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ABSTRACT

In this paper, the Biswas’s idea of Q—fuzzy subgroups to
left h-ideals of hemi rings is applied. We introduce the
notion of Q-fuzzy subgroups to left h-ideals in hemi
rings and investigate some of related properties.
Relationship between Q-fuzzy left h-ideals, and Q-
fuzzy left h—ideals of hemi ring are also given.
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1. INTRODUCTION

Fuzzy group is introduced by Zadeh [1965], and fuzzy
group is introduced by Rosenfeld [1971]. Ideals of hemi
rings play a central role in the structure theory and are
very useful for many purposes. However, they do not in
general coincide with the usual ring ideals. Many results
in rings apparently have no analogues in hemi rings using
only ideals. Henriksen defined in [1958] a more
restricted class of ideals in semi rings, which is called the
class of k- ideals, with the property that if the semi ring R
is a ring then a complex in R is a k- ideal if and only if it
is a ring ideal. Another more restricted, but very
important class of ideals, called h- ideals, has been given
and investigated by Izuka [1959] and La Torre [1965].
Other important results [Biswas, 1990] connected with
fuzzy ideals in hemi rings were obtained in [Jun,
2004].The concept of Q- fuzzy subgroups can be
obtained in the papers of Solairaju and Nagarajan [2008,
2009a, 2009b, 2009c, 2010]. In this paper, we introduce
the notion of Q-fuzzy left h-ideals in terms of hemi rings
and investigate their properties.

2. PRELIMINARIES

In this section, we review some elementary aspects that
are necessary for this paper.

Definition 2.1: An algebra (R, +, - ) is said to be a semi
ring if it satisfies the following conditions: ( R, + ) is a
semi group; ( R, - ) is a semi group; and
a(b+c)=ab+acand (b +c)a =ba+ca forall a, b, c
ER.

Definition 2.2: A semi-ring (R, +, .) is called a hemi-ring
if (Hy) addition + is commutative and (H,) there exists an
element O€R such that 0 is the identity of (R,+) and the
zero element of (R, ) [0.a=a0=0 forall a € R]. A
subset | of a semi ring R is called a left ideal of R if
A left ideal of
Ris called a left K-ideal of Rify,z€e land X ER ,x +y

| is closed under addition and RI < I.

=z implies x € I. Aleft h —ideal of a hemi ring R is
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defined to be a left ideal A of R such that (x+a
+z=b+z—>x€eA, forall (x,z €
R), (for all a b € A)). Right h- ideals are defined
similarity.

Definition 2.3: A mapping f: R; — R; is said to be hemi
ring homomorphism of Ry isto Ry if f(x +y ) =f(x ) +
f(y) and f(xy) = f(x).f(y) for all x,y € R.

Definition 2.4: A mapping p: X — [0,1] where X is an
arbitrary non — empty set is a fuzzy set is X. For any
fuzzy set p is X and any X € [0, 1] the set L(u: a)
={x € X:ux) € a} is defined (called lower level cut
of ).

Definition 2.5: Let Q and G be a set and a group
respectively. A mapping w
G xQ — [0, 1] is called a Q — fuzzy set.

Definition 2.6: A fuzzy subset is of a semi ring R is said
to be Q - fuzzy left h —ideal of R if (i). p(x+y,q)>

min{ u (x, @), u(y, @)} forall x,yeR,andq€e
Q (i) p(xy, @) = w(y, q) forall x, y € R;
g € Q. Note that if wis a Q - fuzzy left h—
ideal if a hemi ring R, then p(0, q) > u(x,

q) forall x e R,and g € Q.
Definition 2.7: A fuzzy subset p of a hemi ring R is said
to be a Q-fuzzy left h — ideal of R if (1). u(x +y ,q) >

min{ p(x, q), u(y, g)} forallx,y eR,and q €

Q; (2). w(xy, @) = w(y.q) forall x, y € R,
qeQ; (B).x+a+z=b+z— p(x q)> min{p(a q),
(b, a)}.

Example: Let R = {0, 1, 2, 3, 4 } be a hemi ring with
zero multiplication and addition defined by the following
table

I K7V SN =N Ke)
E NN IV = e e
g S ey =y =y =
E g S SN SN NV
g I Ny OV RV
g IS S S ey




A fuzzy set i: R — [0,1] is defined by letting p (0) = t;
Xx#0,t ct,. By
it also easily checks that

and p (x) =t, for all
routine computations,

wis a fuzzy left h—ideal of hemi ring R.

