space. Denote a * b =ab and a ¢ b = min(a
+ b, 1) forall a, b € [0, 1] and let My and Ny be fuzzy sets on
X2 x (0,00) defined as follows:

ht"
Mqy(X, y, 1) =
Y m@d(x, y))
N, y, ) = — 2 Y)

kt" +m(d(x,y))
for all h, km, n € R*. Then (X,Mq,Ng, *, 0) is an intuitionistic
fuzzy metric space.

Examplel.8 : Let X = {1} U{l—i ‘ne N}and *
n+1

0 be continuous t-norm and continuous t-conorm, respectively,
definedbya*b=abanda 0 b=min(a+b, 1) foralla, b € [0,
1]. For each x, y € X and each t>0, define

1 if X=Yy
if X#=y&t<l

M(x,y,t) = .
(y.9 if X#y&t>1
and
0 if X=Y
N(x,y,t) = 1—txy if Xiy&t<l'
1-—xy if Xzy&t=>1

Then (X, M, N, *, 0) is an intuitionistic fuzzy metric space

Definition 1.9[3] : A sequence {X,} in a intuitionistic fuzzy
metric space (X,M,

N, *, ) converges to x if and only if M(xn, x, t) — 1 and N(xn,
x,t) > 0as

n — oo, for each t > 0.

It is called a Cauchy sequence if for each0 <eg<1landt >0,

there exists ng € N such that M(X,, Xy, t) > 1 - € and N(Xp,
Xm, t) < & for each n, m > n,,.

The intuitionistic fuzzy metric space (X,M,N, *, .) is said to be
complete if every Cauchy sequence is convergent.

Definition 1.10 [3]: Let (X, M, N,*,0) be an intuitionistic
fuzzy metric space and A, S are mappings from X into itself.
Then the mappings are said to be reciprocally continuous if

lim,  Asx,=Az and lim, , SAx,=Sz

whenever {x,} is a sequence in X such that

lim,, Ax,=lim_ sSx,=z forsomeze X.
If A and S are both continuous then they are obviously

reciprocally continuous. But the converse need not be true.
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Definition 1.11 [3]: Self mappings A and B of an intuitionistic
fuzzy metric space (XM, N, *, 0) is said to be weakly
compatible if ABx = BAx when Ax = Bx for some x € X.

It is easy to see that if self mappings A and B of an intuitionistic
fuzzy metric space

(X, M, N, *, 0) is compatible then they are weakly compatible.

The following example shows that the converse of above
statement does not hold.

Example 1.12: Let (X, M, N, *, 0) be an intuitionistic fuzzy
metric space, Where X = [0, 2] with t-norm and t-conorm
defined by a * b =min{a, b} and a 0 b = max {a, b},for all a, b
€ [0,1] and

t d(xy)
t+d(x,y) t+d(x,y)

Forallt>0and My(x,y,t)=0and Ng (x, Y, t)=1forall x,y
e X.

Md (X1 y1 t) = ’ Nd (X1 y1 t) =

Define self maps A and B on X as follows:

2 if 0<x<1
Ay X if 1<x<2
2
2 if x=1
BX=1X+3  iherwise
1
And x, =2 - ——=. Then we have
(2n)

A(l)=B(1)=2and A2) =B(2) = 1.
Also AB(1) = BA(1) = 2. Thus (A, B) is weak compatible.Again

Axnzl-i,anzl-—
4n 10n

Thus Ax,=1,Bx,=1

Hence z = 1.

4 1
Further ABx, =2, BAX, = ————

5 20n

lim 4 1
Now M(ABX,, BAX,, t) = lim,_,,, M(2, ————, 1)
n— oo 5 20n

lim 4 1
N(ABXH, BAXnv t) = Iiml’lﬂ:&o N(Z, T t)

n— oo 5 20n’



Hence (A, B) is not compatible.
Lemma 1.13. [8] Let (X,M,N, *,{) be an intuitionistic fuzzy
metric space.

If there exists a constant k € (0, 1) such that

M(yn+2, Yn+1, kt) 2 M(yn+l| yn: t)l
N(yn+2, Yn+1, kt) S N(yn+1: ym t)l
Vt>0andn=1,2, .. then {y.} is a Cauchy sequence in X.

