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ABSTRACT

The convolution structure for the Legendre transform
developed by Gegenbauer is exploited to define Legendre
translation by means of which a new wavelet and wavelet
transform involving Legendre Polynomials is defined. A
general reconstruction formula is derived.
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1. INTRODUCTION

Special functions play an important role in the construction of
wavelets. Pathak and Dixit [5] have constructed Bessel
wavelets using Bessel functions. But the above construction
of wavelets is on semi-infinite interval (0, c0). Wavelets on
finite intervals involving solution of certain Sturm-Liouville
system have been studied by U. Depczynski [2]. In this paper
we describe a new construction of wavelet on the bounded
interval (-1, 1) <R using Legendre function. We follow the
notation and terminology used in [7].

Let X denote the space
L"(-11), 1<p<oo, orC[-11]

the norms

endowed with

1p

1
1], - ;j|f(x)|”dx <, 1<pen,
q

(1.1
I 1lc= Suplf(X)I
—1<x<1 (1.2)
An inner product on X is given by
l —
<f.,g >:1jf(x)g(x) dx
2% (1.3)

As usual we denote the Legendre polynomial of degree n eNO
by Pn(x), i.e.

P.(x)=(2"nl)" (di)( ) xelL]

X

For these polynomials one has

M| P.X)|<P,@®=1 ; xe[-11] (1.4)

(i) (1—x?*) P, (x) = 2x P (X) +n(n+1) P (x) =0; (1.5)

(iii) . _n(n+1) (1.6)
P, =—F5—

The Legendre transform of a function f € X is defined by

L[ FI(K) = f (K) =%j f (X)P, (x)dx;
= (1.7

The operator L associates to each feX sequence of real

t0o}

(complex) numbers{ called the Fourier

Legendre coefficients.

The inverse Legendre transform is given by
LI () =F(x) = (2K +1) F(K) P, (x)
k=0 . (1.8)
Lemma1.1. Assume f, g € X ,k eNO and ¢ €R, then
M [LIFTR)| <]«
@  LIf+9](K) =LIf] K +LIg] k),
LIcf](k) = cLIf1(K);
(iii) L[f](K) =0forall k enifffx)=0ae;
1

(V) 2k +1°
LIP.1G) —

K=]

0] » k=], (K ) eN,

Let us recall the function K(x,y,z) which plays role in our
investigation

1-x?—y? -2 +2xyz, 7,<2<Z
y Xy 1 2 (19)
K(x,Y,z) =
0 otherwise,

where z; = xy — [(1-x3) (1-y)]¥? and z, = xy + [(1-x%) (1-
y2)]l/2.
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Then the function K(x,y,z) possesses the following properties;

@) K(x,y,2) is symmetric in all the three variables
(ii) j'K(X,y,z)dz =T.
)

Also it has been shown in [8] that
P.(X)P.(y) = % Jl'lPk (2)K(x,y,2)dz (110
Applying (1.8) to (1.10), we have

K(xY,2)= Zi (2k+2) P (X) P (Y)P(2). (1.11)

k=0

The generalized Legendre translation (1, for Y € [—1,1] of
afunction T € X is defined by

(5,110 =F () = [F(2) (e y.22 0

Using Holder’s inequality it can be shown that

I, fllx <l @

and the map Y —> ’Cyf is a positive linear operator from X
into itself.

As in [7], for functions f,g defined on [-1,1] thegeneralized
Legendre convolution is given by

(f*9) ® = lI(ryf) (¥ a(y)dy

1 11
= [[{@ay)Kxy2)dydz as
141

Lemma 12. If feX,gel'(-11), then the

convolution (f*g) (x) exists (a.e.) and belongs to X. Moreover,

IT*gllx < Iflklal. s

F*g) () =fKak)

For any f € L*(~=11) the following Parseval identity
holds for Legendre transform,

S K+ IFR P FIZ. am)
k

In this paper, motivated from the work on classical wavelet
transforms (cf. [1], [3]) we define the generalized wavelet
transform and study its properties. A general reconstruction
formula is derived. A reconstruction formula, under a suitable
stability condition is obtained. Furthermore, discrete LWT is
investigated.
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Using Legendre Wavelet, frame and Riesz basis are also
studied. A few examples of LWT are given. Similar
constructions of wavelets and wavelet transforms on semi-
infinite interval can be found in [4] and [5].

