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ABSTRACT 

In this paper, a fractional order proportional integral controller 

(FOPI) and Fractional order[Proportional Integral] (FO[PI]) 

controller is designed for controlling the level of a spherical 

tank which is modeled as a first order plus dead time system 

These controllers are designed based on the  same set of 

design specifications which will satisfy the desired  given gain 

cross over frequency and phase margin. The performance of 

the designed FOPI and FO [PI] controller is compared with 

the Conventional integer order Proportional Integral (IOPI) 

controller. The simulations are done in MATLAB simulink. 

General Terms 

Controller Design , Comparison of the Controllers , Fractional 

Calculus.  

Keywords 

Fractional order controller, Integer order controller , Spherical 

tank, First order plus delay time systems 

1. INTRODUCTION 
       The control engineering deals with understanding the 

plant under operation, and obtaining a desired output response 

in presence of system constraints, So the development of 

better and simpler control algorithms is a continuing 

objective.PID (proportional integral derivative) controllers are 

the most popular controllers used in industry because of their 

simplicity, and the availability of many effective and simple 

tuning methods based on minimum plant model knowledge. 

     Clearly, for closed-loop control systems, there are four 

cases: (1) integer order (IO) plant with IO controller; (2) IO 

plant with fractional-order (FO) controller; (3) FO plant with 

IO controller, and (4) FO plant with FO controller. In control 

practice, the fractional-order controller is more common, 

because the plant model can be obtained as an integer-order 

model in the classical sense [3].From an engineering point of 

view, improving or optimizing performance is the major 

concern. Hence, our objective is to apply the fractional-order 

control (FOC) to enhance the (integer order) dynamic system 

control performance. 

    The primary concern for the controller design and tuning is 

to maintain the stability of the control system. Stability is the 

minimal requirement for the controller design. Where after, 

some specific controller need to be determined to meet the 

desired robustness and performance criteria by searching over 

the stabilizing controller set. Recently, several schemes have 

been proposed to analyze the stability region for the 

traditional integer order PID controllers, and also for the 

fractional order PID controllers [3]. Within the complete 

stabilizing set, it is important to design the proper controllers. 

to guarantee the robust requirement, and satisfy performance 

specifications, e.g., phase margin, gain margin, gain crossover 

frequency, etc. 

   For all first order plus time delay (FOPTD) systems, a 

controller can be designed to satisfy the given crossover 

frequency, phase margin and a flat phase criteria. This flat 

phase means that the system open loop phase is a constant 

around the given gain crossover frequency, which can show 

the iso-damping property for the system response. This 

scheme has been discussed in a previous work [4].In recent 

years there is remarkable increase in the number of studies 

related with the application of fractional controllers in many 

areas of science and engineering. This is due to a better 

understanding of the fractional calculus potentialities. 

   

2. FRACTIONAL CALCULUS 
       Calculus is a branch of mathematics focused on limits, 

derivatives, integration etc. Conventional calculus deals with 

differentiation and integration of integer order. The 

generalization of conventional calculus to any order gave birth 

to fractional calculus. Since its birth the fractional calculus 

investigation was mostly mathematical for almost 300 years. 

There were notable contributions in the field of fractional 

calculus from Liebnitz (1695), Euler(1730), Lagrange(1772), 

Laplace(1812), Fourier(1822), Abel(1823), Liouville(1832), 

Rieman (1876), Oldham and Spanier ( 1974) etc. 

A commonly used definition of fractional differo-integral is 

the Riemann-Liouville definition which is given by 
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3. LEVEL SYSTEM 
The control parameter which we have chosen is the level. 

Capacity sensor and level transmitter arrangement will sense 

the level from the process and converts into electrical signal. 

Then this electrical signal is fed to a current to voltage 

converter which in turn provides corresponding voltage signal 
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and will be given to the computer (controller). The control 

system maintains water level in a storage tank. The control 

system performs this task by continuously monitoring  the 

level in the tank and adjusting a supply valve to add more or 

less water to the tank. The desired level is maintained by an 

operator.  

 
  Figure 3.1 Closed loop level control system 

 

 The actual storage tank water level, sensed by the level 

transmitter, is then compared with a desired level to produce 

the required control action that will position the level control 

as needed to maintain the desired level. Now the controller 

decides the control action and it is given to the V/I converter 

and then to I/P converter. The final control element 

(pneumatic control valve) is now controlled by the resulting 

air pressure. This in turn control the inflow to the spherical 

tank and the level is maintained. 