Lemma 1.14 [8] Let (X,M,N, *,{) be an intuitionistic fuzzy
metric space.

If there exists a constant k € (0, 1) such that
M(X, y, kt) =M(x, Y, t),
N(x, y, kt) < N(x, y, 1),
forx,y € X. Thenx =y.

2. MAIN RESULT
Theorem 2.1 Let P, Q, AB, S and T be self mappings of a

complete intuitionistic fuzzy metric space (X,M,N, *,{) with

continuous t-norm * and continuous t-corm ¢ defined by t
*t >t and (1-t) O(1—1t) < (L —t) forall te[0,1] such that

(i) P(X) < ST(X), Q(X) < AB(X)

(ii) there exists a constant k € (0,1) such that

M (Px,Qy kt) m(x.y.t)
g(t)dt > ( #(t)dt), (2.1
0 0
N (Px,Qy,kt) n(x,y,t)
g(t)dt < ( #(t)dt), (2.2)

where @ IR" —>R" is a Lebesgue- integrable mappings which
is summable, nonnegative, and

such that
j p(t)dt > 0
0

foreach €>0,
where

m(x,y,t) = min{M(STy, Qy, t), M(ABX, Px, t),
M(ABXx,Qy, & t), M(STy, Px, (2- & )t),

M(STy,ABX, t)}
n(x,y,t) = max{N(STy,Qy,t),
N(ABx,Px,t),N(ABx,Qy, & 1),
N(STy,Px,(2- & )t, N(STy,Px,t))}
forallx,yeX, a € (0,2) andt>0.
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(iii)(@) (P, AB) is reciprocally continuous and (Q,ST) is weakly
compatible or

(iii)(b) (Q,ST) is reciprocally continuous and (P,AB) is weakly
compatible.

(iv) AB = BA, ST =TS, PB = BP, SQ =QS, QT = TQ.
(v) A, B, Sand T are continuous.

Then P, Q, AB,S and T have a unique common
fixed point.

Proof. Let X, be any point in X. We construct a sequence {y.}
in X such that for n=0,1,2....

y2n = PXZH = STX2n+1

Yone1 = QXones = ABXonaz (2.3)
We show that {y,} is a Cauchy sequence. By (2.1) and (2.2), for
allt>0and @ =1— £ with 5 €(0,1), we have

M (YZn+1'YZn+2 !kt) M (QX2n+lv PX2n+2 !kt)

g(t)dt = g(t)dt,

M (PX2n+2 1Qx2n+1'kt)

- [ot,

M(Xan42:X2n41:t)

> [ g,

o

N (QXgp41,PXan 2 ,kt)

g(t)dt,

N (y2n+1VYZn+2 vkt)

g()dt =

N (PXzn.2,QXzn.1.Kt)

= Joout,

0

N(Xzni2:X2ns1:t)
< [o(t)t.
0
M(Xan+2,X20+1,))=MIN{M(STX5p41,QX2ns1,1),

M(PX2n+27ABX2n+21t)vM(ABX2n+2:QX2n+1| (94 t)v
M(STXan+1,PXans2,(2- X 1),
M(STXan+1,ABXzn:2,1)}

= min{M(Y2n, Y2n+1,1),M(Y2n+1,Y2n+2.0),
M(y2n+lvy2n+1| a t), M(Y2n1y2n+21(1+ ﬂ )t) ’

M(Yzn,Yans1,)}
2 Min{M(Yzn,Y2n+1,), M(Yzn+1,Y2n+2,1),
M(Yz0Y 218 M(Yans1,Yanezs B 1),
M(Y2n,Yans1,)}



2 min{M(YznYone1,1), M(Y2ns1,Yone2:t),

M(Yan+1,Yan+2, ,B 0}
N(X2n+2,X2n+1,))=Max{N(STXzn+1,QX2n+1,8), N(PXan42, ABXon2, 1),

N(ABXan+2,QXons1, & 1),
N(STXon+1,PXons2,(2- O ),
N(STXzn+1,ABXons2,1)}

= Max{N(Yzn Yon+1,1), N(Vans,Yane2:t),

N(Yan+1,Y2n+1, & 1), N(Yan,Yons2,(1+ ,B .

