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ABSTRACT

In this paper the method of vector functions is introduced in
association with the propagator matrix method to solve the
deformation of transversely isotropic and layered elastic
materials under surface loads. It is shown that the equilibrium
equations are reduced to the two sets of simultaneously linear
differential equations which are called type | and type II. The
general solutions and the layer matrices are then obtained
from the two sets of differential equations.
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1. INTRODUCTION

[1] [2] solved the general problem of three-dimensional
deformation of a transversely isotropic and homogeneous half
—space using the potential function method. However that
method requires the solution of a system of simultaneous
linear equations with an order proportional to the number of
layers and the introduction of auxiliary variables and
coordinates transformations for the three dimensional
problems [4] solved the problem by assuming axially
symmetric deformation of a transversely isotropic and layered
half-space by surface loads using propagator matrix method
[9] and the generalized love’s strain potential.

The propagator matrix method is used to solve the problem of
the static deformation of a transversely isotropic and layered
elastic half-space under the action of general surface loads.
The general solutions and the layer matrices are then obtained
from the two sets of differential equations. By using the
continuity conditions at the layer interfaces and the boundary
conditions at the surfaces, the displacement and stress
components at any point of the medium are obtained by
multiplication of matrices. As the solution is obtained for
different cases of characteristic roots determined by the elastic
constants of the media, the present formulation avoids the
complicated nature of the problem on the one hand [8] and on
the other hand can be reduced directly to the solutions of the
corresponding two-dimensional deformation [7] and axially
symmetric deformation [4] and also to the solution of the
corresponding isotropic case [3]

2. BASIC EQUATIONS

2.1  Stress strain relation

We choose the axis of symmetry of a homogeneous and
transversely isotropic elastic medium as the Z- axis. The
generalized Hooke’s law in Cartesian coordinates (X, y, z) can
be expressed as [10]

U= Agge+Age, +A3:8, Oy = 2448y
Opz = 2A4485;

Ux}. = ZAE!EER]E (11)

Oyy = Agseo,+Age,, +Age,

Trr—
IS Ayzlo,+Ag38, Az,

[ A3
Where Agg = % (1.2) oyx,0yyetc.,are the components

of stress ; ey, ey, etc are the components of strain. The
parameters Agi, A, Ags, Asz and Ay are the five elastic
constants of medium. In the case of an isotropic medium

Ay —Agr
2 T 21-v

Ay = Agg =
Efl-v)

An = An = o

Ev
Ap = An= g0

(1.3)

Where E is the Young’s modulus and v is the Poisson’s ratio.

2.2 Equilibrium equations
In the absence of body forces
da,, . Doy, . do,

dx dy az 0
do, B0, 2o, o
=y T m (1.4)

a5, 0906, a5

"oy Tar 0
The strain-displacement relations
—_ aua EE — E‘ E.‘.
o = W ey
du, _du, | Bu,
Byy = T{ Zeyz_ ﬂz+ ay
du, du,  du,
== 3 Zey; = T (1.5

Where (uy, uy, U,) are the components of the displacement
vector. We now introduce a system of vector functions [6]

Lix.y; wp) = i;5(x y:a )
a5 as
M(x,yv: e ) = gradS:le+|Fa—?
- .35 a8
N wap) = curlis = b g~ Iy g (1.6)

Where (iy, iy, i,) are the unit vectors in (x, y, z) direction of
Cartesian coordinates. The scalar function S(x, y, a, B) given
as

Sxy.ap) = —“‘P['lé:"'ﬁﬂ
(%))
Satisfy the Holmholtz equation
I L
E+F+l S=0 (18)
A=t 4 (1.9

In equations (1.6) - (1.8) a, B and A are parameter variables.
Owing to the orthogonality of the system (1.6), any vector
functions may be expressed in terms of them. In particular, for
the unknown displacement and ‘surface’ stress vectors , we
may have

+ ==
u(x.y.z) = Jrj [Up(zLix v) + Up(z)Mix y) + Uy (z)N(x v)]dedp
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T(XV.2Z) = Oyl + Oply + 051, (1.10)

= J [TzIl(x y) + TylzM(x y) + Ty(z)N(x v)] dadf

(1.12)

In equations, (1.10)-(1.11) the dependences of vector
functions L, M and N on the parameters o. and  or A have
been omitted for simplicity.

