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ABSTRACT

G.B.Navalagi [2] introduced a new class of set called g*s-
closed set in topological space. In this paper , we introduce
and study the properties of g*s-I closed and open sets in ideal
topological spaces. Also by using , g*s-l closed sets we
introduce g*s-I continuous functions, g*s-I closed and open
maps.
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1. INTRODUCTION AND
PRELIMINARIES

An ideal I on a topological space (X,t) is a non-empty
collection of subsets of X which satisfies the following
properties. (1) A elandBc AimpliesB eI, (2) A e land
B e | implies AuBel. An ideal topological space is a
topological space (X, t) with an ideal | on X and is denoted by
(X, 1, 1). Forasubset Ac X, A*(l,t)={x e X: AU ¢l for
every Uet (X,x)} is called the local function of A with
respect to | and t [4]. We simply write A* in case there is no
chance for confusion.A kuratowski closure operator cl*(.) for
a topology t*(I, 1) called thet *- topology , finer than t is
defined by cI*(A) = A U A* [9]. If A c X, then cl(A) and
int(A) will respectively, denote the closure and interior of A
in (X, 7).

Definition 1.1. A subset A of a topological space (X, t)
is called

1)Generalised closed (briefly g-closed) [1],if cl (A) < U
whenever A ¢ U and U is open in (X, 1)

2) Generalised semiclosed (briefly gs-closed) [11], if scl(A) =
U whenever A c U and U is open in (X, 1)

3) Semi-Generalised closed (briefly sg-closed) [9], if scl(A)
< U whenever A < U and U is Semi-open in (X, t).Every
Semi-closed set is sg-closed.

4)Weakly Closed(briefly w-closed) [10], if cl(A) < U
whenever A < U and U is Semi-open in (X, 1).

5) Weakly Generalised Closed(briefly wg-closed)[7] if cl(int
A) < U whenever A c U and U is openin (X, 1)
6)a-generalised closed (briefly ag-closed) [4], if a-cl (A) <
U whenever A < U and U is open in (X, 1)

7)Generalized-o. closed (briefly go-closed) [3], if a-cl(A) c U
whenever A c U and U is a-open in (X, 1)

8)reqular w-closed(briefly rw-closed) [12], if a-cl (A) c U
whenever A c U and U is regular semi- open in (X, 1)

9) Strongly g-closed [1], if cl (A) < U whenever A c U and U
is g-open in(X, 1)

G.Sindhu
Assistant Professor
Department of Maths with CA
Nirmala College for Women
Coimbatore, Tamil Nadu, India.

The complements of the above mentioned closed sets are
called their respective open sets.
Definition 1.2. [1] A subset A of an Ideal topological
space (X, t, I) is said to be al-open if A < int(CI*(int(A))).
The complement of the al-open set is called al-closed.
Definition 1.3. A subset A of an ideal topological space
(X, 7, ) issaid to be a
1) go - | — closed [ 16], if o I cl(A) < U whenever A c U and
Uis a - openin X
2) ag - | —closed [ 16], if o | cl(A) < U whenever A c U and
U is open in X.
3) wga-I-closed [14], if alcl (int(A)) < U whenever A c U
and U is a-open in (X, 7).
4) wog-I-closed [14], if alcl (int(A)) < U whenever A c U
and U is open in (X, 7).
5) Ig-closed [15] , if A*< U whenever A < U and U is open
in X.
The complements of the above mentioned closed sets are
called their respective open sets.
Definition 1.4. For a subset A of an ideal topological
space (X, 1, I),

1) sl-cl(A) = Au int*(cl(A))

2) sl-cl(A) ccl(A)

3) sl-cl(A) < scl(A)

2. g*S-1 CLOSED SETS IN
TOPOLOGICAL SPACES

Definition 2.1:A subset A of (X,z,1) is called a g*s-I
closed set, if sl-cl(A) < U, whenever A < U and U is gs-open
in (X, 1, 1).The class of all g*s-I closed sets in a topological
space (X,t1,1) is denoted by g*s-1-C(X, t,1).

Remark 2.2:The complement of g*s-I closed set is g*s-I
open set.

Theorem 2.3:Every closed setin (X,t,1) is g*s-I closed
set.

Proof: Let A be a closed set in X. Let U be a gs-open set such
that A < U. Since A is closed , cl(A) = A, cl(A) < U. But sl-
cl(A) < cl(A) < U. Therefore sl-cl(A) < U. Hence A is g*s-I
closed set in X.

Theorem2.4:uUnion of two closed sets is g*s- closed.
Proof: Let A and B be two closed and hence g*s-I closed sets
in X. Let U be a gs-open set in X such that A u B < U. Then
A c Uand B c U. Since A and B are g*s-I closed sets , we
have sl-cl(A) c U and sl-cl(B) < U. Hence sl-cl(Au B) =
sl-cl(A) u sl-cl(B) < U. Therefore A U B is g*s-I closed.

