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ABSTRACT

In this paper, we introduce the notion of complex valued G-
metric spaces and prove a common fixed point theorem
for weakly compatible maps in this newly defined spaces.
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1. INTRODUCTION

The study of fixed points of mappings satisfying certain
contractive conditions have been at the center of rigorous
research activity. Recently, Mustafa and Sims [8,9] have
shown that most of the results concerning Dhage’s D-metric
spaces are invalid, therefore they introduced an improved
version of the generalized metric space structure which they
called G-metric spaces.

In 2006, Mustafa and Sims [9] introduced the concept of G-
metric spaces as follows:

Definition 1.1. Let X be a non-empty set, and let G:
XxXxX—- Rt be a function satisfying the following
properties:

(G1) G(x,y,2)=0ifx=y=2,

(G2) 0<G(x,y,2z) for all x,y € Xwithx=#y,

(G3) G(X, %, y) <G(xy,2z) for all x,y,z € Xwithy # z,
(G4) G(X,¥,2) = G(X, 2, ¥)= G(Y, Z,X) =... (Symmetryin
all three variables ), (G5) G(x, y, z) <G(xa,a)+
G(a,y,z) for all x,y,z, a € X(rectangle inequality).

Then the function G is called a generalized metric or,
more specially a G-metric on X, and the pair (X, G) is called
a G- metric space.

The idea of complex metric space was initiated by Azam
et.al.[1] to exploit the idea of complex valued normed spaces
and complex valued Hilbert spaces.

Definition 1.2. Let C be the set of complex numbers andz,, z,
€ C. Define a partial order < on C as follows:

z; S z, ifand only if Re (z;) < Re (zp) and Im(z;) < Im

(z2)
Thatis z; < z, if one of the following holds

(C1): Re(z1) =Re(zy) and Im(z;) = Im(z,)

(C2): Re(z1) <Re(zy) and Im(zy) =1m(z,)

(C3): Re(z;) =Re(z) and Im (z;) < Im(zy)

(C4): Re(z1) <Re(zy) and Im(z) <Im(z,)

In particular, we will write z; < z, if z; # 2z, and one of
(C2), (C3) and (C4) is satisfied and we will write z; < z,
if only (C4) is satisfied.

Remark 1.3. We  obtained that the following statements
hold:

(i) abeRand a<b=az=zbzforallzeC

(i) 03z F2z, = |z <lzl

(ili) z 22z, and z, < 723 = 77 < z3.
Now we introduce the notion of complex valued G-metric
space akin to the notion of complex valued metric spaces [1]

as follows:

Definition 1.4. Let X be a non-empty set. Let G: X x X X
X — C be a function satisfying the following properties:

(CG1) G(x,y,2)=0ifx=y =2,

(CG2) 0<G(x,Y,z) for all x,y € Xwithx #Y,

(CG3) G(x,x,y) SG(xy,z) forallx,y,z € Xwithy # z,
(CG4) G(x,Y,2)=G(x z,Y) =Gy, z, X) =.. ( symmetry

in all three variables ) (CG5) G(x, y, z) =< G(xaa)+

G(a,y,z) forallx,y,z,a€X.

Then the function G is called a complex valued generalized

metric or more specially, a complex valued G-metric on X,

and the pair (X, G) is called a complex valued G- metric
space.

2. THE COMPLEX VALUED G-
METRIC TOPOLOGY

A point x€ X is called interior point of a set Ac X,
whenever there exists 0 < r € C such that

Bo(x, ) ={yEX:G(X,y,y) < r} S A.

A pointx € X is called limit point of a set A whenever there
exists0 <r e C,

Bs(x, 1) N (A/X) = @.
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A is called open whenever each element of A is an interior
point of A. A subset BS X is called closed whenever each
limit point of B belongs to B.

Proposition 2.1. Let (X, G) be complex valued G-metric
space, then for any x, € X and r > 0, we have

1) If G(xg,x,y) <r,thenx,y € Bg(xy,1)

(2) If y € B;(xq,1), thenthere existsa § >
0 suchthat B;(y, 6) & Bg(xo, 7).

