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ABSTRACT

The paper presents the profit analysis of a two unit cold
standby system with delayed repair of partially failed unit and
better utilization of units. It is assumed that the system stops
functioning only when both the units fail. The failure time
distributions and delayed time distribution of each unit are
assumed to be negative exponential with different parameters
whereas the repair time distributions are taken to general.
Formulas for various reliability indices of the system
including availability, busy period analysis of the repairman,
and profit function analysis by using the regenerative point
technique are derived.

General Terms
Redundancy; Standby system; Stochastic; Failure and Repair
times; Correlation.

1. INTRODUCTION

No doubt that the two-unit cold standby systems have
attracted the attention of several researchers including [1-3, 5,
7, 11] working in the field of reliability theory. They have
considered the concepts like random inspection of the units,
random shocks, allowed down time, imperfect and slow
switching device, random check of standby units etc. Some
authors including Gupta et. al. [3-7, 10] analyzed two-unit
cold standby system models assuming the three modes of each
unit-Normal (N), Partial failure (P) and Total failure (F).They
have considered a single repairman who repairs a unit failed
partially or totally under the stringent assumptions

(i) The repair of a partially failed unit may be
performed during its operation.

(i) The partially failed unit operates to run the
system while the other (standby) unit is
available in its normal mode.

Many practical situations can be visualized when above
assumptions can not be imposed on the systems i.e. repair and
operation of a partially failed unit are not possible
simultaneously and to get the full efficiency of the system, the
unit available in normal mode operates rather than the unit in
partial failure mode.

One way to improve the system reliability is to add redundant
components. Standby redundancy is a technique widely used
to improve system reliability and availability [8-9, 12]. In
general there are three types in redundancy i.e. cold, hot, and
warm standby. Cold standby implies that the inactive
components have a zero failure rate and cannot fail while in
standby state. Hot standby implies that an inactive component
has the same failure rate as when it is in operation. Warm
standby is an intermediate case and it implies that an inactive
component has a failure rate between that for the cold and hot
standby. It is also called dormant failure in some papers.

Anu Sirohi
Department of Mathematics
Bharat Institute of Technology
Meerut, UP, India

Keeping the above facts in view, we in the present paper
analyze a two-unit cold standby system model relaxing the
above assumptions. In this, it is supposed that the repairman is
not always with the system when a unit fails partially. But
when a unit fails totally, he becomes available instantaneously
to repair the totally failed unit and then he remains with the
system till all the partially or totally failed units are repaired.

2. MODEL DESCRIPTION

2.1 System Description

There are some real systems such as power generator and
transmission systems where some new equipment groups need
to be added because of the requirement for more output of the
system. In this model, initially the system comprises two
identical units. The satisfactory operation of any of the unit is
sufficient to do the job. Each unit of the system has three
modes-normal, partial failure and total failure (N, P and F).
The failure time distributions and delayed time distribution of
each unit are assumed to be negative exponential distribution
with different parameters whereas the repair time distributions
are taken generals.

2.2. Assumptions

1. It is a general cold standby system comprises two
identical units, each having three modes: Normal (N),
partial failure (P), and total failure (F). Initially one unit
is operative and the other is kept into cold standby.

2. Each unit first enters into P-mode and then into F-mode
i.e. a unit can’t enter into F-mode without passing
through P-mode.

3. Repairman is not always with the system, but a single
repairman can be made available whenever required.

4. When a unit fails partially, repairman is intimated and he
takes a significant time to be available with the system
and this time is named as delayed time. However, when a
unit fails totally, the repairman visits instantaneously.

5. The priority in operation is being given to N-unit over
the P-unit. A P-unit operates only when the other unit is
either in P-mode or in F-mode.

6. The switching device is always perfect and
instantaneous.

7. The online repair of a P-unit is not possible.

8.  If a P-unit is under repair while the other unit enters into
the F-mode from P-mode, the repair of the P-unit is
stopped and it starts operating while the other unit in F-
mode undergoes repair. The discontinued repair of the p-
unit is of preemptive repeat type.
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3. NOTATIONS AND STATES OF THE
SYSTEM

To write the states of the system we define following symbols
for both the units:

* ~ : Symbol for Laplace/ Laplace Stieltjes
transform of a function.

No, Ns  : Unit in N-mode and operative, standby.

Po, P, : Unit in P-mode and operative, under repair.

Par : Unit in P-mode and under delayed in repair.
Fr, Fu : Unit in F-mode and under repair, waiting for
repair.

a,, &, : Constant failure rates of a unit from N-mode to P-
mode, P-mode to F-mode.

0 : Parameter of the negative exponential delayed
time distribution.

g1 (), G1 () : p.d.fand c.d.f of repair time distribution of a P-
unit.

92 (.), G2 () : p.d.fand c.d.f of repair time distribution of a F-
unit.

