International Journal of Computer Applications (0975 — 8887)
Volume 110 — No. 16, January 2015

On the Stability of Quadratic Functional Equation

Sushma
Department of Mathematics,
Kanya Mahavidyalaya Kharkhoda (India)

ABSTRACT

In this paper the stability of quadratic functional equation,
f(xy)+f(xy H)=2f(x)+2f(y) on class of groups is obtained and
also prove that quadratic functional equation may not be
stable in any abelian group.
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1. INTRODUCTION

In 1940, Ulam[16] raised the following question concerning
the stability of group homomorphism “Under what conditions
does there is an additive mapping near an approximately
additive mapping between a group and a metric group ?”. In
1941, D.H.Hyers[10] answered the stability problem of Ulam
under the assumption that the groups are Banach spaces. In
1950 Aoki[1l] generalized the Hyers theorem for additive
mappings. In 1978 Th.M.Rassias[14] provided a generalized
version of the theorem of Hyers which permitted the Cauchy
difference to become bounded. Since then, the stability
problems of various functional equations have been
extensively investigated by a number of authors [1-3,6,9-
11].The functional equation f(x+y)+f(x-y)=2f(x)+2f(y) is
called a quadratic functional equation. In particular, every
solution of quadratic functional equation is said to be a
quadratic mapping. A generalized Hyers-Ulam stability
problem for the quadratic functional equation was proved by
Skof[15] for mappings f: X —>Y where X is a real normed
space and Y is Banach space . Cholewa [4] noticed that the
theorem of Skof[15] is still true if the relevant domain X is
replaced by an Abelian group. Czerwik[5] and S.Y.Jang,
J.R.Lee, C.Park and D.Y.Shin[12] proved the generalized
Hyers-Ulam stability of the quadratic functional equation in
Normed and Fuzzy Banach spaces respectively.

In this paper we study the stability of quadratic functional
equation

f(xy)+f(xy™)=2f(x)+2f(y) ongroups.

Suppose that G is an arbitrary group and E is an arbitrary real
Banach space. We denote 1 the identity element of G.

Definition 2.1: We will say that a function f : G — E
is a (G; E) — Quadratic function if for any X,y e€G we
have

fxy)+f(xy H)—2f(x)-2f(y) =0 (1)

We denote the set of all (G; E) — Quadratic function by

Q(G; E)

Denote by Q,(G; E) the subset of Q(G ; E)
consisting of functions f such that f(1)=0. Obviously

Q,(G;E) is a subspace of Q(G; E) and
QG E)=Q (G ;E)DE.

Definition 2.2: A function f :G —> E isa (G ; E) -
quasi — Quadratic function if there is C > O such that for
any X, Yy € G we have

| fom+foy-2f-2fM|<c @2

It is clear that the set of (G ; E) - quasi — Quadratic
functions is a linear space.

Denote it by KQ(G ; E). In (2.2), we put x = 1,
| f+fyH-2f (-2 <c
[HoD-f]<cr2 fO]=c @9

Where ¢, = C+2| f(1)]|

Now puty = x in (2.2), we get

| FOO)+F@-2F()-2f ()| <c

H f(x*) —41(x) H <c+|f@|=c, @9
where C, = C+|| f (1) ||

Put Y = X° in (2.2), we get

| £O0)+ F(x =2 (-2 ()| <c
= H f(x*)-9f(x) H <C+C+2c,=C, (25)
where C; = C+C, +2C,

Put Y = X° in (2.2), we obtain

H f(x*)-16 f (x) H < C+4c +C, +2C, = C, Take
c, = C+4c +C, +2¢,

Let c be as in (2.2) and define the set C as follows
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C:{Cm;meN},where C, =C+2||f(1)||
C, = C+|| f@ ” :
C, =C+C,+2c, and

c, =c+(m-2)°c,+c, ,+2c, , if m>3,
Lemma2.3: Let T €eKQ(G ; E) such that

| Fom)+fy™)-2F(0-2f(y)| <c

Thenforany X € G andany m & N the following relation
holds

| foxm-m* £ (0] <c, 2.6)

Proof: The proof is by induction on m. For m = 3, the lemma
is established. Suppose that lemma is true for m. Let us

verified it form+ 1. Put Y = X" in (2.2), we have

| FOm )+ F ™) =2 () -2 (x")| < ¢

JFOT)+ £ 0™ = (M=1) £ (x 1)+ (M=) £ () -2 () - 2f (x| <c

_ [f O+ (m=1) F(x") =2 (x) -2 (x™)
<CH[[f ()™ (m-1)7 f (x|

By assumption of induction

| £ +(m=1° F(x -2 (x)-2f (x")

= [+ (=27 £ () = (M=) £ (x) + (M=) F () -2 () =2 (x")|

<C+Cyy

(X)) +(Mm=1)7 f(x) -2 (x) - 2f (x")|

<C+C,,

—
<c+c, , +(m-1?c

= [ (™) + (M-D)2 £ () - 2f () 2[f (") ~m? £ () +m £ (x)]
<c+c, , +(m-1%c,

- | +(m=1)7 £ (x) -2 (x) - 2m” f (x)|
<c+c,, +(m-1)%c, +2c,
[ (™) + £ (0[m? +1-2m —2-2m?]