N(Yz2n,Y2n+1,0)}
< max{N(YznYzn+1.): N(Y2ne1,Yonea t),

LNY2nYone1,t), NVaner,Yonez, S 1),
N(YanYanr1. D)}
< max{N(yznYzne1.8), N1 Yonezs S 1),
N(Yzn+1,Yone2: )}
since t-norm * , t-conorm ¢ , M(x,y,.) and N(x.y,.) is
continuous. Letting /# —> 1, we have
M(Xons2:Xone1,) = MIN{M(Yan,Yane1.1),
M(Yz2ne1,Yone2, 1)}
N(Xan+2:Xons1,t) < MaxX{N(Yzn,Yzne1,1),

N(an+1,an+z,t)}
Therefore,

min M{( Y2n vy2n+1vt)vM (y2n+1vy2n+2 vt)}

[od

M (y2n+1vYZn+2vkt)

j pt)dt >

N (YZn+l!y2n+2 !kt) max N{( Yon ’y2n+1't)! N (YZn+1!y2n+2't)}

j pt)dt < j o(t)dt

0 0

Similarly, we can obtain

M (Yz2n12:Y2n+3:Kt) min M{(Y2n+1.Y2n42 M (Y2ni2, Y2043, 0}

[o0dt = [odt
0 0

N (y2n+2!YZn+3'kt) max N{( Yon+1:1Y2n+2 !t)rN(y2n+Z'y2n+3't)}
j p)dt < j o(t)dt
0 0

In general,
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min M {( Yns yn+1vt)l M (yn+1!yn+2 vt)}

[o®d

M (yn+1vyn+2 vkt)

j p(t)dt >

N (yn+1vyn+2 vkt) max N{( Yn vYn+lvt)v N (Yn+lvyn+2 vt)}

j o(t)dt < j o(t)dt

0 0

and, for every positive integer p,

M (yn+1vyn+2 vkt) min M{( Yn vyn+1vt)vM (Yn+1vyn+2 vt/k p)}

Jotdt= Jot,

0 0

max N{( Yn ryn+1vt)! N (yn+1VYn+2 t/k P )}

j p(t)dt

N (yn+1’yn+2 vkt)

j p(t)dt <

since M(Ynst,Yne2 /) —>1 as p—> 00, N(Yne1,Yniat/kP) —> O
as p—> 0,

M(yn+1vyn+2vkt) M(ynvyn+1vt)

j p(t)dt > j o(t)dt.

0 0

N(Yn+1lyn+zvkt) N(yanMllt)

[etdt<  [p(t)dt.

By Lemma(1.14), {y.} is Cauchy sequence in X. Since X is a
complete, there is a point z in X such that y,—z & X .Hence
from (2.3), we have

y2n = STXZrH—l = PXZn -7

Yonu = QX2n+1 = QX2n+2 —1Z
2.4)

Since P and AB are compatible and reciprocally continuous
mappings, then PABx,,—Pz and ABPx,, —> ABz as n
—> 00 .The compatibility of the pair (P,AB) yields

lim M(PABX,, , ABPXpn,t) =1

n—oo
That is,
M(Pz, ABz, t)= 1. Hence Pz = ABz. (2.5)
The compatibility of the pair (P,AB) yields

lim N(PABxz, ABPx,, ,t) =0

N—>o0
That is,
N(Pz, ABz, t) = 0. Hence Pz = ABz.
Since PX C STX, there exist w € X
suchthat Pz =STw (2.6)

Using(ii), we get



M (Pz,Qw,kt) m(z,w,t)
[odt > [e(tydt
0 0
N (Pz,Qw,kt) n(z,w,t)
j pt)dt < j o(t)dt.
0 0
Take ar =1,

m(z,w,t)=min{M(STw,Qw,t), M(ABz,Pz,t),
M(ABz,Qw,t),M(STw,Pz,t),
M(STw,ABz,t)}
= min{M(Pz,Qw,t),1,M(Pz,Qw,t),1,1}
=min{M(Pz,Qw,t),1},

n(z, w, t)=max{N(STw,Qw,t), N(ABz,Pz,t),
N(ABz,Qw,t),N(STw,Pz,t),
N(STw,ABz,t)}

= max{N(Pz,Qw,t),0, N(Pz,Qw,t),0,0}
= max{N(Pz,Qw,t), 0}.

