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ABSTRACT 

This paper studies the acoustic backscattering of short 

ultrasonic pulses by air-filled stainless steel-solid polymer 

two-layer cylindrical tubes immersed in water. The stainless 

steel one-layer tube is taken as a reference. The focus of this 

paper is on revealing the effects of physical characteristics of 

the solid polymer on the scattering phenomenon. The work is 

done from the calculation of the backscattered pressure, an 

inverse Fourier Transform, which provides a temporal signal. 

Wigner-Ville representation has been chosen in order to 

analyze the acoustic signal backscattered by each tube. For 

reduced frequencies ranging from 0.1 to 200, the resonance 

spectrum and resonance trajectories have shown the 

manifestations of the guided waves. In this respect, the 

bifurcation of the A0 wave to the A0
- and the A0

+ waves has 

been observed. The authors investigate the reduced cutoff 

frequencies of the symmetrical and the antisymmetrical 

guided waves, specially the curves changes. The findings are 

then compared with those obtained for the stainless steel one-

layer cylindrical tube. Reduced cutoff frequency values have 

also been extracted from Wigner-Ville time-frequency 

images. A good agreement has, therefore, been obtained. The 

study of acoustic scattering by stainless steel-solid polymer 

two-layer tubes has revealed the sliding of the reduced cutoff 

frequencies of A1 and S1 guided waves towards low values, 

due the repulsion phenomena. The relationship between 

reduced cutoff frequency and velocity of wave in the solid 

polymer is linear; which is a very interesting result. 
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1. INTRODUCTION 
The acoustic scattering of a short impulse by elastic 

solids has been theoretically formulated by H. Überall 

and his collaborators [1, 2].  The results of Resonant 

Scattering Theory (R.S.T.) reveal that the resonances of 

an air-filled shell immersed in water are connected to the 

propagation of circumferential or peripheral waves. The 

Method of Isolation and Identification of Resonances 

(M.I.I.R.) experimentally justifies the (R.S.T.) [3, 4]. 

Consequently, the backscattering spectrum, the 

resonance spectrum and the modes of the vibration can 

be determined. The studies of submerged air-filled 

cylindrical and spherical shells have shown, in the low 

frequency range, the bifurcation of the dispersion curve 

for the circumferential antisymmetrical Lamb A0 wave 

[5-7]. The authors of these references suggested a 

repulsion phenomenon in the phase velocity dispersion 

curve of the circumferential A0 wave when the 

cylindrical shell is in contact with the outer fluid. The 

corresponding waves were denoted by A0
- and A0

+. Other 

works are focused on the acoustic scattering from 

cylindrical shells filled with water or a polymer coupled 

by a thin layer of water [8, 9]. Resonances of the guided 

waves were experimentally examined. While work 

studies on acoustic scattering from one-layer structures 

are frequent in the literature, very few investigated 

acoustic scattering from multi-layer cylindrical tubes. 

Nevertheless, few studies have examined the acoustic 

scattering from functionally graded cylindrical shells 

[10-13]. The paper provides the study of several acoustic 

signals backscattered by air-filled stainless steel-solid 

polymer two-layer tubes immersed in water. Wigner-

Ville (WV) representation is a powerful tool and has been 

utilized in the applications [18-20]. For the reduced 

frequencies ranging from 0.1 to 200, the acoustic signals 

analysis has been performed for the stainless steel one-

layer and the stainless steel-solid polymer two-layer 

tubes. The backscattering involves the propagation of 

various types of guided waves. Evaluations and 

comparisons made on resonance trajectories and time-

frequency images show the sliding of the reduced cutoff 

frequencies of A1 and S1 guided waves towards low 

values.  The interaction of guided waves is also 

manifested in the backscattering phenomenon.  

2. FORM FUNCTION 

2.1 Theoretical study 
Figure 1 shows a plane acoustic wave of angular frequency  
normally incident on a submerged cylindrical two-layer tube 
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of infinite length, outer radius a1, intermediary radius a2, and 

inner radius a3. (x, y, z) is the Cartesian coordinate system 

with origin at O, the z direction is coincident with the axis of 

the cylindrical tube. The corresponding cylindrical polar 

coordinate system (r, θ) is chosen. 

The incident acoustic pressure of the incident plane 

wave pinc(r,θ) can be written as follows [14,15],  
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Where kwater =  /Cwater is the wave number in the fluid 

medium outside the tube (medium 1 = water), the sound has a 

velocity in water Cwater equal to 1500 m.s-1, n the Neumann 

factor (n=2-n0), i
2=-1, P0 the incident plane wave amplitude, 

and Jn are the cylindrical Bessel functions of the first kind of 

order n [16].  