= =
<c+c, , +(m-1)°%c, +2c,

| £ =m+2) £(x) | < c+ (M-17 ¢+, , +2c,

Now the lemma is proved.

Let f eKQ(G; E). For any

m>1,keN and xeG, wehave

Lemma 2.4

@7)
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and <C, (2.8)

1 mk
W f(x™)-f(x)

Proof: The proof is based on induction on k. If k = 1, then
(2.7) follows from (2.6). Suppose that (2.7) is true for k, we

will show it is true for k + 1. Replace x by X™ in 27). =
H f (Xm)mk _ (mk)Z f (Xm)H
@A+m? +.....+ (M%) )

)= () £ (x)
=

<C, [@+m’ +...+ (MM

= £ =) 1) =) £00 + (“)* £ ()

<c,(L+m? +...+(m"")?)

[ =2 ()

= <Cp@+m? +.o+(M)?)
+H(mk)2 f(x™) _(mk+l)2 f(X)H

O = ) £ (x)

=<c, (1+m? +....+ (M) +(m")’c,

RUCRRCSRIC

C@Am? 4+ (MP) (M)
Further implies

1
(mk+1)2

<Cp@+m? .+ (M) 4+ (M?)¥)

(mk+1)2

™™y - f(x)

1 mk+L
W f(x™ )-f(x)
<o (14 m? 4 (M) (P))
(m%)
<cC

This completes the proof of the lemma.
From (2.8) it

{ﬁf(xmk) ; ke N} is bounded
m

follows that the set

Replacing x by an in (2.8), we get
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<C,

- f(xM)

H ( k)2

1 ke
oy O

1
)= 100
)

(m"

—>0asn—w

(m )
This implies that the
1
{ ( k)_z f(xmk) ; ke N} is a Cauchy sequence.
m

Since the space E is Banach. So, the above sequence has a
limit in E and we denote itby ¢ (X). Thus

sequence

= li f
¢ (X) = Im( e (x")

From (2.8), we have
| 4.0 T <c,

Lemma25: Let T e KQ(G ; E) such that

vV xeG (29

| fom)+foy™h-2f()-2f(y)|<c ¥ x,yeG
Thenforany M€ N, we have ¢, e KQ(G ; E).

Proof: | g, (Xy)+4, (xy ) =24, ()~ 24, () |
B () + FO9) + ¢, 0y ™) = F Oy ™) = 24, () +2F (%)
- 24, (y)+ 2 (y)+ FOoy) + F Oy ™) =2F () -2 (y)

<[t ) = £ 09+ 8 O ) = £ O )]+ 2 () = (9]
+ 2 (V)= F ]+ o)+ 0y ) =2F () - 21 (y)|
<6c, +cC

O O9) + 64, (%Y ) =26, (%) =2 (Y) | <

where C' = 6C_, +C

Hence the proof of the lemma for any X € G we have the
relation

B (X™) = (M*)? 4,(%) (2.10)

In fact
1
éy (X" )—nm( oy F(o)
( I)Z mk+!
= i f
|En( I+k) (X )
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mP

= (m")
p—o0 ( )
Lemma 26: If f eKQ(G ; E), then ¢, = ¢, for

anym >2.

Proof: By above lemma, ¢, , ¢, € KQ(G ; E).

Hence g(x) = lim ¢2(ka) is well defined
-

1
K —>00 (mk)Z
and ge KQ(G; E)
Ao g(x™) = (m*)? g(x) and
g(sz) = (2)* g(x) forany xeG andany k e N

also from (2.9), there exists d, ,d, €R_ such
|(0-9()[ <d, and [4,()-g(x)[<d, @11)

Hence g =@, and § =4, ,weobtaing, = ¢, .
Definition 2.7: By (G ; E) - pseudo — Quadratic function
we will mean a (G ; E) -quasi-Quadratic function f such
that f (X") =n® f(X) for any Xe€G and any
neZ (G ; E)- pseudo-Quadratic function is denoted by
PQ(G; E).