Properties of Q—fuzzy left h - ideals
Proposition 3.1 let R be a hemi ring and p be a Q —
fuzzy set in R. Then p is Q- fuzzy left h-ideal in R if and
only if p° is a Q-fuzzy left h-ideal in R.
Proof: Let p be an Q —fuzzy left h —ideal in R. For x, y
€ R, it becomes that
R +y,0) = 1- p(x + y,q)
< 1-min { }J.(X vq)l u(yvq)}
= max { 1- “’(X lq)l 1- H(yaQ)}
=max { p(x ), n(y.a)}
woy,a) = 1- u(xy,a) < 1- u(y.0) = n’(y.q)
Let x,z,a,b € R be such that x+atz=b +z
Then p(x ) = 1- u(x ,q)
< 1-min{n(,q), nba)}
= maX { 1- “'(a lq)l 1- H(be)}
=max { p(a,q), u’(b,a)}.
Hence p° is a Q- fuzzy left h — ideal of R .

Conversely, p°is a Q - fuzzy left h —ideal of R. For x, y
€ R, and q € Q, it follows that pu(x + vy, q) = 1- p*(x +

y.0) >1 - max { p°(x ,q), n(y,a)}
= min {“’(X lq)l u(qu)} “’(Xqu) =1-
Ho(xy, ) = 1- u(y, @) = u(y, 9. Let
X,Z,a,b € R be such that x+a+z = b + z, Then p(x ,q) = 1-
uo(x,q) <1-max { u%(a
Q). wi(b,a)} = min

{n(@a).u(b,a)}=min{u(a a), (b,a)}

Hence pisa Q- fuzzy lefth —ideal of R .

Proposition 3.2 let ‘w’ be Q — fuzzy left h — ideal in a
hemi ring R such that L(p:a) is a left h—ideal of R for
each o € I (1),a€[0,1]. Then p is Q-fuzzy left h-ideal in
R.

Proof: Let X, y € R, g € Q be such that u(x ,q) = a;, u(y
Without loss of

generality, we may assume that oy > a, It follows that

,0) = ap.Then x+yeL(u: o).

L(w;ap) € L(w;ay) 0 that X € L(p;04) and y
€ L(p;0y). Since L(y;04) is a left is a left h—ideal of R. It
implies that x + y € L(u;a4). Thus p(x + y,q) > a3 = min
{u(x,9), 1 (y.a)}- p(xy,) = oy = p(y,q). Letx,
z,a, b € Rbesuch that x+a+z=b+z Then p(x,q) >
a; = max { p(a ,q), wb,q)}. This shows that u is an Q-
fuzzy left h-ideal in R.

Corollary 3.3: Let p be Q- fuzzy left h-ideal in R then p
is an Q- fuzzy left h-ideal in R if and only if L(y;0) is a
left h-ideal in R for every a€[p(0,q),1] with
a€[0,1].
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Proposition 3.4 : let ‘i’ be Q — fuzzy set in a hemi ring
R then two lower level subsets L(p;t;) and L(w;ty), (t <t,
) are equal if and only if there is no X € R such that t; <
ux,q) <t

Proof: From the definition of L(w;a), it

follows that L ; t) = u "([u(0, q); t]) for

te[0.1]. Lett;,t, € [0, 1] be such that
t<tythenL(u;t)=L(n; t)

& p (ROt = 1 H([kOa)t])

e pn k) =9

©There isno x €R with t; < pu(x,q) <t,

Definition 3.5: A left h — ideal A of hemi ring R is said
to be characteristic if and only if f(A) = A, for all f €
Aut (R), where Aut (R) is the set of all automorphisms of
R. Q—fuzzy left h — ideal p of hemi ring R is said to be Q
— fuzzy characteristic if p* (x ,q) = u(x ,q) for all and f €
Aut (R).

Lemma 3.6: Let p be an Q-fuzzy left h—ideal of a hemi
ring R and x € R. Then p(x ,q) = s if and only if x € L(n

;s)yand X € L(u; t) forall s>t.
Proof: Straight forward.