The scattered wave pressure pscatt at point M must be 

symmetrical about θ=0 and, therefore, of the form,   
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Where Hn
(1) are the Hankel functions of the first kind of 

order n, Dn
(1)() and Dn() the determinants [16]. By 

applying the boundary conditions of the problem (continuity 

of stress and displacement at the interfaces), the terms of these 

determinants are determined at any given value of reduced 

frequency x1 = kwatera1.  

The backscattered pressure in the far-field (form function 

F) is obtained from the following equation [17],  
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2.2 Form functions and Impulse responses 

Five cylindrical tubes comprising an outer layer of stainless 

steel in contact with water (fluid medium 1) and a layer of 

stainless steel or a solid polymer on the inner part in contact 

with air (fluid medium 2) in the cavity, are considered. These 

tubes are characterized by the same geometric properties; the 

outer radius of each structure is a1=1m, the intermediary 

radius is a2=0.96m, and its inner radius is a3=0,94m. 

Thicknesses of the inner and outer parts are respectively a2 - 

a3 = 2 cm and a1 – a2 = 4 cm. Physical properties of the 

studied tubes are given in Table 1. Backscattering spectrum of 

each tube is calculated for reduced frequencies ranging from 

0.1 to 200. (See Fig. 2). In the calculations, the bandwidth of 

the transducer centered on the reduced frequency x=100 is 

considered. 

Table 1. Physical characteristics 

Tube 

number 
0 1 2 3 4 

Inner part 

Stainle

ss  

steel 

Solid  

polym

er 1 

Solid 

polym

er 2 

Solid  

polym

er 3 

Solid  

polym

er 4 

Density  

(kg .m-3) 
7900 1500 1400 1100 900 

Longitudin

al    

velocity 

(m.s-1) 

5790 2500 2200 1800 1500 

Transversa

l      

velocity 

(m.s-1) 

3100 1200 1100 900 700 

 

Many amplitude variations due to the presence of 

various resonances are observed on the form functions (Fig. 

2). 

For each tube, the total time signal is obtained from the form 

function by applying an inverse Fourier transform. To obtain 

the resonance spectrum, the specular echo is suppressed and 

replaced by zeros. Figure 3 presents the filtered signals for the 

studied shells. 

 

3. WIGNER-VILLE (WV) 
Time-frequency representations (TFR) are important to 

analyze non-stationary signals [18, 19]. WV representation is 

chosen for the study of acoustic signals backscattered by air-

filled cylindrical tubes immersed in water; specially that it 

ensures the best resolution. In plus, its windowed version 

reduces cross-terms that are a serious problem [20].  

WV representation is defined by [20], 
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Where s is the signal needed to analyze, s its complex 

conjugate .Time and frequency are denoted by t and . 

  Smoothed pseudo Wigner-Ville (SPWV) is 

expressed as:   

2

2

( , )

( ) ( ) ( ) ( )
2 2 2

i

SPWV t

h g t s s e d d 



  
    

 
 

 



     (5) 

 

 Windowing with h and g reduces cross-terms but at the cost 

of losing some resolution.  

The version of Eq. (5) for a discrete-time analytic signal sA (n) 

is:  
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4. RESULTS AND DISCUSSIONS  

4.1 Resonance spectrums 
By applying the Fourier transform to each signal of Fig. 3, the 

resonance spectrum is obtained. Resonance series are 

presented in Fig. 4.  
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4.2 Resonance trajectories 
To study the effects of the inner part on the scattering 

phenomenon, the resonance spectrums are calculated for each 

mode n. Then, the assemblages are determined. The resonance 

trajectories for the one-layer stainless steel tube and the two-

layer stainless steel -solid polymer tubes are presented in the 

same graphic; see Fig. 5. 

In Figure 5, fine resonances appear as points while broad 

resonances turn out to be substantially continuous and dark.  

4.3 Effects of the inner part and 

comparison 
From Figure 5, the reduced cutoff frequencies of the A1 and S1 

pseudo-waves corresponding to each tube are determined with 

a relatively good precision. The results are summarized in 

Table 2.  

Table 2. Obtained reduced cutoff frequencies by 

resonance trajectories (x1c) 

Tube number 0 1 2 3 4 

x1c(A1) 110.7 65.6 61.2 49.7 

 

38.7 

 

 

x1c(S1) 

 

… 135.2 119.6 98 81.2 

 

The findings indicate that the reduced cutoff frequencies of A1 

and S1 pseudo-waves have slide towards low values. In 

addition, the shape of the trajectories shows the repulsion 

phenomena due to the interaction of various guided waves. 

The comparison of different resonance trajectories leads 

us to a number of remarks: 

 The trajectory assigned to the A0 wave (stainless 

steel tube placed in vacuum), is separated into A0
- 

and A0
+ trajectories. Indeed, all tubes are immersed 

in water.  

