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ABSTRACT

The present paper deals with the solution of Abel integral
equation involving Fox- H function. The method is based on
approximations of fractional integrals and Caputo derivatives
due to Jahanshahi et al. The approximation formula of Abel
integral equation using numerical trapezoidal rule is also
obtained. The paper is also illustrating the effectiveness of
proposed approach in form of many particular examples. The
results are mostly derived in a closed form in terms of the H-
function, suitable for numerical computation. On account of
general nature of H-function a number of results involving
special functions can be obtained merely by specializing the
parameters.
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1. INTRODUCTION

The solutions of Abel integral equations of first kind through
fractional calculus have studied by many authors due to its
vast scope in various physical and engineering problems , like
semi-conductors, heat conduction and chemical reactions[1-
2], nuclear physics, optics and astrophysics [3-4], velocity
laws of stellar winds [5,6,7],a method based on Chebyshev
polynomials is given in [8].Many numerical methods for
solving abel integral equation have been developed over past
few years like product integration methods [9,10],collocation
methods[11], wavelets methods [12,13,14], Adomian
decompositions methods[15] , fractional multistep methods
[16,17],Plato [18] gives fractional multi steps for weakly
singular integral equations .Li and Zhao solved abel integral
equation with Mikusinski’s operator of fractional order [19],
Li and Tao solved the fractional integral equation
transforming it into abel integral equation of second kind[20].
Recently Jahanshahi et al. [21] developed method for
numerically solving Abel integral equation of first kind. The
present paper investigates the approximate method to develop
a solution for class of Abel integral equation of first kind
involving Fox H function. The paper is arranged as follows. In
section 2 we recall elementary definitions of fractional
integration and fractional derivatives and their important
properties. Section 3 gives some known approximation for
fractional derivatives and integrals, the main results given in
section 4 where we develop exact and approximate solution of
Abel integral equation involving Fox H-function with
particular examples.
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2. DEFINITIONS

In this section, we give some basic definitions, relations and
properties of fractional operators. We refer authors to [22-26].

Definition 2.1 Let @ >0 withn —1 < a <n, n € Nand<
x <b . The left and right Riemann—Liouville fractional
integrals of order « of a given function fare defined by

JEC) = o= " f(Dde 21)
and
JEFO) = s (= 0 f(Dde (22)

respectively, where T is Euler’s gamma function.

Definition 2.2 The left and right Riemann-Liouville
fractional derivatives of order a > 0,n—1<a<n, n€ N
are defined by [22,26]

DEF) = =S [ — O f(de (23)

and

vt a4
r(n—a) dx™

DEFG) = [—0met f(nde (24)

respectively.

Definition 2.3The left and right Caputo fractional derivatives
of order a>0,n—1<a<n, ne N, are defined as
follows[26]

1
aDEf ) = s

[Fax—oretf™(e)de  (2.5)
and

DEF@) = S5 [J(e— 0" T fM(Ode (26)

respectively.

Definition 2.4The Grunwald-Letnikov fractional derivatives
are defined for a > 0 as follows[26]

Df(x) = limp_o ™ Tio(-1)7 (3) fx —rh) (27)
and
D7f () = limyo h S [[] fOe—rh)  (28)

where

ay ala+D(a+2)..(a+r—-1)
[T‘]_ rl ’
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Definition 2.5The following relations between Caputo and
Riemann-Liouville fractional derivatives are given as follows
[26]

EDIF(x) = GDEf(x) — NpzAL@ e

= Ol"(k a+1) @) (2.9)

and

DEF() = DEFG) — IPzh LDy — )k (2.10)

F(k a+1)

Therefore it is easy to see, if fe C*[a, b] and f ¥ (a) = 0,
k=0,,..,n—1,then

aDxf(x) = oD¥f
IffOB) =0, k=0,1,..,n—1, then
Dy f = <Dy f.