2. GENARALAISED WAVELET
TRANSFORM
y e X,

For a function define the dilation Da by

Dy (t)=y(at), 0<a<l

(2.1)
Using the Legendre translation and the above dilation, the
t
wavelet Woa (t) is defined as follows:
‘*I"b,a (t) = TbDa\V(t) = TbW(at) (2.2)

1
_L [Kbt2) v@ddz, weX,

5 (2.3)
where —1<b<land O<ac<l The integral is
convergent by virtue of (1.13).

Now, using the wavelet [1b,a the Legendre wavelet transform
(LWT) is defined as follows:

(L,F)b.a) = <f(t), v,,(1)>

= [0y, ot

(2.4)

(2.5)

= j j f(t)y(az) Kb, t,2)dz dt
T4 (2.6)

provided the integral is convergent.

e X
Since by (1.13) and (2.2) Woa whenever ¥V € X,
by Lemma 1.2, the integral (2.6) is convergent for

f e LX(-1)).

The admissibility condition for the Legendre wavelet is given
by

o [ 2
N TG
k . @)

From (2.7) it follows that W(O) =0. But

w9 = [w(d) P

Yields
2y(0) = [w() P,()dt=" [w(t)dt=0

Hence, [1(t) changes sign in (-1,1) therefore it represents a
wavelet.
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Theorem 2.1. If Ve Xdefines, a Legendre wavelet and

1
(I) el (_l’l)’ then the convolution (O 0% 0) defines a
Legendre wavelet.

Proof. Let Ve X and (I) € Ll (_1,1),

bounded function on (-1,1). By Lemma 1.2, (1] [ 1) e X.
We have

so that ¢ is a

z\(ww)ﬂ(k)\z

AL - k

o
:;w( )|k|¢( )l

s||¢||1;%<

Therefore, (\V * ¢) represents a Legendre wavelet.
Theorem2.2. Let
fel'(-1)and ye X and(L f

(-1D) A ( v )(b,a)bethe

continuous Legendre wavelet transform. Then, we have the
following inequality

L, ®a) [ <IFlilwix

Proof. The above inequality follows from (1.15).

3. AGENERAL RECONSTRUCTION
FORMULA

In this section we derive a general reconstruction formula and
show that the function f can be recovered from its Legendre
wavelet transform. Using representation (2.6), we have

(L), a)_—”f(t)\y(az) K(b,t,2) dz dt

711

_ iﬁ F(t)i7 (az) dz dt[%Z(Zk +1P (b)R ()P, (z)j

k
=;(2k+1)Pk()[1 [P, (t)dt][ [W(a2)P, (2)d j

-1

= 3" (2k +1) P, (b) T (K)w(a, k)

where
Al
== |vy(az) P (2)dz
v 2R -
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Therefore,

(L) (ka) = F(K) w(ak).

so that

% [(L,)(b.2) P,(b)db=F(K) w(a,k).

Multiplying both sides by W(a’ k) and a weight function
g(a) and integrating both sides with respect to a from 0 to 1,
we have

] q(a)&(a,k)[ [L,hHiba) Pk(b)db}ia{j 9@| vkl da}f(k).
(3:2)

Assume that

1 N
Q(k) = [a(a) [w(a.k [ da>
0 0. (3.3)
Using (3.3), (3.2) can be written as

fl)= 2Q(k)

2Q(k)j q(a)[f (L,F) BV KP, (b)db}i

(3.4)

IQ(a)\v(a k)(I(L f) (b,a)P, (b)db]d

We have from (2.3)

Vaa (0 = [K(b,t,2)y(a2)0z

- %jw(az)z(zk +1) P, (b) P, (t) P (z)dz

- %Z(Zk +1) P, (b) P, (t) jw(az) P, (2)dz

=3 (2k+1) P, (b) P, (t) w(a,k)

(v ior®)) @
. (3.5)
Using (3.5) in (3.4 we have

f(k )_W(k)IQ(a)I(L ) (b.2) ,, ()dadb

v K) = (K)/Q(K)