M (Pz,Qw,kt) M (Pz,Qw,t)
Jodt = [
0 0

N (Pz,Qw,kt) N (Pz,Qw,t)
j p(t)dt < j o(t)dt.
0 0

By using Lemma,1.14, we getPz=Qw  (2.7).
Thus,
ABz =Pz =Qw = STw. (2.8)

We now claim that Pz = z, for this we take x = z,
using (ii), we get

Y = Xzn.1 @nd

M (Pz,%Xpp_1 . kt) M(Z,Xzp_1.1)
j pt)dt > j o(t)dt |
0 0
N (Pz,X;,_1,kt) N(Z,Xpn-1.1)
[odt < [o)dt.
0 0
N (Pz,Xpp_q,Kt) n(z,%pn_1.t) Take ¢ =1
j o(t)dt < j o(t)dt.
0 0

m(Z,XZn_l,t): mln{M (STX2n-1!ABX2n-1!t)l

M(ABz,Pz,t),M(ABZ,QXzq-1,t),
M(STX2.1,PZ,Y)M(STX2n.1,ABZ 1)}

= min{M(z,z,t),M(Pz,Pz,t),
M(ABz,z, t),M(z,Pz,t),M(z,ABz,t)}
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=min{1,1,M(Pz,z, t),M(z,Pz,t),

M(z,Pz1)}
=M(z,Pz,t)

N(Z,X2n-1,£)= Max{N(STXn.1,QX2n.1,1),
N(ABz,Pz,t),N(ABz,QX2,.1, 1),
N(STX2n.1,PZ,t)N(STx20.1,ABZ,1)}

= max{N(z,z,t),N(Pz,Pz,t),

N(ABz,z, t),N(z,Pz,t), N(z,ABz,t)}
= max{0,0,N(Pz,z, t),N(z,Pz,t),N(z,Pz,1)}
=N(z,Pz,t)

By using Lemma 1.14,we get Pz =z (2.9

Thus,

z=Pz=ABz=Qw=ST (2.10)

Since the pair (Q,ST) is weakly compatible,we have

QSTw = STQw, we get
Qz=STz (2.11)
Now we claim that Qz = Pz.

Using (ii),we get

M (Pz,Qz kt) m(z,z,t)
[o®dt = [otdt,
0 0
N (Pz,Qz kt) n(z,zt)
#(t)dt < j H(t)dt.
0 0
N (Pz,Qz,kt) n(z,z,t)
gt)dt < j #(t)dt
0 0
Take & =1