  

3.1 System Identification 
   The empirical method of identifying the system is the most 

modern method. Empirical models use data gathered from 

experiments to define the mathematical model of a system. A 

step change in the input to a process produces a response, 

which is called process reaction curve .A variety of empirical 

modelling methods exists. One method for developing models 

uses system identification methods. System identification 

methods use the input and output data to create difference 

equation which are used for representations that model the 

data. 

           In general terms, the time constant (τ), describes how 

fast the process variable (PV) moves in response to a change 

in the controlled output (CO). the time constant must be 

positive and it must have units of time. Most often it has units 

of minutes or seconds. Step test data implies that the process 

is in manual mode (open loop) and initially at steady state. 

            The transfer function models are required only for the 

simulation studies of the controller design. Here we are 

controlling the level (H) of the tank by manipulating the flow 

rate (Q). The most commonly used model to describe the 

dynamics of the industrial level process is general First Order 

plus Time Delay Process (FOPTD). And the FOPTD model 

structure is given in equation (3.1) 
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ϴd – Time delay 

Kp – Process gain 

τ - Time constant 

           Here the process of interest is approximated by a First 

Order plus Time Delay Process. The dead time approximation 

can be done in several methods; some methods are discussed 

below: 

1. The simplest approximation method is taking the first two 

terms of Taylor series expansion of the Laplace transfer 

function of the dead time element. 
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3. The crude approximation 
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    Thus by approximating the dead time using any mentioned 

methods, we can conclude that a First Order plus Time Delay 

Process can be approximated as a higher order process. The 

transfer function parameters of the process are obtained by 

doing the step test. That is at a fixed inlet flow rate the system 

is allowed to reach the steady state. Various readings are 

noted by giving a step increment in the input flow rate. Steps 

to find transfer function are: 

1. Note down the Initial Steady State (I.S.S) value of the 

process variable (PV). 

2. Give a noticeable change in the input at time (t1) and the 

time delay (L). 

3. Observe the change in the process variable and note down 

the New Steady State (N.S.S) value. 

4. Find out the total change in PV,ΔPV=N.S.S – I.S.S 

5. Compute the value (ΔPV*.632) + I.S.S 

6. Note down the time (t2) corresponding to (ΔPV*0.632) + 

I.S.S value. 

7. Then the time constant (τ) can be calculated as   τ=t2-t1 

8 The process gin (Kp) is ΔPV/ΔV, where ΔV is the change in 

input in Volts. 

The transfer function parameter for the region   (0 - 15)cm  is 

experimentally obtained as  
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            Table 1 Piecewise Transfer Function Models 

 

Operating Range 

(cm) 

Transfer Functions models 

(0-15)cm       150.93
( )

89.59 1

sG S e
s




 

(15-25)cm       200.36
( )

206.54 1

sG S e
s




 

 

The spherical tank is modeled into piecewise transfer 

functions and the controllers (IOPI, FOPI AND FO[PI]  are 

designed for  each transfer function. The performance of the 

controllers can be compared.  
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4. CONTROLLER DESIGN  

4.1 Design Specifications         
    According to the desired gain margin Am and phase margin 

φm, the designed fractional order PID controller should meet 

the stability robustness of the feedback control loop[3]. There 

are three interesting specifications to be met by the fractional 

order controller. From the basic definition of gain cross over 

frequency and phase margin we get the following: 

I. Phase margin constraint, 

           Arg[G(jωc)]=Arg[C(jωc)P(jωc)]=-∏+φm 

II. Gain crossover frequency constraint 

           |G(jωc)|db=Gc(jωc)P(jωc)|db=0                                           

III. Robustness to loop gain variation constraint. 

             

( [ ( ) ( )])
  0
d Arg C jwc P jwc

dw


 
With the condition that the phase derivative with respect to 

the frequency is zero i.e the phase Bode Plot is flat, at the gain 

cross over frequency, it means that the system is more robust 

to gain changes and the overshoots of the response are almost 

the same. 

 

4.2 FOPI Controller Design         
The tuning of the FOPI controller (λ, kp, ki) for the desired 

phase margin and gain cross over frequency can be found out. 