Set .(3.6)
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11 Aba
=3 j q(a j L,f) (ba) y (k)dadb
Then 0 A . (37
Putting (3.7) in (1.8), we have
1 11 A D2
f(0)= 2@+ P, (0] [a@)(L,f)(b.2) v
k 0-1

b,a

_ % [Jat) (L, F)(b.2) Y (2K 1)y (K)P, (t)dadb

Therefore

=~ [ Ja(@) (L, f)(b,a)y™ (tydadb
(1) 0-1
(38)

4. THE DISCRETE TRANSFORM

The continuous Legendre wavelet transform of the function f
in terms of two continuous parameters a and b can be
converted into a semi-discrete Legendre wavelet transform by

assuming that a = 2-m; m €Z and —1<b<1.

vy e L*(-10)

Now, we assume that satisfies the so called

“stability condition”

A< Yl k) P<
m=—co (4.1)

for certain positive constants A and B, 0 < A <B<oo.
v el?(-10)

The function
dyadic wavelet.

satisfying (4.1) is called

Using the definition (2.4), we define the semi-discrete

fel’(-11),,

Legendre wavelet transform of any

&6 =L, Do) =< 10w, 0>

4.2)

1
=Lt by, w2 "ot
2
-1 (4.3)

=(Fry,) s

where ¥ (D) =w(27"2), me,

Now, using Parseval identity (1.17), (4.1) yields the following

Alflzs ZII LofI; <BIfI; fel(-1)

—00

(4.5)

Theorem 4.1. Assume that the semi-discrete LWT of any

2
fel (_1’1) is defined by (5.2). Let us consider another
wavelet [1* defined by means of its Legendre transform.

(k)dadb
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R ——
23 W@ K

(4.6)
Then

(Y)

-3 (L“f)(b)[x@ (

fel2(-11),

kP, (t)]v(b)db

(4.7)

Proof: In view of (4.4), for any we have

> (L kb (\Tf (2"K)P, (t)j (b)db

Z.I[(L“;f)(b) 2k+1) (2 k)P, (t)P, (b)db

m

ZZ 2k+1)q/ (2K)P, j(LWmf)(b)Pk(b)db

m k 1

YT+ 2RO ()

)2 "K) v (27K)

2> (2k+DP,(t)

25 Y (2P, i Vv )
ZZ‘W(Z‘mZ"'k
i

=Y 2k +D)f (K)P, (1)

=fi(t) .

The above theorem leads to the following definition of dyadic
dual.

N 2
Y e L (_l’l) is called a

2
dyadic dual of a dyadic wavelet (7, if every fel' (-1
can be expressed as

=ZJ(Lw)<b>($(z k)Pk(t)jv(b)db.

m -

Definition 4.2. A function

(4.8)

So far we have considered semi-discrete Legendre wavelet

fel?

transform of any (_1’1) discretizing only variable
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a. Now, we discretize the translation parameter b also by
restricting it to the discrete set of points

b =b, me

m,n 2m
ZnENO, (4.9)

where bo E[_l’l] is a fixed constant. We write
Wbo;m,n(t):\vbmvn;am (t):W(Z t12 n bo) (4.10)

Then the discrete Legendre wavelet transform of any

fel?(-11)

can be expressed as

(L\Uf) (bm,n;am) :< f!WbO;m,n >m EZ
NO.(4.11)

n€

The “stability” condition for this reconstruction takes the form

2
LTS V<t e o <BI IR, fel’(-10)

meZ
neN,

(4.12)

where A and B are positive constants such that

0<A<B<owm.
Theorem 4.3. Assume that the discrete LWT of any

2
fel (_1’1) is defined by (4.11) and stability condition
(4.12) holds. Let T be a linear operator on L2(-1,1) defined by

Tf = Z<f1\vb0;m,n >Wb0;m,n

meZ
neNo . (a13)
Then
f=><f,y, >y
Z \Vbo,m,n \Vbo (4.14)
where
mn _ -1 .

“I]bo _T Wbo;m,n’ GZ,HENO

Proof. From the stability condition (4.12), it follows that the
operator defined by (4.13) is a one-one bounded linear
operator.