Some basic properties of fractional integrals and derivatives
are given as follows:

(i) All fractional operators are linear, that is, if L is an
arbitrary fractional operator, then

L(tf + sg) = tL(f) + sL(g) (2.12)

(ii) For all functions f,g € C"[a,blor f,g € LP(a,b)
andt,s € R;if o, > 0, then

JB =jatB paph = path (2.12)
(iii) If f € L®(a,b)or f € C™[a,b]and a > 0, then
aDf JEf =305 f oJ5f = f (213)
(iv) If f € C™[a,b] and a > 0, then
CDIf() = () - DD (x - o)k (214

and

JEDEF) = F) - SO p )k (215)

It is clearly seen that the Caputo fractional derivatives are the
inverse operators for the Riemann—Liouville fractional
integrals.

Definition 2.6 The H-function introduced and defined by Fox
[23] via a Mellin-Barnes type integral as:

— (ajai)1,p -
Mo (@) = Hiy' [z |, ﬁ)w] = om e Mol () z7%ds
(2.16)

with

= (al l)lP —
0 ()= 42 | ﬁ)lq“]_
ML, T (bj+B;s) T, T(1—a;—a;s)

M y4q Dlait+ass) ]'[?zM+1 r(1-b;-pBjs)

2.17)

Sufficient convergence conditions on parameters, Asymptotic
expansions and analytic continuations of the H-function have
been discussed by Mathai and Saxena [23].

3. SOME KNOWN APPROXIMATION

RESULTS
Diethelm [27-29] uses the product trapezoidal rule with
respect to the weight function (t,—.)*"! to approximate
Riemann-Liouville fractional integrals. More precisely, the
approximation
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ot =W T f @) du = [ W fi@du  (3.1)
wheref;, is the piecewise linear interpolator for f whose nodes
are chosen at t; = jh,j = 0,1..,nand h = ?, is considered.
Odibat [24, 25] uses a modified trapezoidal rule to
approximate the fractional integral J%f(x)and the Caputo
fractional derivative SDZf(x)of order a > 0. The other

approximations for fractional operators can be referred to [30-
32].

Theorem 3.1 (See [24, 25]).Letb > 0,a > 0, and suppose
that the interval [0, b] is subdivided into ksubintervals

[%j Xj+1]i=0.....k-1, of equal distances h =E by using the
node sx; = jh, j =0, ..., k. Then the modified trapezoidal rule

T(f,h, a)

F((x ) (((k = D*** = (k —a = DEDF(0) + £(b))

+

X TAH((k —j + Dt = 2(k — ot +
(k—j—D*"Nf(x;) (3-2)

is an approximation to the fractional integral oJ¢f |y=p:

&f lx=p = T(f, h,@)—Er(f, h, a).
Furthermore, iff € C2[0,b], then

|Er(f,h @)l < ¢'o|f||ob®h? = 0(R?),

wherec’ is a constant depending only on «.

F(a+2)

The following theorem gives an algorithm to approximate the
Caputo fractional derivative of an arbitrary order a > 0.

Theorem 3.2 (See [24, 25]).Let b > 0, > Owithn—1<
a<nmne€ N,and suppose that the interval [0,b] s
subdivided into k subintervals [x;,%j4+1], j =0, ...,k — 1,0f

equal distances h=£ by using the nodesx; =jh,j=
01,...k

Then the modified trapezoidal rule

n-a

PR =tz

x| ((k = 1)1 — (k —n + a — DE*)F™(0)

+ )
k-1

D (U= j+ et

=
_ 2(k _j)n—a+1
+(k—j— e Fm () (3:3)

is an approximation to the Caputo fractional derivative

6DZf (b).
Furthermore, if f € C™*2[0, b], then
|Ec(f,h @)l < ¢ pea|lfTH?]| b™“R% = 0(R?),

wherec ,,_,, is a constant depending only on o .
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Theorem 3.3 The following Abel integral equation of first
kind due to Jahanshahi [21] is given as

F) = J-x g(gadt,0< a<1,0<x <b (3.4)

where f € C'[a,b] is a given function satisfying f(0) =
and g is the unknown function we are looking for.