Considering the above symbols in view of the assumptions we
have the following states of the system-

Up States (with full efficiency)
SO0= (No, Ns)

S3=(Pr, No)

Up States (with reduced efficiency)
S2= (Pdr, Po)

S5= (Po, Fr)

Failed States

S6= (Fw, Fr)

S1=(Pdr, No)
S7= (Fr, No)

S4= (Pr, Po)

The transition diagram of the system model along with failure
time variables, and repair rates is shown in fig 1. In figure we
observe that the epochs of transition from S3 to S4, S5 to S6,

and S7 to S5 are non-regenerative points. All the other epochs
are regenerative.

4. TRANSITION PROBABILITIES AND
SOJOURN TIMES

Let Qij (t) is the one step unconditional transition

probability, which can be obtained by using the simple
probabilistic arguments, as follows—

Qu (t> = '[0 P

t | system transits from S, to S;
during u,u+du

t
= I ae du=1-e

Similarly other probabilistic arguments can be obtained, then
the non-zero elements of the transition probability matrix P=
(pij) for the model are as follows-
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o T T 0{1+6” 3 o, +0

0 a ~

p24=a2+0’ pzszrj_e' Ps =G, (@)
ot _ @lCe) ~Gltey)]

33 o —a,
Pl = aa, 1_(%(0‘2) _ 1_(%{052)

* a —a, a, o,

43 = él(a2)1 Pass :1_61(052)' Pss = éz (a,)
Pse = (6) =1- é/o(az) P = G 2 (@),

9= [c%<a2) Aer)

o =
09 =1 é/f’(az) 2 <‘:‘/°<al>
al o —

We observe the following relations-
Pio + Pz =1= Py; = Psy
Py + Pos =1= Py + p(4) + p(4)
Pas t Pys =1= Ps; + pés) (: pse) =1
Pzt p(S) p(S © = = Pzt Prs

Let X; denotes the sojourn time in state S;, then the mean
sojourn time in state S is given by-

= [P(X; ¢ tydt
The mean sojourn times in various states are as follows:

_ 1 1 1
Vo al’% a1+6”l//2 o, +0

v, = [e“GOdt, y, = [e G )dt
ws = [6G,(0dt, w, = [G, (M)t
= j e G, (t)dt

The unconditional mean time taken by the system to transit
from any regenerative. State Si when time is counted
from epoch of entrance into state Sj is given by

m, = 1, (0)=—| (27 (5))

5=0
We have
My =¥Wo, My +My =y, My + My =y,
@, m®__ % ) _
My +Myg" +Myg” = Wy~ Y;=n (say)
a —a, a —a,
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Mg +Myg =, My +m = Ithz (t)=n,

m, +me +mE = J.th2 (t)=n,
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Fig 1: State Transition Diagram

5. RELIABILITY AND MTSF

Let the r.v T; be the time to system failure when the system
starts its operation from state Si € E , then the reliability of
the system is given by-

R (t)=P(T, ¢ 1

To given R; (t), we assume that failed state Sg as absorbing of
the system. Using the simple probabilistic arguments, one can

easily develop the recurrence relations among R; (t); i=0, 1, 2,
3, 4, 5. Taking the Laplace transformation of the relations and
simplifying the resulting set of algebraic equations for

*

Ro (S) , we get after omitting the argument s’ for brevity-

" N
S50
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Where,

N(S) (Zo+q01zl ququZ)

(1 q33 _qssqss) q01(Z3 q34Z)

19,10.@.+0.9)+4.9.q,
(4~ [CO

#0,0,0,2.0-0, -0, q)+
9.9..(d,.-95 9,,+ 0., )

A.Z: +0,0,.(1-9)+q.a"
0,(5)=(1-0;, -q, 0,,)-0.0,,

RN NRE RN

Taking inverse Laplace transformation of (4), we get the
reliability of the system. The Mean Time to System Failure

(MTSF) is given by-
E(T) = [R, O =R; (5) o= )

N, (0) = (o +v1 + P ¥2)
(€] 4

a- p33 a p35 p53)+(l//3+ p34W4)
*[ Pro { Pos (Pas + Pas pss}(:)_ Pss |
+ Prz Poa, (- P. — p35 p53)
e P12 P24 ( Pas — p?f) p p43 p35)
+ P12 pzs(l_ p Pis p35)
nd D,(0) = (1 ég) - pég) pss) P30

[ Pro{ Pos (Pas + Pas Psg) + Pos Pes } + Pys |

6. Steady State Availability

Let Af (t) and A (t) be the probability that the system is

up at epoch t with full efficiency and reduced efficiency
respectively when initially it starts functioning from state

Si € E by using probabilistic arguments we get

N, ()

Al ()~ Ao()—D(S)

Where,
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N, (s) =(Z; +0eZ; )
[(1-05%7)(1- 0% - 0550 ) - D00 |
+ZS qu[q12q24{q43 (1 q(5 o
+0sGes (1- 05 H A0 YaS 3
s { Oy (105" + 050"}
+05 (1- 057" 1+ 40,08 Z;
{qlz {(1-0%")(0h0is +036) + qaq}sqéi—,‘)*}}
+0y508
and
D,(s) = [(1 q5 6)*)(1—%‘;"*—q;q;)—q%)*qéé’*qé?*]
_q30q01[q12q24{q43 (1_ a5 ) + q15q;3 (1_ qgg,e)*)
0 0 }+q12q25{q53 (-0 )+ 0 |
0 (105 - 0,0 03
[qu {(1- 0" (chuti + 83 )+ q;q;q;"*}}
0,0
Similarly, the point wise availabilities A’ (t),i.e. when

system is up with reduced efficiency (in partial failure mode)
can also be obtained and are as follows-