The open-loop transfer function of the system can be taken as 
( ) ( ) ( )G s C s P s
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The closed-loop transfer function of the overall system can 

be expressed as 

 C(s)P(s)
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The FOPI controller is of the form , 

 C(s) = Kp+Ki/sλ                                                                (4.3) 

From [i] specification we get, 
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Then, the equation between Ki and λ can be obtained as 

follows, 
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From [iii] specification we get, 
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According to Specification (ii), we can establish an equation 

about Kp  
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On solving the equations we get the value of Ki  for each λ . 

Using the values of Ki and λ, we will get the value of Kp 

which will satisfy the desired specifications. 

So for the given λ, the ki value and kp value can be obtained. 

Design procedure 

 Given ωc, the gain crossover frequency;  

 Given ϕm, the desired phase margin; 

 With the pre-specified ϕm = 50 ωc=0.01rad/sec ,and 

fixed λ = 0.7,Kp = 1.3354, Ki  = 0.1379, λ   =0.7 

 

4.3 FO[PI] Controller Design         

            The  transfer function G(s) of the FO[PI] 

controller for the system is      

 
    ( ) ( ) ( )G s C s P s                                     (4.6)  

According to the fractional order [PI] controller transfer 

function, we can get its frequency response as follows, 
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According to Specification (i), the phase of G3( jω) can be 

expressed as, 
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According to Specification (iii) about the robustness to 

gain variations in the plant 
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According to Specification (ii), we can establish an equation 

about Kp, 
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Where, 

B3 = tan[(  arctan( T)- m -L )/ ].c c      

 
On solving the equations we get the value of λ and Ki. Using 

the values of Ki and λ, we will get the value of Kp which will 

satisfy the desired specifications. 

So for the given λ, the ki value and kp value can be obtained. 

Design procedure 

 Given ωc, the gain crossover frequency;  

 Given ϕm, the desired phase margin; 
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 With the pre-specified value of ϕm = 50, 

ωc=0.01rad/sec ,and fixed λ = 0.7, the values can be 

obtained as Kp = 3.54, Ki  = 0.29, λ   =0.7 

 

5. SIMULATION RESULTS 
 

    Ziegler-Nichols open loop Tuning is performed in order to 

get the controller parameters. A step signal is applied to get 

the open loop response . The Ziegler Nichols tuning was done 

for the Integer order controller parameters. The fractional 

order controllers were designed based upon the minimization 

of ISE , integral square error.            

 
                                                                                  

 

 

  Figure 5.1 Response for the PI and FOPI controller for the 

region (0 -15)cm 

   

Table 5.1. Performance values of the controllers for the 

range (0 – 15)cm 

 

           

Controllers 
Settling 

Time(secs) 
      Rise 

time(secs) 
ISE 

IOPI 

Controller 
450 199 53.3 

FO[PI] 

Controller 
250 78 35.5 

FOPI 

Controller 
200 75 27 

 
                  Figure 5.2 Bode Plot of C(s)P(s)  
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  Figure 5.1 Response for the PI and FOPI controller for the 

region (15-30)cm 

 

Table 5.2. Performance values of the controllers for the 

range (0 – 15)cm 

Controllers Settling 

Time(secs) 

      Rise 

time(secs) 
ISE 

IOPI 

Controller 

425 75 35 

FO[PI] 

Controller 

300 65 33 

FOPI 

Controller 

220 40 32 
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                  Figure 5.2 Bode Plot of C(s)P(s)  

 

 

Here from the response it is inferred that , PID control has the 

faster response and the rise timet is less when compared to PI 

controller. But  when Fractional order PI controller is used it 

has  lesser overshoot and the response  obtained was  better 

compared to the ZN PI and ZN-PID controllers. The table 5.1 

shows the performance values of the controllers. 

 

6. CONCLUSION 
The system identification of the spherical tank using 

emperical method was done and the piecewise transfer 

function was obtained in real time and hence the system was 

studied. The controllers parameters for an integer order 
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system was obtained using Ziegler Nichols method and the 

simulation was done using Matlab Simulink The  FOPI 

controller was implemented and the response obtained is 

compared with the ZN PI controller and FO[PI] controller.We 

can see that the overshoot of the unit step response using the 

FOPI controller is even much shorter than those using the 

FO[PI] and the IOPID controllers with the designed 

parameters. Thus, we can conclude that the FOPI controller 

outperforms the FO[PI] and the IOPID controllers. 
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