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ABSTRACT

The exp((—¢(£))-expansion method is used as the first time to
investigate the wave solution of a nonlinear the space-time
nonlinear fractional PKP equation, the space-time nonlinear
fractional SRLW equation, the space-time nonlinear fractional
STO equation and the space-time nonlinear fractional KPP
equation. The proposed method also can be used for many other
nonlinear evolution equations.
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1. INTRODUCTION

The nonlinear partial differential equations of mathematical
physics are major subjects in physical science [1]. Exact
solutions for these equations play an important role in many
phenomena in physics such as fluid mechanics, hydrodynamics,
Optics, Plasma physics and so on. Recently many new
approaches for finding these solutions have been proposed, for
example, tanh - seen method [2]-[4], extended tanh - method
[5]-[7], sine - cosine method [8]-[10], homogeneous balance
method [11, 12],F-expansion method [13]-[15], exp-function
method [16, 17], trigonometric function series method [18],

(%)— expansion method [19]-[22], Jacobi elliptic function
method [23]-[26] and so on.

The objective of this article is to apply The exp((—¢(£))-
expansion method for finding the exact traveling wave solution
of the space-time nonlinear fractional PKP equation, the space-
time nonlinear fractional SRLW equation, the space-time
nonlinear fractional STO equation and the space-time nonlinear
fractional KPP equation mathematical physics.

The rest of this paper is organized as follows: In Section 2, we
give the description of The exp((—¢(§))-expansion method In
Section 3, we use this method to find the exact solutions of the
nonlinear evolution equations pointed out above. In Section 4,
conclusions are given.

2. DESCRIPTION OF METHOD

Suppose that we have the following nonlinear fractional partial
differential equation:

f(u,DE,D%u,...) =0, 0<a<1, (2.1)

where Dfu, D%u are the modified Riemann-Liouville
derivatives, and F is a polynomial in u(x, t) and its partial
fractional derivatives, in which the highest order derivatives and
the nonlinear terms are involved. In the following we give the
main steps of this method.

Step 1. Using the nonlinear fractional complex transformation
. Kx* 4 ct” +
"T(l+4+a) TA+a)

where k, ¢, &, are constants with k, ¢ # 0, to reduce Eq.(2.1) to
the following ordinary differential equation (ODE) with integer
order:

Puu,u’,u" ... )=0, (2.2)

u(x, t) =u(®), ¢

$o

where P is a polynomial in u(¢) and its total derivatives,while '
v

=E'

Step 2. Suppose that the solution of ODE(2.2) can be expressed
by a polynomial in exp (—¢(£))

as follows
u(§) = am(exp(=@ON™ + -, am #0,  (2.3)
where ¢ (§) satisfies the ODE in the form
9'(§) = exp(—p(§) + pexp(p(§) + 2 (2.4)
the solutions of ODE (2.4) are
i. whenA?-4u>0,u %0,

A2-4p(E+C1
—JA2—4p tanh —

p@)=1In 2 (2.5)
ii. whenA?-4p>0,p=0,
_ 1
9@ =in (exp (A(§+Cl))—1) (26)
iii. whenA?-4p=0,p#0,1%0,
_ 2(A(E+C+2
0(© = In () 27)

iv. whenA?-4p=0,u=0,A=0,
() = +Cy), (2.8)

V. whenA?-4p <0,

J4u—22 tan (w)—/l

2p

p&) =In

(29)
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where a, ...., 4, n are constants to be determined later,

Step 3. Substitute Eq.(2.3) along Eq.(2.4) into Eq.(2.2) and
collecting all the terms of the same power exp (-m¢(§)), m =0,
1, 2, 3, .... and equating them to zero, we obtain a system of
algebraic equations, which can be solved by Maple or
Mathematica to get the values of a;,

Step 4. Substituting these values and the solutions of Eq.(2.4)
into Eq.(2.2) we obtain the exact solutions of Eq.(2.2).