Proposition 3.7: let ‘p’ be an Q—fuzzy left h — ideal of
a hemi ring R then each level left h—ideal of n is
characteristic if and only if p is a Q-fuzzy Characteristic.
Proof: Suppose that u is an Q-fuzzy characteristic and S
€ ln(w), f€ Aut (R)and x € L(u ;S). Then u’(x,q) =
nix,q) = s = u(f(x, q)) = s = f(x, q) L(u; s). Thus f (L(n
;s)) and y €R such that f(y ,) = (x,q) = u(y @) =p " (y
Q) = u(f(y ,q)) = u(x, ) >s =y € L(u : s) so that (x ,q)
=1f(y ,q) € L(u ; s). Consequently, L(p; s) € f (L(p; s)).
Hence f (L(y; s)) = L(w; s) = L(y; s) is characteristic.
Conversely, suppose that each level h—ideal of p is
characteristic and let x € R, f € Aut (R) and p(x

,0)=s. Thenx € L(y; s) by (3.3)and x & L(u;t) forall s
> t. It follows from the assumption that f(x ,q) € f( L(u
;)= L(w) sothat p "(x,0) = p(f(x,q)) >s.
Lett=p'(x,q) and assume that s > t. then f(x ,q) €
L(p ; )= f( L(p ; t)) which implies from the injectivity of
f that x € L(p : t), a contradiction. Hence p * (x, q) =
u(f(x ,q)) = s = p(x ,q) showing that p is an Q — anti
fuzzy characteristic.
Proposition 3.8: Let f: R; — R, be an epimorphism of
hemi-rings. If V is an Q-fuzzy left h-ideal of Ry, and p is

the pre-image of V under f, then p is an Q-fuzzy left h-



ideal of R;.
Proof: Forany x, y € Ry and g € Q, it implies that
ux+y.a) = V(f(x +y.,q))

= V(f(x ) + f(y.q))

> min {V(f(x ), V(f(y.a))}

=min { u(x,q), u(y.a)}
Also p (xy,q) = V(f(xy,q)) = V(f(x ,q). f(y.0)) =
V(f(x.,q)) = u(y.a)
Let x,z,a,b €R be such that x+a+z=b + z.
Then it becomes that
ux, @) =V (f(x, a)) = min {V(f(a ,0)), V(f(b.a))} = min
{u@.a), nb.a)}
Hence p is an Q — fuzzy left h- ideal of R,
Definition 3.9: Let R; and R, be two hemi rings and f be
a function of R; into R,. If p is a Q-fuzzy in R, then the
Pre— image of p under f then p is the Q — fuzzy in R;
defined by f *(u) (x, ) = p (F (x, ), forall x € R, and
qeqQ.
Proposition 3.10: Let f: Ry > R; be an onto
homomorphism of hemi rings. If p is a Q-fuzzy left h-
ideal of R2, then f * (p) is a Q-anti fuzzy left h-ideal of
R,.
Proof: Let x;, X, € Ry, then it implies that
f ) (xa+x2,0) = n(f(xa,q) + fO,a) = min {u (f(x1 ,q))
+u (fxz,0))}

= min{f *(w)(x1,0) .f (W (x2,0)}

f W) = uf(xa,0) fea) = ufeeq) = f-
H(1)(%2,0)
Let x,z,a,b € R; be such that x+a +z = b+z. Then it gives
that f “(w) (x, @) = p(f(x, @)) = min {u(f@a ,Q)) , n(f(b

)} =min {f * (W(, 9) f Wb,
g)}. Hence f (u) is an Q — fuzzy left h-ideal
of Ry

Definition 3.11: Let R; and R, be any sets and let f: R;
— R, be any function. A be Q — fuzzy subset p of R is
called f- invariant if f(x) = f(y) implies p (%, g) = pn (y, Q)
forall x,yeR,andq€Q.

Proposition 3.12: Let f: R; — R, be an epimorphism of
hemi rings. Let p be an f — invariant Q — fuzzy left h-

ideal of Ry then f (u) is an Q — fuzzy left h- ideal of R,
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Proof: Let x, y € R,. Then there exists a, b € Ry, such
that f(a) = x and f(b) =y = X+
y = f (a + b) and xy = f(ab). Since p is invariant, it
follows that
f() x+y). o) =u(x+y, q)

zmin { n(a, q), n(b,a)}

= min { f(w)(x, a), f()(y, D)}

= (ab, q)

> p(x, q)

= f(u)(y, ).