It is of interest to note from (1.6) and (1.10) that while the
displacement solutions expressed in terms of N have zero
dilatation, the solution expressed in term of L and M gives
zero z component of the curl of the displacement vector.
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Fig 1.1 Scheme of a layered elastic system under surface

loads

3. GENERAL SOLUTIONS &
LAYER MATRICES

The problem that we analyse is shown schematically in
Fig.1.General surface loading P(x, y) is applied to the surface
z=0 of a layered elastic system, which is composed of parallel,
homogeneous and transversely isotropic p layers lying over a
homogeneous half-space. The layer interfaces are assumed to
be in welded contact with the exception to the layer interface
z = z,. Since the layers are in welded contact, so continuity of
displacements and stresses at the interface z=zy (k =1, 2,....... s
p-1) holds. Substituting equation (1.10) into (1.5) we get the
following strains:

#5
Cum = UH sz + Uy o0 iy

)
'33-5- = UH ﬁ + Ur"-ﬂ}:_ﬂ].-' (112)
ey, dy
L= 3z 7 T &z

Byy = %[ZUH%+ UN{;—Z—%‘]] S5(xv)

_ lpaly @  dlyxd
Cv:= 70z ay dzm{"'ULa;,]s':x'F'
1 D, U3 dU
Em—z[uf—ax dz +dzay]s':"5"
Where

as as
u, =y = + Uy E
as as
uy = Uy g~ Un gy (1.13)
I.'I.I = ULS
Using the stress-strain relations given in equation (1.1) in
equation (1.12), we get the fallowing stresses:

= la Uaz+u z‘}|+A UEilz U z‘}|+A kol 4 PR
O = |An| Umgz N xdy May2~ "Magay 1B g |3

v
2 aZ~

= |a Uaz+U z\]]+al Uy — 1 )+A 90| 5ex vy
Oy = |A1z| Ungz N By M52~ "N aay, 1B g |5V

O = IAIEUH(EZ-'_EZ)-FAEE dz ]S{K:ﬁ"l

Oy

a* at @t
ﬂsﬁlzuma aF+Ur-. (a—z =2 J] S(x.y)

¥
dLTH duy, a d )
Tz = dz By T _]SI:KFI
duy, 8

_a [ dU,., d dU,., ]5
“ dz By &z ax dz dy (xy)
(1.14)
Except for special cases, we will omit the subscript k and the
notations[”_[.... ldadf.
Also from equations (1.11) and (1.6) surface stress vector is

given as:
T(XV.Z) = Ogly + Oply + 051,

Where
as as
Oy = Ty + THE
as as
Oy = THE_ N 7

0, = T (ZIS(x ¥) (1.15)
Comparing equation (1.14) and (1.15), we get

(T E+T-i‘]s— [A (U 9 U3
Max ™ Nay/" ~ ITH Lax ™t dz ox

(x 8 Ta~]5_lﬁ [ 8, dUy 3 duha]]
May Nax/" T ITH Lﬂy dz dy  dz ax/

T5 = [‘P‘-IEUH I::x—zz +%_zz:] +Ay— dUL] 5 (1 16)

Solving above equations, we obtain the fllowing relations
between the expansion coefficients.

dUh d
dz ﬂy]]s

du
2 L
Uy
Ty = Ay (U +— ")
Ty = Ay (1.17)

Substituting the expressions of stresses from equations (1.14)
into the equations of equilibrium (1.4) and by making use of
1.17), we obtain the other three relations between T\, Ty, Ty

Ty
— A lUpA =
ddz N 66
T
—— ATy =
dz M
leHﬂ.ll + ﬂ13ﬂ+ %{ =0 (118)

Equations (1.17) and (1.18) can be cast into two independent
sets of simultaneous linear differential equations. They are
called type I and type Il respectively.