Proposition 2.2 Let (X, G) be complex valued G-metric
space, then for all x, € X and r > 0, we have,

Bg (xo'gr) € By, (x0,7) S Bg (%0, 7).
Where dg(x,y) = G(x,y,y) + G(x,x,y).

3. CONVERGENCE, CONTINUITY AND
COMPLETENESS IN COMPLEX

VALUED G-METRIC SPACES
Definition 3.1. Let (X, G) be a complex valued G-metric
space, let {x,} be asequence of points of X, we say that {x,}
is complex valued G-convergent to x if for any € > 0, there
exists k € N such that G(x,x,,x,,) <€, for alln, m>k.
We refer to x as the limit of the sequence {x,} and we write

(@)
Xp — X

Proposition 3.1. Let (X, G) be complex valued G-metric
space, then for a sequence {x,} € X and point x € X, the
following are equivalent:

(1) {xn}is complex valued G —
convergent to x

(2) |G(xnlxnrx)| d OaS N— oo
(3) 1G(xp,x,x)| > 0asn— oo
(4) 1G(xp, Xp,x)| = 0 @SN, M > 0

Definition 3.2. Let (X, G) and (X', G) be two complex
valued G-metric spaces. Then a function f: X—X" is complex
valued G-continuous at a point x,€ X if
FY(Bs (f(x0), 7)) € (G),for all r>0. We say f is
complex valued G-continuous if it complex valued G-
continuous at all points of X; that is, continuous as a function
from X with the 7(G)- topology to X 'with 7(G")- topology.

Since complex valued G-metric topologies are metric
topologies we have:

Proposition 3.2. Let (X, G) and (X', G) be two complex
valued G-metric spaces. Then a function f : X—X'is
complex valued G-continuous at a point x € X if and only if it
is complex valued G-sequentially continuous at x: that is
whenever {x,} is complex valued G-convergent to x we have
(f{x,}) is complex valued G-convergent to f(x).

Proposition 3.3. Let (X, G) be a complex valued G-metric
spaces, then the function G(x,y,z) is jointly continuous in all
three of its variables.
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Proof. Suppose {x}, {¥m}, and {z,}, are complex valued G-
convergent to x, y and z respectively. Then, by (CG5) we
have,

G(X, ¥,2) 3 G, Ym Ym) + Gy, %, 2)
G(z, X, ym) = G(X, Xk, k) + G(X, Yim, Z)

and

G(Zr Xk, Ym) = G(Z: anZn) + G(an Ym, Xk),

S0,

G(X, ¥, 2) - GG VmrZn) = G, Ym Ym) + G(X, Xy, X)) +
G(z, 2y, Zy).

Similarly,
< G, X, X) +

G(Xkr Ym, Zn) - G(Xr Y, Z)
GYm ¥, ¥) + G(zy,2,2).

But then combining these using (3) of proposition 4.1 we
have,

|Gk, Yo Zn) — G(x,¥,2) | < 2(G(x, Xk, Xk) + G(Y, Yimy Ym) +
G(z, 2y, 24)),

|G(Xy, Ym» Zn) — G(X,y,2)|— 0, as k, m, n, —oo and the result
follows by proposition 3.2.

Definition 3.2. Let (X, G) be a complex valued G-metric
space, a sequence {x,} is complex valued G- Cauchy if given
€ > 0, there exists k € N such that G (x,, xm, x;) < € forall n,
m, | > k.

Definition 3.3. A complex valued G-metric space (X, G) is
said to be complex valued G-complete if every complex
valued G-Cauchy sequence is complex valued G-convergent
in (X, G).

Proposition 3.4. Let (X, G) be a complex valued G-metric
space. Then the following are equivalent:

(1) The sequence {x,} is a complex
valued G-Cauchy in X.

(2) For every € > 0, there exists K e N
such that G (x,, Xm, xm) < €, for all
nm>k.

(3) {x,} is a Cauchy sequence in the
complex valued metric space (X,

dg).

Proposition 3.5. Let (X, G) be a complex valued G-metric
space and {x,} be a sequence in X. Then {x,} is complex
valued G- convergent to x if and only if |G(x, x,, xp)| = 0
asn, m- oo.