Letx,z,a, b e R,besuchthatx +a+z=Db+ z There
exists X, z, a, b such that f(x) = x, f(y) = y; f(a) = a; f(b) =
b. Since p is f-invariant, it gives that

f()(x, @) = u(x, )

f(w(xy, 0)

2 min { u(a, q), u(b, q)

= min {f()(a, ), f(L)(b, a)}
Thus f(u) is a Q-fuzzy left h-ideal of R,.
Definition 3.13: A Q- fuzzy left h-ideal p of a hemi ring
R is said to be normal if there exist x € R such that p (X,
q) = 1. Note that if p is a normal Q — anti fuzzy left h —
ideal of R; then p(0,q) = 1 and hence p is normal if and
only if u(0,g) =1
Proposition 3.14: Let p be an Q — fuzzy left h — ideal of
ahemiring R. Let p* be a Q-fuzzy set in
R defined by p* (x,q) = p (x,9) = 1- u(0,q) for all x € R.
Then p* is a normal Q- fuzzy left h —ideal of R
which contains p.
Proof: For any X, y € R, it finds that nt(xq) =
u(0,0) + 1- u(0,0) = 1, and W x+y, Q) = p(x
+y,0) +1-u(0,0) =min { (u(x,0), n(y, ) +1-p(0,0)
}

=min { 1 (x, a), 1w (v, 9)}

u(xy, @) = p (xy, ) + 1- n(0,9)

>p (y, ) +1-1(0,0) = 1" (v, 0)
This shows that 1" is a Q — fuzzy left h — ideal of R. Let
a,b,x,zeRbesuchthatx+a+z=b+z.
Then p" (x,q) = p (x,9) +1- u(0,9) > min
{w @), n (b)) +1-p(0,0) =min (u(a
0) + 1- 1(0,0)), (u(b ,0) + 1- w(0,0)) } =min {u" (a,0), p
(b.a) }
So p* is a normal Q-anti fuzzy left h—ideal of hemi ring
of R. Clearly p < ",
Definition 3.15 : Let N( R ) denote the set of all normal
Q —fuzzy left h — ideals of R. Note that N( R ) is a poset
under the set inclusion. A Q — fuzzy set p in a hemi ring

10



R is called a maximal Q —fuzzy left h — ideal of R if it is
non — constant and p* is a maximal element of (N( R ),E
).
Proposition 3.16: Let u EN( R ) be non — constant such
that it is a maximal element of (N(R) , <) then it takes
only two values {0,1}.
Proof: Since p is normal, p(0,g)=1. We claim that p (X,
g) = 0. If not, then there exists X, € R such that 0 [ p(
X0,q) [ 1. Define on R a Q — fuzzy set V by putting V(X,
a) =%e{n(x,0) +n(
X0,0)} for each x €R then clearly V is well defined and
for all x, y € R. it gives that
V(X+y,0) =% p(x+y,0) + %2 u( Xo,q)
=Y {minfp (x,0), u (v .a)}+ n(%0.0) }
=min {V(x,0) .V(y.a)}
Vixy,q) =% u (xy.q) + %2 u(Xo.0)
=% (1 (y.0)+ u(%0,0)) = V(y.0)
Thus V is a Q —fuzzy left h- ideal of R.
Let a, b, X, z,€ R be such that x+ a+z =b + z. Then it
follows that V(x, q) =% u (x,9)+% u(
X0,0) >Yo{min{p (a.,0), n (b
A} p(%0,0) }
= min{%(u (a,0) + p( Xo,0), Ya(u (b ,q) + p(
%,0)} =min{V(a q) ,V(b, q)}
Hence V is a Q — anti fuzzy left h — ideal of R. By
(3.15), V'is a maximal Q- anti fuzzy left h — ideal of R.
Note that V* (x,9) = V (x,q) + 1- V(0,q)
=%(u (X ,0) + p( %,0) + 1- Ya(1+ p(
X)) =Ya(u( Xo,0) +1) =V (Xo,0)
and V* (x0,q) > 1=V" (0,0) .
Hence V' is a non — constant and pis not a maximal
non — constant and p is not a maximal element of N( R ).

This is a contradiction.
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3. CONCLUSION
Y. B. Jun [2004] introduced the concept on fuzzy h-
ideals in hemi rings and investigated the idea of anti
fuzzy left h- ideals in hemi rings. In this paper, some
structure properties of Q- fuzzy left h- ideals is
established in a hemi rings.
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