A.For type |
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a0 _ 22 A T
dz - A33 &33
du T,
&= htE,
“
dT;
& = M
Ty _ 42 Aysdaa— Af: ATy
= A% = ) v (1.19)
B.For type Il
dLTh-_ 1
dz - A-‘H- N
= 2lagUy (1.20)

For general solution for type I, we write equation (1.19) in the
form

dup  (AUp)dA,, . A ':'E"‘]

dz Az Az
d(AUp, ATy
dz = —1UL + E
T;
a3 _ ..
dz ~ "M _
d(Tyy) JAApAg - A% dapT

(AUy

dz = / 151.33 ﬂ33 i
To solve the above system of simultaneous equations, writing
them in matrix form as

d

5 [E@] = VIE@)]
| .

LE Tz

Where E@m] = [0z Ay

(1.22)
And V is the coefficient matrix

i
A4y, i 0

A:: 33 ‘1
vt 0 0
] Fi
T N
o Azg ]
—_ "!‘11"!‘33_"!‘;3
a= Azz

We solve above system of differential equations by eigen
value method [5].
The characteristic equation is

|v—xi1| =0
0—x i—:: AL,, Dl
oraf 71 0-x SR
SE=
.

Expanding the determinant, we get the characteristic equation

Ayt +xi(Ap+ 244, -ApAy) F ApAy =0
This can be written as

[AHKZ - Allj[ﬂ33xz - A,}.}J + I:AIE +A+;:lzxz =0
(1.22)

This is quadratic in x*> and gives two values of x? and hence
four values of x i.e. £x;, +x, (say) known as characteristic
roots. Thus solution of a system of differential equations
depends on the different cases of characteristic roots.

Case I: When characteristic roots are distinct (x;7x5)
For x; the corresponding eigen-vector can be obtained by
solving the equations

V-x0zY =0

Where
[Z 1] = [ZIIZZIZSIZ-H]T = [t[xljd[x 1) 1;"31 1]
Where values of ¢(x) and d(x) are

T

)
Ay +X7A
e = — 11 13z
x“(Ag1A33 — Af3)
z
dix) = —outAs (1.23)

x(ApAs—Al)
Another eigen-vector [z%] can be obtained by replacing x; by —
X;. The remaining two are obtained by replacing X, by x, in
[] and [z%] respectively. This solution of equation (1.22)
when eigen-values are not equal is given by

[E(z)] = AqfzYe?™® + By [z2]e 8T 4 ¢, [z¥]e?™® + Dy[z]e~ 102

(1.24)
Where B
[z'] = [e(xy) dixy) 1/x; 1]
29 = [e(xy) —dixy) —1/%y 1]"
[2°] and [z*] are obtained by replacing x, by x, in [z'] and [2°]
respectively.
Case Il: When characteristic roots are equal (X; = Xy)
In this case first eigen-vector will be same as in case | i.e
V-xlx]=0
Where B
(@] = [e(xy) d(xy) 1/3% 1]'
And the other vector will be

V—-xIp; =@
Or
Agny 1, W]
—X ﬂa“A“ {Agg ) A (%,
_ — i} ' ) )
A i |22 [ee
0 o P | 5 Ixg
o 13 —x, 2 1

22
Solving the matrix multiplication, we get

_ Ass Ao Auray
XAz + Azz By + Az C2= Axf(Agidaa—Afs)

2
1 Ay +X7A
—ﬂz— K]_Bz +A— DZ: 13 1 332
“ Axy(Ag1A33 — Ay

1
—Kll:z + DZ = E

Aqg 1
_EBZ - A_HEZ - XIDZ = i

Solving this system of simultaneous equations for A,, B,, C,
and D,, we get

D1
C2= x  hxj
By = 150+ d(xy)D,
¢y
A, = i" + e(xq)D5

Taking D,=z, we have
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B = —5 dixq)z (1.25)

The other two are obtained by replacing x; by —X; in o3 and B;
respectively. Thus the solution of equation (1.22) when eigen-
values are equal is given by

[E(z)] = AqlE]e’™® + By[azle % + ¢y [By o™ +

D llﬁ_z_' e _J'xiz

(1.26)

Where i

oy = [efxy) dixy) 1/x; 1]

[N is given by equation (1.25),

w;and P; are obtained by replacing x; by —x; in
T;and By respectively. From equations (1.24) and (1.26), we
see that solution of type | can be written as

[E@)] = [Z@)]IK] (1.27)

Where the elements of solution matrix [Z(z)] are given in
Table-1,

[Kl = [A; By €y Dyl (1.28)

A, By, C; and D; are the arbitrary functions of A. From
equation (1.27), we have the relation for nth layer as,
[E(zy)] = [Z(zg)](K]

Similarly, for (n-1)th layer

[E(zy_1)] = [Z(zm_p][K]

Eliminating [K] from above two equations, we get
[E(zy_1)] = [Z(Zp_)][Z(2y)] ™ E(zy)].