Proof. Suppose that {x,,} is complex valued G- convergent to
x. For a given real number € > 0, let

£ ;5
C—ﬁ+lﬁ.

Then 0 <r € C and there is a natural number k, such that
G(x,xp, Xm) < € for all n, m>k.
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Therefore,
|G (x, %, )| < |c| = € for all n, m >k.
It follows that |G (x, x,,, ;)| = 0asn, m - oo,

Conversely, suppose that |G (x,x,, x,)| = 0 as n, m - oo.
Then given r € C with 0 < c, there exists a real number § >0,
such that forz € C

lz| <6 =z<c.
For this §, there is a natural number k such that

|G (x, xp, )| < & forall n,m>k.

This means that G (x, x,,, x,n,) < € for all n, m >k. Hence {x,,}
is complex valued G- convergent to x.

Proposition 3.6. Let (X, G) be a complex valued G-metric
space and {x,} be a sequence in X. Then {x,} is complex
valued G- Cauchy sequence if and only if |G (x,, xm, x)| = 0
asn, m- oo,

Proof. Suppose that {x,} is complex valued G- Cauchy
sequence. For a given real number € > 0, let

=€ 4L
C_ﬁ+lﬁ'

Then 0<r € C and there is a natural number k, such that
G (%, X, x1) < € for all n, m>k.

Therefore,
|G (2 Xy )| < || = € for all n, m >k.
It follows that |G (x,,, X, x;)| = 0 @asn, m— oo,

Conversely, suppose that |G (x,, Xy, x;)| = 0 as n, m - oo.
Then given ¢ € C with 0 < ¢, there exists a real number § >0,
such that for ze C

lz]| <éd=1z<c.
For this &, there is a natural number k such that

|G (xp, X, )| < 6 forall n, m>k.

This means that G(x,,x;,, x;) < € for all n, m > k. Hence
{x,} is complex valued G- Cauchy sequence.

4. PROPERTIES OF COMPLEX
VALUED G-METRIC SPACES

Proposition 4.1. Let (X, G) be a complex valued G-metric
space. Then for any Xx,y, z,a in X it follows that:

(i) If G(x,y,2)=0ifx=y=1z

(i) G vy, 2 3Gxxy)-+
G(x,%,2)

@iy  G(x,v,y) = 2G(y,x,%)

(iv) G(x vy, 2z =SGkxaz)+
G(ay,z)
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(V) G, vy, z2) 32/3(G(xy,a)+
G(x,a,2z) + G(a,y,2))

vi) G vy, 2z =(Gxaa)+
G(y,a,a) + G(z,a,a)).

Proposition 4.2. Let (X, G) be a complex valued G-metric
space. Then the following are equivalent:

Q) (X, G) is symmetric.

(i) G(x, Y, y) 2 G(x,y,a), for all
X, y,a€X.

(iii) G(x, Y, 2) 2 G(x,y,a) + G(zy,b) for all x,
y,a,beX.

In 1998, Jungck [7] introduced the concept of weakly
compatibility as follows:

Definition 4.3 Two self mappings Sand T are said to be

weakly compatible if they commute at their coincidence
points.

5. MAIN RESULT

Now we prove our main result for a pair of self mappings:
Theorem 5.1. Let (X, G) be a complete complex valued G-
metric space. Let S, T: X— X be self mappings satisfying the
following conditions:

(2.1) S(X) = T(X),
(2.2) any one of the subspace S(X) or T(X) is complete,

(2.3) G(Sx, Sy, Sz) S k G(Tx, Ty, Tz) for all x,y, z
€ X,where 0 < k< 1,

(2.4) Sand T are weakly compatible self maps.
Then S and T have a unique common fixed pointin X.
Proof. Let x, € X be an arbitrary pointin X. By (2.1), one
can choose a point x; in X such that Sxy =Tx;. In
general choose x,,; such that

Yn =Sxn = Tpyq.

Now, we  prove {y,} is a complex valued G- Cauchy
sequence in X.