m(z,z,t)= min{M(STz,Qz,t),M(ABz,Pz,t),
M(ABz,Qz, t),M(STz,Pz,t)
M(STz,ABzt)}
= min{M(Qz,Qz,t),M(Pz,Pz,t),
M(Pz,Qz, t),M(Qz,Pz,t),M(Qz,Pz,t)}
=min{1,1,M(Pz,Qz, t),M(Qz,Pz}),
M(Qz,Pzt)}
=M(Pz,Qz,t)
n(z,z,t)= max{N(STz,Qz,t),N(ABz,Pz,),
N(ABz,Qz, t),N(STz,Pz,t)
N(STz,ABz,t)}
= max{N(Qz,Qz,t),N(Pz,Pz,t),
N(Pz,Qz, t),N(Qz,Pz,t),
N(Qz,Pzt)}
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= max{0,0,N(Pz,Qz, 1), Hence, Sz=Tz=Qz=1z (2.16)
N(Qz,Pz,t),N(Qz,Pzt)} We now claim that Bz = z, for this we take X = Bz, y = X,,,; and
- NPz Qz.) using (ii), we get
By using Lemma, we get Pz = Qz. (2.12) M (PBz ’szmtykt()it m(BZ'XZ"“'tt) ot
>
We now claim that Tz = z, for this we take X = X,,, y = Tz and J.(D( ) - .[(/)( ) '
using (ii), we get 0 0
M (Pxz,,,QTz kt) m(Xzn,T2,t) N(PBz,Qx,, ., kt) n(Bz,Xpp,1.1)
Joydt = [o@dt fodt < [t
0 0 0 0
N(P QT kt) ( T t) N(PBZlQX2n+1'kt) |q(BZ’XZnA't) Take 0{ :1
on 21 Mt Jodt<  [o(t)dt
foydt > [pt)dt 0“’() = 0¢() '
0 0
N(Pxon QTZK)  N(Xgn.T2t) Take & =1 M(BZ, Xzn+1, 1) = MIM{M(STXzn11, QXan, 1), M(ABBZ, PBZ, 1),
[otdt<  [o(t)dt. M(ABBZ, Qanii, 1), M(STXane1, PBZ, 1),
0 0 M(STxzn+1, ABBzZ, t)}
As BP = PB and AB = BA we have PBz = BPz =Bz and AB(Bz)
= B(AB)z = Bz.
M(Xzn, Tz, t) = min{M(STTz, QTz, t), M(ABXzp, PXan, 1), Letting N —> 00 we get,
M(ABXzq, QTz, 1), M(STTZ, PXap, 1), m(Bz,z,t)=min{M(STz,Qz,t), M(ABBz,PBz,1),
M(STTz, ABxzn, O} M(ABBZ,Qz,t,M(STz,PBzt),
As QT =TQand ST =TS we have QTz = TQz =Tz and M(STz,ABBZ.0)}

ST(Tz) =T(ST)z=Tz.
Letting N —> o0 we get,

= min{M(z,z,t),M(Bz,Bz,t),M(Bz,z, t),
M(z,Bz,t),M(z,Bz,t)}

m(z, Tz, t) = min{M(Tz,Tz,t), M(ABz,Pz), = min{1, 1,M(Bz,2,t),M(z,Bz,t), M(z,Bz,t )}
M(ABz,Tz, t),M(Tz,Pz,), = M(Bz,z,)
M(Tz,ABz,)} N(BZ, Xzns1, 1) = MAX{N(STXzne1, Qkzoer, 1), N(ABBZ, PBZ, 1),
=min{1,M(z,z, t),M(z,Tz,t),M(Tz,z,t), N(ABBZz, QXns1, 1), N(STXon41, PBZ, 1),
M(Tz,zt)} N(STxz+1, ABBz, 1)}
=min{1, 0,M(z,Tz,1),M(Tz,z,t), Letting N —> 00 we get,
M(Tz,zt)}

n(Bz,z,t)=max{N(STz,Qz,t),N(ABBz,PBz,t),N(ABBz,Qz,t),
N(STz,PBz,t), N(STz,ABBz,t)}
= max{N(z,z,t),N(Bz,Bz,t),N(Bz,z, t,N(z,Bz,),

=M(z,Tz)
N(Xan, TZ,t) = Max{N(STTz, QTz, t),N(ABX;,,PXan,t),
N(ABx2,,QTz, & t), N(STTz,PXxyp,t),

N(z,Bz,t)}
N(STTZ,Pxan 1))} = max{0,0,N(Bz,z,1),N(z,Bz1), N(z,Bz,t )}
Letting N —> 0O we get, =N(Bz,z,t)
n(z, Tz, t) = maX{N(TZ,TZ,t),N(ABZ,PZ,I), By using Lemmal.14,we get
N(ABz,Tz, t),N(Tz,Pzt),N(Tz,ABz,1)} Bz=z (2.17)
=max{0,N(z.z, 1), N(z,Tz,t),N(Tz,z,t), N(Tz,z,t )} and ABz = z implies Az =z. Therefore,
=max{0, O,N(z,Tz,t),N(Tz,z,t), N(Tz,z,t )} Az=Bz=Pz=z2 (2.18)
=N(z,Tzt) From (2.16) and (2.18) ,we have
By using Lemma 1.14,we get Tz =z (2.13) Az=Bz=Pz =Sz=Tz=Qz=z.
Nowz=Pz=ABz=Qz=STz=Tz. (2.14) It follows that z is a common fixed point of P, Q, A, B, S
= STz=Tz=z (2.15) and T.
= Sz=z Assume (iii) (b)



