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ABSTRACT-

As the sine transform ,cosine transform and Hartley transform
are widely use in signal processing, the application of their
fractional version in signal/image processing is very promising.
In this paper distributional generalized two dimensional
fractional sine transform is studied. Some properties are verified.
Analyticity theorem of generalized two dimensional fractional
sine transform is proved.
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1 Introduction

Before discussing the fractional sine transform (FRST) we first
describe the concept of ‘fractional operation’. Suppose there is
an operation.

O(f(x)) =F (k) (1.1)

Then its fractional operation (which is denoted byoa( )

where o is some real number) is the operation satisfying the
following properties.

1. Boundary properties

O°(f(x))= f(x).0!(f(x))=F(k) 12)
Aditivity properties-
0°(0°F () =0*(0"(g(x))=0°"(9(X) 4

From the additivity property, the inverse of the fractional
operation is just O_a( )

Where F, (3): Oa(f (X))

Because it is free to choose the parameter a, using the fractional
operation is more flexible then using the originaloperation, and
some problems that cannot be solves by the fractional operation.

The concept of fractional order was only applied to the Fourier
transform at first V. Namias constructed the fractional Fourier
transform (FRFT)by wusing the Hermite polynomial in
1980,which put forward a definition of FRFT for the first time .
In 1990 C.C.Shih redefined the FRFT based on the state function
[1,2]. L.B. Almeida [3] H.M; Ozaktas [4]etc. found out that the
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[2#/4

FRFT of signal whose power is o equals 2 angle rotation of
the signal in its time frequency surface .FRFT is now a hotspot
for research and has been widely used in domains like quantum
mechanics optics and signal processing .

The success of FRFT in its application has of promoted the
development of other kinds of fractional transform ,fractional
Hartley transform ,fractional Hadamard transform and fractional
cosine transform and fractional sine transform

(FRST) were put forward one by one .Pei Soo-Chang redefined
the fractional cosine transform and fractional sine transform
based on fractional Fourier transform in 2001 [5,6].

FRST is the extension of sine transform and it has been widely
used in domain of digital signal processing [7].

The object we have studied in this paper is generalized two-
dimensional Fractional sine transform in distributional sense
\We have define Testing function space and Distributional
generalized two-dimensional fractional sine transform , some
properties of the kernel are verified. Also Analyticity of
generalized two dimensional fractional sine transform is proved.

2 Two-dimensional generalized fractional sine

transforms

2.1 Two dimensional fractional Sine transform with

parameter o of f(x, y) denoted by Fsa (X, y) performs a linear
operation given by the integral transform.

FECT 00 YY) = [ [ £k, 0, y,u V)l

(...2.1.)
Where the Kernel
l-icote T2 ey? vu? wv?yoota i(@-5)
762 e 2
27
sin(coseca.ux).sin(coseca.vy)

kS (x,y,u,v) =

(...2.2)
2.2 The test function space E

An infinitely differentiable complex valued function ¢ on
R" belongs to E(R") if for each compact set | Sa’b

.where

S ={x,y:x.yeR”'|x|£a,|y|sb,a>0,b>0},I eR"
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Ve, (#)=sup|DPg(x, y) < o

X, yel

Where p,g=1,2,3..........

Thus E(R") will denote the space of all ¢ € E(R") with
support contained in S, ,
Note that the space Eis complete and therefore a Frechet

space. Moreover, we say that f is a fractional sine
transformable if it is a member of E', the dual space of E.

3 Distributional

Sine transform
The two-dimensional distributional fractional sine transform of

f(X,y) € E"(R") defined by

two-dimensional fractional

FAR (X ) =Fu,v) =< f(x,y).k, (X y,u,v) >

(...3.)

.2, .2, 2

1-icotx E(X Tty +u

—F—€
27

sin(cos ecar.Ux).sin(cos eca.vy)

k, (X, y,u,v) = e

Where, (...3.2)

R.H.S. of egn(3.1) has a meaning as the application of f € E* to
Ko (X,y,u,v) eE

It can be extended to the complex space as an entire function
given by

FAT (0 Y)=F2(g,h) =<f(xy).k,(x y,9,h) >

The right hand side is meaningful

g,heC"k, (x,y,0,h)e E

because for each

, as a function of x,y .

4 Properties of Kernel of Generalized two
Dimensional fractional Sine transform

g 0y = (DK (xyuY)

1—icot(—« i(><2+y2 +u? +v?)cot(—a)
k (X Yy,u,v) = /#ez
27

e’ "2’ sin(cos ec(—a).ux). sin(cos ec(—a).vy)

1+icota _—i(x2+y2+u2+v2)cota Ci(a+ X

- e 2 e 2
2

sin(cos ecar.ux).sin(coseca.vy)

k (X, y,u,v) =

1-(d T ey +u? +v?) cota
0y = [Nzt
T

(cos(a + %) —isin(a + %))sin(cos eca.ux).sin(coseca.vy)

H i 2 2 2 2
k_a(xy y;U,V) = 1_ (_ZI)COta_ez(X et
V v/

(cos(a — %) —isin(a — g))sin(cos eca.ux).sin(coseca.vy)