N, (s)
D,(s)
N (5)_q;1QI2(Z*+qZ4 *)

[0 (1- 08" - 0" - o oo |
+ 0 Z 4 [0, (1 05 )(% + Uil ) + Qi 0%}
+ 05 {(1- 05 )(q53+q57 08" )+ (1-a57 )}
0y (105" + 087055 ) Z,

| (1 07 ) (00 + 0 ) + s | + 00 |

Now to obtain the steady-state probabilities that the system
will be operative in normal and partial failure mode, we
proceed as follows —>

Z/(0)=[z,@)3dt =y, (i=0123457)
Using the result q; (0) = p;j ,wehave D,(0) =0

Al (s)= Where,

Therefore, the steady state probability that the system will be
operative in normal mode (with full efficiency) is given by-

) 2= N,(1) —Iim(s—>0)sN2_(s)_Nz_(0)

D, (t) D,(s) D,(0)

By using L’hospital’s rule. Where,

A =lim(t — oo
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1— (5.6) 1— (5.4) (4)
Nz(o) :(l//o +W1){(_ (4?77(6))((5) P Ps3 P3s )

57 IM73

35
+y5[ Py, P {1 pg,e))( Pas + Pus Ps3) +
Pas P P 3+ Pup Pos{Pss (1= P ) + S piy 3+

Pis (1— Py )] + &yl plz{(l_ P )( P24 Pas + Pas ) +

P2y Pys pég)}"' Pis pég)]

Similarly the steady state probability that the system will be
operative in partial failure mode (with reduced efficiency) is
given by

N3(t) — I|m(3 —)O)S NS(S) — N3(0)

D, (1) D,(s) D,(0)
By using L’hospital’s rule. Where,

Ny(0)=(+v)| (1- P57 )(1- P - pigb?)- 042 P b |
31 o= P )(Pag + PysPi) +

Pus Pés) pg)}"' P pzs{ Pss (1_ pgg,ﬁ))_l_

0 P53+ pys (1= 57 1+ Py [maf(L- )

( Pos s + pzs)"' Do Pus P} Pyapie ]

Al = lim(t — o),

6. PROFIT FUNCTION ANALYSIS
The net expected profit incurred in (O,t) is given by

P= KO/uufp (t) + Kl/ll:p (t) - Kzﬂbﬁjsy (t) - Kalubfusy (t)
—K,V, ()
where

Ko= per unit up time revenues by the system when it works
with full efficiency.

K= per unit up time revenues by the system when it works
with reduced efficiency.

K,=amount spend per unit of time in repairing the P-unit.
Ks=amount spend per unit of time in repairing the F-unit.

K4= payment to the repairman for his instantaneous visit at
the system.

Similarly other related terms can be evaluated. Now the
expected profit per unit time in steady state is given by

P:Iimwzlim s°P*(s)

too  { s—0
= Ko'Abf + KlADr - KzBop - KsBof -K\V
7. PARTICULAR CASE
When the repair times of P-unit and F-unit also follows the

negative exponential distribution with parameters ﬁl and ,32
respectively, i.e.

B

G, (t) =1—e#©;i=1, 250 that G, (t) =
S+ f;
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Then, we have the following changes-

__ A e ap,
a+pB 7 (q+ B+ )

4) _ o, B

v Pag =

P30

Ps’ = 1
* (+ B+ B) a, +f
_ 0{2 _ ﬂZ
Pee a, + By P a, + f,
— 6 _ o, _ ﬁz
Pes i a,+p, Pro a, + p,
5 _ ap,
73
(aq + ), + 3,)
56) _ aa, D, = a,
= Py = ——
77 (o, + ), + 3,) a, + p,
1 1 B 1
Vs 0‘1*’ﬁ1’v/4 a‘z*‘ﬂlll//5 az"’ﬂzl
v, = 1
! a, + p,

8. CONCLUSION

To study the system behavior through graphs we plot the
curves for MTSF and profit function in fig 2 and fig 3

respectively w.r.t ¢, for three different values of repair rate

P, and two different values of @ (rate of availability of
repairman) whereas the other parameters are kept fixed as

a, =0.15, 5, =0.10, K, =500, K, =300, K, =100,
K, =150,K, =75. From fig 1.2, it is evident that the

MTSF decreases uniformly as &, (failure rate) increases. It is
also observed that the MTSF increases with the increases of
rate of availability of repairman (&) and with the increase of
repair rate 3. From figl.3, it is obvious that the profit

decreases linearly for g =0.025as the failure rate o,
increases and the degree of this decrement increases as the
values of /3, increase from 0.025. Further, we note that as the

value of /3, increases, the profit also increases and it decreases

with the increase in () .
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Fig 2: Behavior of MTSF
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Fig 3: Behavior of Profit Function
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