Lemma 2.8: For any f € KQ(G ; E) the function

g(x) = I|m f(x? ) is well — defined and is

1
2°)?
(G ; E) - pseudo — Quadratic function such that for any
xeG, || 9(x) - f(¥)|<c,

Proof: By the previous lemma, g is a(G ; E) - Quasi —
Quadratic function.  Now by above lemma, we have

g(x") = ¢, (x") =m* ¢, (x) = m* g(x)

Thus  @,(X) = g(X) and hence ¢, (X) = g(X) by
above lemma. From equality

g = ¢,, we have ” g(x)—f(x) ”
= 4,(0- 100 <c,.
Lemma2.9: If fe PQ(G; E) then

(i) If yeG is an element of finite order then
f(y)=0.
(i) If f is bounded function on G, then f = 0.

Proof: Letorderof Y € G istthen
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y' =1

= f(y)=f@®=0
t? f(y)=0

= f(y) = 0.

Similarly we verify assertion 2.

We denoted by B(G ; E) the space of all bounded
functions on a group G that takes values in E.

Theorem 2.10: For an arbitrary group G the following
decomposition holds:

KQ(G;E)=PQ(G;E) ®B(G;E).
Proof: It is clear PQ(G ; E) and B(G; E) are

subspaces of KQ(G; E), and
PQ(G ; E) nB(G ; E) ={0}. Hence the subspace
of KQ(G; E) generated by

PQ(G; E) and B(G ; E) is their direct sum.
ThatisPQ(G ; E) @ B(G ; E) < KQ(G ; E).

Now let f eKQ(G ; E), then g e PQ(G ; E) and
g-feB(G; E)

and
f=g+(9-f)e PQ(G; E)+B(G; E)
So, KQ(G; E) =PQ(G; E) ®B(G; E).

Remark2.11: Let G={1,-1,i,-i} be an abelian group and the
quadratic functional equation is not stable in G i.e,

f(xy)+ f(xy™)=2f(x)+2f(y)does not satisfy
for x=-1, y=-1.

Definition2.12: We shall say that equation (2.1) is stable for
the pair (G;E) if for any f: G—E satisfying functional
inequality

Hf(XY)+ f(Xy_l)—Zf(X)—Zf(y)HSC
YV x,y €G

for some ¢ > 0, there is a solution f of the functional

equation (2.1) such that the function ?(x)-f(x) belongs to
B(G;E).

It is clear that equation (2.1) is stable on G iff PQ (G; E) =Q,
(G; E). We will say that a (G; E) — pseudo — quadratic
function f is nontrivial if f& Q, (G; E)

Theorem2.13: Let E;, E, be a branch space over real. Then
equation (2.1) is stable for the pair (G; E;) if and only if it is
stable for the pair (G;E,).

Proof: — Let E be a branch space and R be the set of real .
Suppose that equation (2.1) is stable for the pair (G, E).
Suppose that (2.1) is not stable for the pair (G; R), then there
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is a non trivial real —valued pseudo — quadratic function f on
G. Now lete€ E and ||e|| =1. Consider the function ¢ :G —

E given by the formula @(X) =f(x).e. It clears that ¢ is a

nontrivial pseudo —quadratic E-valued function, and we obtain
a contradiction.

Now suppose that equation (2.1) is stable for the pair (G;R),
that is , PQ(G;R)=Q,(G;R). Denote by E” the space of linear
bounded functional on E endowed by functional norm

topology. It is clear that for any S PQ (G;H) and A S

H™ the function AQy belongs to the space PQ(G;R).
Indeed, let for some ¢>0 and any x,y € G we have

v ) +w (™) =20 () — 2y (y)| < c.

Hence

[Aow (xy) + Aoy (xy ) ~ Aoy (2x) — Aoy (2y)
2l ) + vy ) = 2w () - 2w ()] < 2]
obviously, Aoy (X") =n*Aow(X) any x € G ad for

any n € N. Hence the function Ao belong to the space

PQ(G,R). Let f: G—>H be a nontrivial pseudo- Quadratic
mapping. Then X,y S G such that

fOy)+ Oy ™) —2f(x)-2f(y) 0. Hahn-
Banach theorem implies that there is a | € H * such that
1(FOy)+ Oy ) —2F () —2F(y)) %0, and we

have lof is a nontrivial pseudo- Quadratic real valued
function on G. This contradiction proves the theorem.

Corollary2.14: If a group G has nontrivial pseudo- character,
then equation (2.1) is not stable on G.

Proof: Let ¢ be a nontrivial pseudo- character of G. Suppose
that there is T €Q, (G) such that the function ¢ — f s

bounded. Then there is ¢>0 such that ‘¢(X) —?(X)‘ <c

for any x € G. Hence for any n € N we have

¢ 2[g(x") = T (x")| = n*[$(x) — F (x)| and we see

that the latter is possible if @(X)= ?(X) . So,
¢ € PQ(G)NQ,(G). Hence, f e X(G)and this

contradiction with the assumption about f.
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