3. APPLICATION

In this section we construct the exact solutions of the following
four nonlinear fractional PDEs using the proposed method of
Sec. 2 as following

3.1-Example 1: The Space-Time Nonlinear

Fractional PKP Equation
This equation is well-known [27] and has the form:

2 DU+ DFuDFu + 2 DF*u + DF(Dfw) =0 (3.1)

where 0 < a < 1. Eq.(3.1) has been investigated in [27] using
the fractional sub-equation method. Let us now solve Eq.(3.1)
using the proposed method of Sec. 2. To this end, we use the
nonlinear fractional complex transformation u(x,y,t) = u(é),

kyx® + kyy“ + ct®
[(l+a) TA+a) T'l+a)

f = + 60!
where ki,ky,c, &, are constants, to reduce Eq.(3.1) to the
following ODE with integer order:

kiu" +3k3u'? + (3k3 + 4cky)u’ = 0. (3.2)

Balancing u™ with u?> > N+ 3 =2 (N + 1) = N = 1.
Consequently, Eq.(3.2) has the formal solutions:

u=ao + aexp(-¢($)), (3.3)
where ag, a; are constants to be determined later, such that, a; #
0. It is easy to see that

W =2—1 4oty 3 Nt

e ¢<s>)3 b @ + i+ 5

22
(e¢(§))2 ¢(§) (3'4)

Substituting (3.3) along (3.4) into (3.2), collecting all the terms
of the same order exp (-i@(£)),

i =0, 2,. and setting each coefficient to zero, we have the
following set of algebraic equation:

_6k1 a1 + 3k1 al - O,

(3.5)
—12k}a A + 6k3a2a = 0,
(3.6)
—ki(Baju + 7ayA?) + 3k3a?(A% + 2u) — a1 (3kZ + 4cky) =
0, 3.7)
—kf(8ayud + 7a,23) + 6k3a?Au — Aoy (3k3 + 4cky) = 0,
(3.8)
—k}(aquA? + 2aqp2) + 3k3a?u? — pay (3kZ + 4cky) = 0,
(3.9)

On solving these algebraic equation with aid of Maple or
Mathematica we have
Aktu — kA% — 3k3

4k

apg = Qag, ,a1 = Zkl, Cc =
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So that the solution of Eq.(3.2)
u = ag + 2ky exp(—¢(5)),

(3.10)
The solutions of ODE (3.2) are
I. whenA2-4u>0,u#0,
4kyp \
u=dap+| |
\—m tanh(“ﬂz—“(f +c1)>—z /
(3.11)
II. whenA2-4u>0,u=0,
_ 4ky 2
u=do (expizcm(g+c1))—1)
(3.12)
. whenA?-4pu=0,u#0,1£0,
_ 2k A2 (E+C1)
u=apt (2(11(§+c1))+2)
(3.13)
IV. whenA2-4u=0,u=0,1=0,
_ 2ky
u=ap+ (§+C1)
(3.14)
V. when1?-4pu<
Ou=ay+ | Han |
\—mtan <—V‘“2ﬂ(s+c1)>a /
(3.15)

(@)
Eq(4.19)

Figure 1: solution of Egs. (3.11)-(3.15)
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3.2- Example 2: The Space-Time Nonlinear
Fractional SRLW Equation

This equation is well-known [27] and has the form:

DE*u + D2*u + uDf (Dfu) + DfuDfu + DZ“(DFu) = 0,
(3.16)

where 0 < a <. Eq.(3.16) has been investigated in [27] using
the fractional sub-equation method. Let us now solve Eq.(3.16)
using the proposed method of Sec. 2. To this end, we use the
nonlinear fractional complex transformation u(x,y,t) = u(é),
_ kx® 4 ct®
"T(l+a) TA+a)
where k,c, &, are constants, to reduce Eq.(3.16) to the following
ODE with integer order:

§

+ {0'

k2c2u” + (k2 + cPu + %Cuz =0. (3.17)

Balancing u" with u?= N + 2 = 2N = N = 2. Consequently,
EQ.(3.17) has the formal solutions:

U = ap + a;expil-9 (&) + az exp(—2¢(8)),  (3.18)

where a,, a;,a, are constants to be determined later, such that, a,
#0. It is easy to see that

", LTI a2 3 a,; 12
U =Ly Thgm T ey T MY 56
+6—2 _4g Bk
@@yt T S a2
) 2, gaah |,
+10 @Oy +au+6 5! + 4 @Oy (3.19)

Substituting (3.18) along (3.19) into (3.17), collecting all the
terms of the same order exp(-i¢ (£))

,1=0,1, 2, .. and setting each coefficient to zero, we have the
following set of algebraic equation:

6 K'c? a, + ke a* = 0, (3.20)
k?c?(2a; + 10a,2) + kc a; a, = 0, (3.21)
k?c?(8ayu + 3a11 + 4ayA?) + %kc(af + 2a9a;) + ay (k% +
?) =0, 3.22)

k2c?Qayu + a1 A% + 6a,Ap) + ke agay + ag(k? +c?) =0,
(3.23)

k2c?aidu + 2k2c? ayu® + %kc a3 +ay(k* +c?) =0,
(3.24)

On solving these algebraic equation with aid of Maple or
Mathematica we have

c k 5
ay = E—I—E_ 3kcA4, ,a; = —12kch, a; = —12kc,

So that the solution of Eq.(3.2)

— 3keA® — 12kchexp(=@(§)) — 12ke exp(=2¢(£)),
(3.25)

the solutions of ODE (3.2) are
i. whenA%-4u>0,u#0,
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u
_C K gen
k¢ ¢
2u \
— 3kc| |
2—4
\—,//12 ~dutank (—“12” €+ cl)> - ,1/
2
—12ke 2 , (3.26)

T4 tanh(vlz;w (§+cl>—,1
ii. whenA%-4u>0,u=0,

u =
ok aker? —3ke(— A ) ¥
k + c 3kcA 3ke (expi?@l(§+c‘1)—1) 12ke (expi?@l(f+€1)—1)

(3.27)
iii. whenA2-4u=0,pu+0,1+0,
u =

¢ k 2 2E+0) 2E+0) \2
g T o 3ked 3kc(z(/1(s+cl)+z)) 12kc(z(/1(§+c1)+z))

(3.28)
iv. whenA2-4u=0,4=0,1=0,
_c  k_ 2 3ked  (12kc)\?
=gt =3kl - 22 (§+61) , (3.29)

when 1%-4u <0,

u
LI
Tk ¢ ¢

2 )
— 3ked | s /I

\,/zm — 7% tan <7V4“2_’12 (& + c1)> )

—12kc( 2u
\ 4p—2

© (@)
Eaq.(3.28) Eq(3:29)
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3.3-Example 3: The Space-Time Nonlinear
Fractional STO Equation
This equation is well-known [28] and has the form:
Dfu + 38(D&u)? + 3fu?D%u + 3puD?%u
+BDi"u =0,
(3.31)

where 0 < a < 1. Eq.(3.31) has been investigated in [28] using
the fractional sub-equation method. Let us now solve Eq.(3.31)
using the proposed method of Sec. 2. To this end, we use the
nonlinear fractional complex transformation u(x,y,t) = u(é),

_ kx® 4 ct®
"T(l+a) Td+a)
where k,c,£0 are constants, to reduce Eq.(3.31) to the following
ODE with integer order:

cu+ 3Bk%uu’ + Bkud + pk3u” =0,

§

+ {0'

(3.32)
Balancing u” with > = N +2=3N = N = 1. Consequently,
Eq.(3.32) has the formal solutions:
u = ag +ay exp(—¢(§)),
(3.33)

where ag, a; are constants to be determined later, such that, a; #
0. Itis easy to see that

" a ajpu ald aA?
=2 1 2 1
4 oy T2mo T3 Gey taM T Ge

(3.34)

Substituting (3.33) along (3.34) into (3.32), collecting all the
terms of the same order

, 1 =0,1,2,.. and setting each coefficient to zero, we have the
following set of algebraic equation:

2Bk3ay + Bkad — 38k*a? =0,

(3.35)
3Bk3Aa, + 3Bkaga? — 3Bk%*aga; — 3Bk*Aa? =0,
(3.36)
Bk3A%ay + 2Bk3ua, — 3Bkada, — 3Bk*Aagay, — 3pk*ua? +
a;c=0, (3.37)
Bk3aiAu + Bkad — 3Bk*aga u + agc = 0,
(3.38)

On solving these algebraic equation with aid of Maple or
Mathematical we have

apg = lk,
So that the solution of Eq.(3.2)
u = Ak + 2k exp(—go(f)),

a = Zk,

(3.39)
the solutions of ODE (3.2) are
i. whenA?—4u>0, u+0,
4ku
u=Ak + —
—J%=an tanh( 122_4“ (§+C1)>—/1
(3.40)
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ii. whenA?—4u>0, u=0,