Finally, we get the propagating relation for ay layer as
[E(zi_1)] = [agl[E(zy)] (1.29)

Where [ay is the propagator matrix of layer k.

For general solution for type 11, we solve the simultaneous
equatlons given by equation (1.20) and its solution is given as
U, = Ale*® 4+ Ble-

Ty = saAle’® — saBle = (1.30)

Where

1
5= (%:]z, F=s5Ay.

This general solution can be written in the matrix form as

] = [ _ Syt [
Tyl = lsde*® —gsae~*=llBt

Uy 1, [al
Orl-_[-h_] = [z ][BL] (1.31)
Where A" and B" are the arbitrary functions of A and the
solution matrix
1zl = xp[lsm exp (—Asz)

Fexp (dsz) —AFexp(-— 1sz| (1.32)
Rewriting equation (1.31) as

AR

Due to continuity of Uy, Ty at (k-1)™ layer
Upi(Z-1) ] P [AL
L= |z (Ee
Ty(Z_q/X) [z (ze—1)] Bl
Similarly for k™ layer

Uyizg) ]_ IAL]
Tyizg/A)] [z (2] B
Eliminating A", B" we get

n-p ]— ez (2] [T )
Ty(ze-1/ 200 [z e-p][z @] Ty (z)/

where
_ J.sz.;c —J.sz.k:l
1_ e
[z'(z)] J-SI;G T
Thus
l Uh[zk 1)] l J'SI'I: 1 _-;"5:!: -1 ] 1 —hzlk] UHI::Z]{:I
Ty(Ze-1)/ sl _ge iho1)23 EB‘EI“ —& Tn(zi)/
Therefore, the propagating relation is
Up(zy—1) L l Uy(zy)
N = . 1.34
Ty(Zx-1)/ [axd Ty(zg)/ (1.34)
Where
[ak] = [ chidsyhy) (Tl jgh{lskhk .]
—Eksh[lskhkj l'.‘l].l:jl.Skhk'I

(1.35)
[ac] is the layer matrix or the propagator matrix of the layer
k.

Table-1

The elements of the solution matrix [Z(z)]in equation (1.27)
are:-

Case (1) when characteristic roots are not equal

(xy x5
= (:()(1)3'1:r Z Z;; = C(Xy)e -l
21 = d(Xy)e ™" 2y, = -d(Xy)e 7
Za1=—9'ly Z Z3 =2 gmI
X, X,
2y =¢ ez Zy=s il (A1)
Where (x;& x;) are the characteristic roots of the following
equation

(Ad4x2-All) (A33x2-Ad4) + (A13=A44)2012=0
Zi3 & Zi4 are obtained from Zil & Zi2 respectively on
replacing [11 by (12 (i=1, 2, 3, 4)

Case (2) when characteristic roots are equal ([11 = [12)

713 =S+ c(x)z) o™z (A2)
723 = (28 4 d(x,)z) 6™z (A3)
233:(_.1:_1-'_%:]& iz

743 = 7e™

While Zil and Zi2 are same as those in equation (A1), Zi4 are
obtained from Zi3 on replacing [11 by —[11 (i=1, 2, 3, 4) in
equation (A2) and (A3). The dash denotes the derivation with
respect to 1.

4. CONCLUSIONS

The method of vector functions is introduced in association
with the propagator matrix method to solve the deformation of
transversely isotropic and layered elastic materials under
surface loads. The formulation is presented so that it can be
used directly to perform practical calculations. As the solution
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is given in Cartesian system of vector functions, one can
easily solve problems for different types of surface loading. It
is shown that the formulation given is especially suitable for
two-dimensional [7] and axially symmetric [4] deformation.
Since the general solution and the propagator matrix for
different cases of characteristic root are also given, which
includes the isotropic case [3] the present formulation
provides a complete solution of deformations by surface loads
of transversely isotropic and layered elastic half-space.
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