 The external propagation of the A0
- wave around 

each tube confirms the insensitivity of the tube’s 

inner part.  

 However, it should be noted that the A0
+ pseudo-

wave trajectory is sensitive to the physical 

properties of the tube’s inner part. For higher modes 

(60-80), a gradual deviation towards lower 

frequencies and possibly attenuation are noted. 

 When the physical characteristics of the inner part 

decrease, The S0
 
pseudo-wave trajectory is identical 

to the trajectory of the A0
+ pseudo-wave for n about 

50. Then, for the higher modes, a deflection toward 

the low frequency is observed. 

 The trajectory of the A1 wave (Fig.5.a) for the 

stainless steel one-layer tube has a reduced cutoff 

frequency around the value 110.7. The trajectories 

of the A1 wave (Fig.5.b to Fig.5.e) for the air-filled 

stainless steel-solid polymer two-layer tubes are 

significantly different. It curves towards lower 

frequencies. In this respect, it should be noted that 

the reduced cutoff frequency is decreased as 

velocity of the transversal wave in the solid 

polymer. 

 The trajectory of the S1 wave (Fig.5.b) has a 

reduced cutoff frequency equal to 135.2. This 

reduced cutoff frequency decreases as velocity of 

the longitudinal wave in the solid polymer (Fig.5.c 

to Fig.5.e). 

Figure 6 shows the evolution of reduced cutoff 

frequencies of the A1 and the S1 waves as a function 

respectively of the transversal and the longitudinal velocities 

in the solid polymer. 

The obtained relation is as follows, 

 x1c = 0.0536 C +1.32

Where C is the velocity of wave in the solid polymer. 

It should be noted that the relationship is linear in this 

case of the two-layer tubes with the above-defined 

dimensions. 

5. TIME-FREQUENCY ANALYSIS 

5.1 Time-frequency images 
SPWV given by the Eq. 6 is utilized in the work. Time- 

frequency images of the acoustic signals backscattered by the 

studied tubes are presented in Fig. 7. Reduced cutoff 

frequencies for A1 and S1 pseudo-waves are estimated by the 

asymptotic lines along the time axis, and presented in the 

table 3. 

Table 3. Estimated reduced cutoff frequencies from time-

frequency images (x1c) 

Tube number 0 1 2 3 4 

x1c(A1) 111 65.4 60.0 48.7 

 

38.4 

 

 

x1c(S1) 

 

… 134.7 119.4 98.7 82 

 

5.2 Observation 
From time-frequency images, it seems that the A1 

and the S1 waves results in the scattering process of guided 

waves propagating around the one-layer and the two-layer 

tubes. The reduced cutoff frequency values of A1 and S1 waves 

in the case of each tube, deduced from WV and resonance 

trajectories, are comparable.   

6. CONCLUSION 
In the present paper, we have demonstrated that the study 

of acoustic signals backscattered by air-filled stainless steel-

solid polymer two-layer tubes, immersed in water, reveals the 

effects of physical characteristics of the inner part on the 

guided waves propagation. The analysis of resonance 

trajectories and Wigner-Ville time-frequency images, toward 

normalized frequencies ranging from 0.1 to 200, show the 

sliding of reduced cutoff frequencies of A1 and S1 guided 

waves towards low values. The relation between reduced 

cutoff frequency and velocity of wave in the solid polymer is 

linear.  The process of repulsion phenomena of waves is 

manifested in the scattering phenomenon. More detailed work 

on this subject is also in progress.  
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Fig 1: Geometry of a plane wave normally incident on  an air-filled  cylindrical  tube immersed in water 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig 2: Calculated form functions of the Stainless Steel one-layer and the Stainless Steel - solid polymer two-layer tubes: (a) 

Tube 0 ; (b) Tube 1 ; (c) Tube 2 ; (d) Tube 3 ; (e) Tube 4. 
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Fig 3: Time signals of the guided waves in: (a) Tube 0 ; (b) Tube 1 ; (c) Tube 2 ; (d) Tube 3 ; (e) Tube 4. 
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Fig 4: Resonance spectrums of the guided waves in : (a) Tube 0 ; (b) Tube 1 ; (c) Tube 2 ; (d) Tube 3 ; (e) Tube 4. 
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Fig 5: Resonance trajectories of the guided waves in: (a) Tube 0 ; (b) Tube 1 ; (c) Tube 2 ; (d) Tube 3 ; (e) Tube 4 
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Fig 6: Visualization of reduced cutoff frequency of A1 and S1 as a function of velocity of wave in the solid polymer 
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Fig 7: Wigner-Ville time-frequency images of the temporal signals in Fig. 3: (a) Tube 0 ; (b) Tube 1 ; (c) Tube 2 ; (d) Tube 3 ; 

(e) Tube 4 
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