Set
g=Tf, fel?(-1))

Then, we have

<Tf,f>= Z‘<f’\|jbo;m,n >

meZ
neNg

‘2

Therefore
AIT gl =Alfl; <<Tff>
=<g T ><[glIT gl
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] 1
ITgl, < Aol

so that

2
Hence, every fel (_1’1) can be reconstructed from its
discrete LWT given by (4.11). Thus

Z<f,\|1b0;m’n >T71wb0;m,n
el

f=T'Tf = v, (4.15)

Finally, set

mn _ T-1 .
Wbo _T \Vbo;m,n’ mEZ’ n€ N0

Then, the reconstruction (4.15) can be expressed as

f = Z<f’\|]b0;m,n >\|]g:)‘n

meZ
neNg
which completes the proof of theorem 4.3.
5. FRAMES AND RIESZ BASIS IN L2(-1,
1)

In this section, using Wogimn a frame is defined and Riesz
basis of
L2(-1,1) is studied.

2
Definition 5.1. A function ¥V € L (=11)

Wy mn fOF L2(=11
generate a frame Wogimn (-11) with sampling

rate b0 if (5.12) holds for some positive constants A and B. If
A = B, then the frame is called a tight frame.

2
Definition 5.2. A function ¥ € L°(-11)

generate a Riesz basis of {Wb";m’n } with sampling rate b0 if
the following two properties are satisfied.

<Wy,mn -me
G.1)

is said to

is said to

The linear span Z > is dense in L2(-1,1)

There exist positive constants A and B with 0<AS B<oo
such that

2

A”{Cmn}llgS Zcm,nWbo;m,n SB“{Cm,n}{

meZ
neNgy 2

(6.2)

2
72

2 2
c el
for all { m'”} (NO). Here A and B are called the

'{\Vbo;m,n}.

Riesz bounds of .

2
Theorem 53. Let V € L (_111)’
statements are equivalent.

then the following
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{MWo,mnt

. 2
{Wb"’m'n} is a frame of L2(-1,1) and is also an [
linearly independent family in the sense that if

Z\Vbo;m,n Cm,n :0 {Cm,n}e£21

then cm,n = 0.

is a Riesz basis of L2(-1,1);

and

Furthermore, the Riesz bounds and frame bounds agree.

2
Proof. It follows from (5.2) that any Riesz basis is 0.
linearly independent.

Let {Wbo;m'”} be a Riesz basis with Riesz bounds A and B,
and consider the matrix operator

M = er,s,m,n J(r,s),(m,n)eNoxN0

where the entries are defined by

Yrsmn = <\Vb0;r,s ! Wbo;m,n> } (5.3)

Then from (5.2), we have

A" {Cm,n}ni2 < Zcr,sYr,s,m,nCm,n < B” {Cm,n}"§

r,s,mn
so that M is positive definite. We denote the inverse of M by

M_l = [Mr,s,m,n]

which means that both

zur,s;t,uYt,u;m,n = 8r,m6$,m; r’s’m’ n €
t,u

B}

(r,s),(m,n)eN3 (5.4)

NO (5.5)

2
2

j2 S ZCI‘,S :ur,s,m,n Cm,n SA_l‘HCm,n}{

and r,s,mn
(5.6)
are satisfied. This allows us to introduce
rs _
\V (X) - Zur,s;m,n\pbo;m,n (X)
m,n (57)

v e L2 (1)

Clearly, and it follows from (5.3) and

(5.5) that
(U™ W ) =8, nBsni 1,5, M1 <€
which means that {r,s} is the basis of L2(-1,1), which is

{Wbo;m,n}

dual to .

IJCA™ : www.ijcaonline.org
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Furthermore, from (6.5) and (6.6); we conclude that
rs m,n\ __
<‘*|j ’\V > - “r,s,m,n

and the Riesz bounds of {{Ir,s} are B-1 and A-1.

f e L2(~11)

In particular, for any we may write

f(X) = Z< f’\vbo;m,n > Wm’n (X)

and
- 2 = 2
B lz‘<f!\‘lbo;m'n >‘ S ||f ||§ SAlZ‘<f’Wbo;m,n >‘
m,n m,n

(5.8)

Since, (5.8) is equivalent to (4.12), therefore, statement
(i) implies statement (ii). To prove the converse part, we recall

2
Theorem 4.3 and we have for any ge L (_1’1) and f =
T-1g,
g(X) = Z< f’\ljbo;m,n > Wbo;m,n
meZ
neNg

2 .
Also, by the £” = linear independence of {Wb"’m'"}, this
representation is unique. From the Banach-Steinhaus and open

{Wbo;m,n}

mapping theorem it follows that is a Riesz basis

of L2(-1,1).
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