Then from reciprocal continuity and compatibity of the pair (Q,

ST) and using(2.1), follows that
Bz=Tz. (2.19)

Since Q(X) € AB(X) there exist u € X such that Qz =ABw. We
now claim that Pw = ABw.

using(ii), we get

M (Pw, ABw kt) m(w,w,t)

j pt)dt > j o(t)dt
0 0
M (Pw, ABw,kt) M (Aw,Qz,kt) m(w,z,t)
[odt=" [oMdt > [et)d
0 0 0
N (Aw,Sw,kt) N (Aw,Bz kt) n(w,z,t)
j o(t)dt = j p(t)dt < j o(t)dt.
0 0 0
N (Pw, ABw,kt) n(w,w,t)
[otdt < [t
0 0
N (Pw, ABw, kt) N (Pw,Qz,kt) n(w,z,t)
j p(t)dt = j pt)dt < j o(t)dt
0 0 0
Take ¢ =1

m(w,z,t)= min{M(STz,Qz,t), M(ABw,Pw,t),
M(ABw,Qz, t), M(STz,Pw,t)
M(STz,ABw,t)}
= min{M(ABw,ABw,t),M(ABw,Pw,t),
M(Qz,Qz,t),M(ABw,Pw,t),
M(ABw,ABw,t)}
=min{1,M(ABw,Pw, t),1, M(ABw,Pw,t),1}
=M(Pw, ABw,t)
n(w,z,t)= max{N(STz,Qz,t),N(ABw,Pw,t),N(ABw,Qz, t),
N(STz,Pw,t)N(STz,ABw,t)}
= max{N(ABw,ABw,t),N(ABw,Pw,t),
N(Qz,Qz, t),N(ABw,Pw,t),
N(ABw,ABw,t)
= max{0,N(ABw,Pw, t),0,N(ABw,Pw,t),0}
= N(Pw, ABw,t)
By using Lemma 1.14, we get Pw = ABw
Thus Pw = ABw= Qz = STz.
Now the rest of the proof runs on the same lines from(2.8).

Let u and z be two distinct common fixed points of P, Q, A, B, S
and T then from (2.1),we have
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M (Pu,Qz,kt)

[ smdt >

m(u,z,t)

[ st

where
m(u,z,t)= min{M(STz,Qz,t), M(ABu,Pu,t),
M(ABuU,Qz, & t), M(STz,Pu,(2- & )t),

M(STz,ABu,t)}
m(u,z,t)=min{1,1,M(Pu,Qz, & 1),M(Qz,Pu,(2- & )t),
M(Qz,ABu,t)}
m(u,z,t)= min{1,1,M(Pu,Qz, & t),M(Qz,Pu,(2- & )t),
M(Qz,Pu,t)}
M (Pu,Qz,kt) M (Pu,Qz,t)
j pt)dt > j p(t)dt.
0 0
Now from (2.2),we have
N (Pu,Qz,kt) n(u,z,t)
p(t)dt < o(t)dt

O ey

where
n(u,z,t)= max{N(STz,Qz,t),N(ABu,Pu,t),N(ABu,Qz, & 1),
N(STz,Pu,(2- & )t), N(STz,ABu,t)}
n(u,z,t)=max{1,1,N(Pu,Qz, & t),N(Qz,Pu,(2- & )t),

N(Qz,ABu,t)}
n(u,z,t)= max{1,1,N(Pu,Qz, & t),N(Qz,Pu,(2- & )t),
N(Qz,Pu,t)}
N (Pu,Qz,kt) N (Pu,Qzt)
p(t)dt < | o(t)dt
0 0

By using lemma 1.14, we have
Pu=Qz
= u=z
This completes the proof of the theorem.
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