= — (— 22
=k (exp(l(f+cl))—1)' (3.41)

iii. whenA?—4u=0, u+0, 1 0,

2
w=2k+ (— A GHa) )

2(AE+Cp))+2
(3.42)
iv. whenA?—4p=0, p=0, A =0,
2
u= Ak + m,
(3.43)
V. whenA? —4p <0,
u=k+| S |
\,/4#—12 tan( 4M212(5+C1)>—A/
(3.44)

b)
Eq.(3.41)

(d)
Ea.(3.43)

3.4-Example 4: The Space-Time Nonlinear

Fractional KPP Equation
This equation is well-known [29] and has the form:

Dfu — D2%u + wu + yu? + sud =0,
(3.45)

where 0 < a < 1. Eq.(3.45) has been investigated in [29] using
the fractional sub-equation method. Let us now solve Eq.(3.45)
using the proposed method of Sec. 2. To this end, we use the
nonlinear fractional complex transformation u(x,y,t) = u(é),

kx“ ct®

T+ TTa+o

+ fO'

where k,c, &, are constants, To reduce Eq.(3.16) to the
following ODE with integer order:

k2c2u” + (k2 + cDu + kz—cu2 =0.
(3.46)
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Balancing u” with u*= N + 2 = 3N = N = 1. Consequently,
Eq.(3.17) has the formal

solutions:

u = ag + a;expif-¢($)).
(3.47)

where a,, a; are constants to be determined later, such that, a; #
0. It is easy to see that

(P TR VI TV ane
U =25mn T 25m t3geee T Mt 56

(3.48)

Substituting (3.47) along (3.48) into (3.46), collecting all the
terms of the same order exp(-i@(§))

, 1 =0,1,2,.. and setting each coefficient to zero, we have the
following set of algebraic equation:

§a3 — 2k%a; = 0.

(3.49)
38agal +ya? — 3k*Aay — ca; = 0.
(3.50)
38ata;, + 2yagay + pa; — k*A%a; — 2k*pa; — cda; = 0.
(3.51)
Sad +yat + mag — k*Aua; — cpa; = 0.
(3.52)

On solving these algebraic equation with aid of Maple or
Mathematica we have

_Aay v —2c
=T -7y
So that the solution of Eq.(3.46)

—tu_ v 2 —
u="2t -5 exp(-0@),

(3.52)
the solutions of ODE (3.46) are
i. when A2 —4u > 0,u # 0,
Ay 2 K
2 26 2_
! —JA7=a tanh( ! > 4”(§+c1)>—/1
(3.54)
ii. when 22 — 4u > 0,u =0,
w=tu_y 2 (#)
2 26 y \exp (A(E+C))-1)
(3.55)
iii. when A2 —4u = 0,u # 0,1 = 0,
uz@_L_Z_c( 222(§+C1) )
2 26y \2(aG+cD)+2)
(3.56)
iv. when 22 —4u =0,u = 0,1 =0,
—Aa 2y 2
2 y 256 &+C/
(3.57)

v. when A2 — 41 < 0,
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Aaq 14 2c u

Jap—=2% tan <\‘4#2_12(S(+C1)>—/1
(3.58)

4. CONCLUSION

We establish exact solutions for the space-time nonlinear
fractional PKP equation, the space-time nonlinear fractional
SRLW equation, the space-time nonlinear fractional STO
equation and the space-time nonlinear fractional KPP equation
with the exp(-¢(¢))-expansion method. The exp(-¢($))-
expansion method has been successfully used to find the exact
traveling wave solutions of some nonlinear evolution equations.
As an application, the traveling wave solutions the space-time
nonlinear fractional PKP equation, the space-time nonlinear
fractional SRLW equation, the space-time nonlinear fractional
STO equation and the space-time nonlinear fractional KPP
equation , which have been constructed using The exp(-¢(§))-
expansion method. Let us compare between our results obtained
in the present article with the well-known results obtained by
other authors using different methods as follows: Our results of
the space-time nonlinear fractional PKP equation, the space-
time nonlinear fractional SRLW equation, the space-time
nonlinear fractional STO equation and the space-time nonlinear
fractional KPP equation , are new and different from those
obtained in [27]-[29]. It can be concluded that this method is
reliable and propose a variety of exact solutions NPDEs. The
performance of this method is effective and can be applied to
many other nonlinear evolution equations.
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