The solution to problem (3.4) is given as

sm(vm) fx @ dt (35)

g(x) = 0 Gooiw

Due to Mathai and Saxena [23] the derivative formula of H-
function for m>1, y > 0 is given as follows:

d yB mn (al L)lP
E[ 37 s B)w]]

) gy

By

;A lP
(1+b181)(b ), ] (36)

Lemma lleta>0withn—1<a<n, n€ Nand0 < x <
b. Riemann-Liouville fractional integrals of power function
can be easily obtained as

JEUOF () = —Eyatpi (37)

I'(a+p)
4. MAIN RESULTS

Theorem 4.1. With all conditions mentioned above on
parameters and for m > 1,y > 0, the solution of following
class of abel integral equation

yBlen[ (a;, L)lP] fx g(®) dt 4.1)

(bj Bj)1,0 0 (x—t)
is given as
g(x)
— i b
_ I'(a) smanxa_yB_i
B, ) 2m?i
vby
mn+1 (B_ ! 1) (ai 'Ai)l-P
X Hpi1g+1|% )/b1 (4.2)
(—a + 1)(b1 +1,B,)(b; B)
. _ Y mn ( A)lP] .
Proof: Letf(x) = x BlH [ (b B be taken in

equation (3.4), and with the help of equation (3.5) and (3.6)
we get

(al l)

dt

After changing the order of integration and using definition of
H-function (2.16), (2.17), we get by the virtue of (3.7)

—I'(a)\ sin ar mn (a; Ai )1
=< Bl>2nin£j{ [ ' ]

(1+ by By)(b; B)
X Q]“( Zl S)ds

Yby
_ (T(@)sinan f ) ri-52-s) m
Bl 27Tzl
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(—F(a))sincm a_gﬂ mn (aLA)lp

= 1

B, 2m2i . (1+b1
r(1-2—

R

finally by the virtue of H-function definition (2.17) we get
(4.2).

Corollary 4.1. On puttingm =1,n=1,p=1,q =2,y =1,
a1=1—1’[,A1=1,1+b1=0,Bl=1, bzzl_ﬁ,Bzz
ain main result (4.1), we get solution of the following
problem

XV TGE] 5(—x) = [ Lzt (43)
is given as
g(x)
_ —T(w)sin(an) X2 [ | -y, 1)1 -n1)
- 2m2i ( Uf—% 1)(0,1)(1_B.a)

Corollary 4.2.0n putting m=1,n=0,p=0,q=1,y =
0, in (4.1) we get the solution of

b 1
B~ 1xB exp (—xE) = f(jc (5(3“ dt (4.4)
as follows
—F(a)sm(am) X 1,1 (0; 1) ]
90 = — o xHy [ |( a1 (b+1,8)] @5

Further specializing parameter in above result as putting B=1,
b=0,¢ = 1/2 we obtain result due to Jahanshahi [21].

Theorem 4.2. Let 0 < x < b and suppose that the interval [0,
x] is subdivided into k subintervals [t;, tj1], j=0,..,.k—1,
of equal distances h =§ by using the nodest; = jh,j =
0,1, ..., k. An approximate solution g to the solution g of the
abel integral equation (4.1) is givenas ( f'(0) = 0)

g )

ha

T TA-or2+

(ai A')lP
(1+ by B,)(b; B; )

k-1
£ (e =+ DT =20k =
+(k—j
—1\ _,b1 (a-,A-)
— 1)a+1) (B_1> t]- 75'1 H;',lf}" t L5 p

(1+ bl,Bl)(bf'Bf)z,q e

5. CONCLUSION

In the present paper the analytical and approximated solutions
of the abel integral equation involving Fox —H function have
obtained .The analytical solutions have given in closed forms
in terms of H function and due to general nature of the H
function, these solutions have vast importance in various
physical and engineering problems. We also derived some
interesting particular cases involving Mittag Leffler and
exponential functions in corollary 4.1 and 4.2. In theorem 4.2,
an approximated solution of abel integral equation is given,
using numerical trapezoidal rule. The method is based on
approximating of fractional derivatives and integrals.
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