Putting X=x,, Y=Xn41, Z=Xp4q in (2.1), we have
G(Sxn, Sxn11, Sxn 1) SKG(Totn, Tty 1, TX41)=KG(
SXp_1,S%n, Sxp)

Continuing in the same way, we have

G (Sxy, Sxp41, Sxpa1) S k™ G (Sxg, Sxq,5x1)

This implies that G (¥, Yn+1, Yn+1) S k™ G (Y0, Y1, Y1)
Then, for all n, m € N, n < m, we have by (CG5)

G (Yn' Yms Ym) 3G (.Vn' Yn+1, Yn+1) + G(yn+1vyn+2vyn+2 +
G(Yn+zr}/n+3' Yn+3)+ + G(ym—l' Yms ym) = (kn +
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K LR 4 k) G oy, ) S - G
o y1 Y1),

Therefore,
kTL
|G Vs Yo Vi) | < (ﬁ) |G Vo, y1, ¥y

Since k € [0, 1], if we taking limit as n, m— oo, then %
1G Yo, y1, ¥1) | =0,

i.e., G (¥o,y1, y1) 20

Forn, m, | € N (CG5) implies that

G ¥ Yms Y1) 3 CWns Yims Ym) + G(Ve, Yims Yim)»

Therefore,
(GO Yms Ym)I

IG O Yo YD | = 1GO Yo Ym) |+

Taking limitas n, m, | - oo, we get |Gy, ym, v1) | = O ie,,
GV Vo y1) — 0. So {y,} is complex valued G-Cauchy
sequence. Since either S(X) or T(X) is complete. Without loss
of generality, we assume that T(X) is complete subspace
of X, then the subsequence of {y,} must get a limit in
T(X) (say) z.Then Tu=z for some u€ X, as {y, } is a complex
valued G-Cauchy sequence containing a convergent
subsequence, therefore the sequence {y,}also convergent
implying thereby the convergence of subsequence of the
convergent sequence. Next we show that Su = z. On setting
X=U,y=x,and z=ux,,n (2.3), we have

G(Su, Sxy, Sx,,)SKG(Tu, Tx,, Txy,)
Taking limit as n— oo, we have G(Su, z, ) SKG(Tu, z, z)
Therefore, | G(Su, z,2)| < k|G(Tu, z,z)| implies that Su=z.
Therefore, Su =Tu =z. i.e., u is coincidence point of S and T.
Since S and T are weakly compatible, it follows that STu =

TSui.e., Sz =Tz.

We now show that Sz =z. Suppose that S(z) #z, therefore 0 <
G(Sz, z,z) implies that |G(Sz, z, z)| > 0.

Puttingx =2,y =u, z=uin (2.3), we have
G(Sz, Su,Su) S kG (Tz,Tu,Tu) =kG(Sz, z, 2)

i.e., | G(Sz,2,2)| < k|lG(Sz,2,2)| < |G(Sz,2,2z)| which is a
contradiction, therefore

Sz=1z.Thus Sz =Tz =z i.e., z is a common fixed point of S
and T.

Uniqueness: To prove uniqueness, suppose that w#z be
another common fixed point of S and T. Then 0 <
G(z, w,w) implies that |G(z, w,w)| > 0.

Puttingx =z, y=u, z=uin (2.3), we have
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G(z,w,w) = G(Sz,Sw,Sw) kG (Tz,Tw,Tw) = kG(z, w,
w)

i.e., | G(z,w,w)| < k|G(z,w,w)| < |G(Sz, z,z)|, which is a
contradiction, therefore

z=w. Thus Sz =Tz =z i.e, z is a unique common fixed
point of Sand T.

Example 5.1. Let X =[-1, 1] and let G: X X X X X — C be
complex valued G-metric space defined as follows:

G, y,z)=|x—yl+|y—z|l +|z—x]|, for all x,y,
z € X. Then (X, G) is complex valued G-metric space.
Define S, T: X— X as Sx :;x and Tx =§ )
Here we note that, (2.1) S(X) € T(X), (2.2) Both S(X) and
T(X) are complete,

(2.3) G(Sx, Sy, Sz) = k G(Tx, Ty, Tz) holds for all x,y,z €
X, U/3< k<1, (24) S and T are weakly compatible
because Sand T commute at their coincidence point i.e., at
x=0 and x=0 is the unique common fixed point of S and
T.
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