[1-(i)cota 5 0c vt wtatyenta -ita=2)
k., (X, y,u,v) =— —( 2) e? e 2
T

sin(cos ecar.ux).sin(coseca.vy)
K, (%, Y,U,¥) = (<D (X, Y, u,V)

+v2)cota i(&—%)

42 K, (u,v,x,y)=K, (x,y,u,v)

1—icota ‘@wirxiy?)oota i(a-T)
k,(uv,Xxy)=,|———=¢? g 2
2
sin(cos eca.xu).sin(cos eca.yv)
1-icotx l(>(2+y2+u2+v2)cotoz i(a-2)
—eZ e 2
27
sin(cos eca.ux).sin(cos eca.vy)

k,(u,vxy)=

Ka (u’va’y) :Ka (xiybubv)

4:3 Ka (_x7_y5uav):Ka (x,y,u,v)

1-icota L(-X2+(-y?+uPn?)oota i(a-T)
k,(—X,-y,uv) = |————e e

2z
sin(coseca.u(—x)).sin(coseca.v(-y))

l1—icota i(x2+y2+u2+v2)cotoz i(a-2)

- e 2 e 2
27

sin(cos ec «.ux).sin(cosec a.vy)

Ko (X, y,U,V) =

K, (—x,~y,u,v)=K, (x,y,u,v)

Tka(x, y,u VK (X, y,u' vt = (<)su—u',v—v')
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= iy vk by v e

= (1) [k, (kv (e v v e

= (-Dk,(u,v,u,v)

5. Analyticity of the generalized two-
dimensional fractional Sine transform.

Theorem 1 Let f(x,y) eE*(R") and let its fractional Sine

o
transform be defined by (3.2). The F; (8,7) is an
analyticon C" ifthe SUp f < S, ; where

S,p = {x,y:x.y eR™X <aly|<b,a>0b >0}

Moreover F(g,h) isdifferentiable and

3

for any fixed X,y € R" and fixed integer

P =(Py Py Pyrevees By)

Dy k_(x,y,g,h)=D [AeE( e “ sin(coseca.gx).
B

7(y +h?)cotar
Where  B(y) =e? sin(coseca.hy)  and

A [1-icot aei<a—§)
2r

D)Eka(xiy!gih):

27

sin(coseca.hy)> " >"

Ry

(icota)* " (2x)*?" (cosecar.gx)” .

sin(coseca.gx +

DITF(g,h) =(f(x,)), DK, (x,y.8,h) 51

Proof Let

Fesl €= - SRR Gjeeeeeenes g )eC"
and

h:(hhy,....... ,hj, ........... h,) eC"

We first prove that,

0
—F'(9.h) <f(xy) k(xygh)>
qu j
For fined i * O,Chose two concentric circle ¢ and ¢’ with
center at J j and radii r and r1 respectively such that O<r<rl<
o]
Let Agj be a complex increment satisfying 0 < ‘Agj‘ <X

Consider,
F(gj+Agj)-Fg (9))

Ag aj
= (F(CY)Wag, 04Y))

(...5.2)

(.-5.3)

(p—m7z
> )

Since for any fixed X, Y € R"  and fixed integer p and
ranging from 0 to w/2.
Dxp ka (X, Y, 0, h) is analytic inside and on ¢’, we have by

Cauchy’s integral formula

1 —
D, (xY) =~ D;’!ka(x, Y. (

1 1

1—icota ia-Z) Li@iy?ig?+n?)cota
— e 2 e2

o is

1

Ag; z-9;-A9; z-9;

Where = gl,gz,...gj,l,gjﬂ,---gn

Ag; A(X, Y, g,h
DI, (x,y) = b [ A0

(z

m c'(Z_gj_Agj)(Z_gj)z

But for all Z € C' and x restricted to a compact subset of R"

,0<o<m/2,

A(X, Y, g,h) =

constant Q

Moreover,

‘Z_gj‘:rl.

Therefore we have ,

_ |29

S (n-nn

Dk, (XY, é h)is bounded by

‘z—gj—Agj‘>rl—r>O

a

and

_<f(x,y)6 k (xygh)>‘Dp\PAg (x, y)‘ ‘ gJJ‘(Z_ A(x,y,g,fh)

_Agj)(z_gj)z
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lAhy|p
(L-nrn’
Where B(X,Y,d,h) = DJk, (x,Y, g, h) is bounded by a
constant P
Thus, as‘Ag j‘ — 0, DXp‘I"AgJ (X, y) tends to zero uniformly

Similarly, ‘Df‘PAhj (X, y)‘ =

on the compact subsetof R" therefore it follows that

‘I’Agj (X.y) converges in E(Rn) to zero.

since T(X,¥) € E  we conclude that equation (5.2) also
tends to zero.

Therefore Fa (g, h) is differentiable with respect to i and hj

. But this is true for all j=1,23...... n. Hence Fa (g,h) is

analyticon C" and

D/JIF. (9.h) =< f (x,y).Dgik, (x,y.9,h)

Y g

6 CONCLUSIONS

We have extended two-dimensional fractional Sine transform in
the distributional generalized sense, the testing function space
and Distributional

Generalized two-dimensional fractional Sine transform is
defined. Analyticity Theorem and some properties of kernel of
generalized two-dimensional fractional Sine transform are
proved.
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