Theorem 2.5:Every g*s-1 closed set is gs closed.
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Proof:Let A be g*s-1 closed set in X. Let U be a open set such
that A < U. Since every open set is gs-open and A is g*s-I
closed , we have s-cl(A) c U . Therefore A is gs closed in X.
Theorem 2.6:Every g*s-1 closed set in X is sg closed .
Proof:Let A be g*s-1 closed set in X. Let U be a Semi-open
set in X such that A < U. Since every Semi-open set is gs-
open and A is g*s-I closed , we have s-cl(A) < U . Therefore
A'is sg closed in X.

Theorem 2.7:Every g*s-I closed set in X is g*s-closed.
Proof:Let A be g*s-I closed set in X. Let U be a gs-open set in
X such that A < U. Since A is g*s-I closed , we have sl-cl(A)
< U and also s-cl(A) < U. Therefore A is g*s-closed in X.
Theorem 2.8:Every g*s-I closed set in X is gs-I closed.
Proof:Let A be g*s-I closed set in X. Let U be an open set in
X such that A < U. Since every open set is gs-open and A is
g*s-1 closed, we have sl-cl(A) < U. Therefore A is gs-1 closed
in X.

Theorem 2.9:Every g*s-I closed set in X is sg-I closed.
Proof:Let A be g*s-I closed set in X. Let U be an Semi-open
set in X such that A < U. Since every Semi-open set is gs-
open and A is g*s-I closed, we have sl-cl(A) < U. Therefore
Ais sg-l closed in X.

Theorem 2.10:Every o-l closed set in X is g*s-I
closed.

Proof:Let A be a-I closed set in X. Let U be an open set such
that A < U. Since every open set is gs-open and
cl(int*(cl(A))) < A, we have sl-cl(A) c A < U. Therefore A
is g*s-I closed in X.

The converse of the above theorems need not be true as seen
from the following examples.

Example2.11:Consider the topological space X= {a,b,c}
with topology t={J, {a}, X } and I={, {b}}. The sets {b}
and {c} are g*s-I closed but not closed.

Example 2.12:Consider the topological —space X=
{a,b,c} with topology t={J, {a},{a,c}, X }and I={, {a}}.
The sets {a,b} and {c} are gs closed but not g*s-1 closed.
Example 2.13:Consider the topological —space X=
{a,b,c} with topology t={&, {a,b}, X } and 1={Q, {a}}.
The sets {a,c} and {b,c} are sg closed sets but not g*s-I
closed.

Example 2.14:Consider the topological —space X=
{a,b,c} with topology ={J, {a}.{a,c}, X }and I={J, {a}}.
The set { c} is g*s-closed set but not g*s-I closed.
Example 2.15:Consider the topological —space X=
{a,b,c} with topology ={J, {a},{a,c}, X }and I={J, {a}}.
The set { a,b} is gs-1 closed set but not g*s-1 closed.
Example 2.16:Consider the topological —space X=
{a,b,c} with topology ={J, {ab}, X } and 1={J, {a}}.
The set { a,c} and { b,c} are sg-I closed sets but not g*s-I
closed.

Example 2.17:Consider the topological —space X=
{a,b,c} with topology ={dJ, {a}.{c}.{ac}, X }and I1={J,
{a}}. The set { a} is g*s-1 closed but not a.-1 closed.

The following diagram is depicted based on the above
Theorems:

gs-I closed Closed

Nt

sg-I closed

sg closedqg———» g*s-I closedg==> gs closed

o-l closed/}l \\\‘ g*s- closed

Remark 2.18:The concept of g*s-1 closed Set is
independent of the following classes of sets ,namely g-closed
set, g* - closed Set, w- closed set, pre- closed set, go— closed
set, ag- closed set, Strongly generalized closed sets, a-g-I
closed sets and g-a-1 closed set , as seen from the following
examples.

Example 2.19:Consider the topological —space X=
{a,b,c} with topology ©={J, {a}.{a.c}, X}and I={J, {a}}.
In this space , the set { a,b} is g -closed but not g*s-1 closed.
In topology t={J, {a},{c}.{a,c}, X } and 1={J, {a}}, the
set { a} is g*s-I closed but not g closed.

Example 2.20:Consider the topological —space X=
{a,b,c} with topology t={, {a,b}, X } and 1={, {a}}. In
this space , the sets { a,c}and{ b,c} are g*-closed but not g*s-
I closed. In topology t={&, {a}.{c}.{a,c}, X } and I={J,
{a}}, the set { a} is g*s-1 closed but not g* closed.
Example 2.21:Consider the topological —space X=
{a,b,c} with topology t={J, {a,b}, X } and 1={Q, {a}}. In
this space , the sets { a,c}and{ b,c} are w-closed but not g*s-I
closed. In topology t={<, {a}, X } and 1={J, {b}}, the sets
{ b} and{c} are g*s-I closed but not w closed.

Example 2.22:Consider the topological —space X=
{a,b,c} with topology t={J, {a},{a,c}, X} and I={J, {a}}.
In this space , the set { c} is pre-closed but not g*s-1 closed. In
topology t={d, {a}, {c}.,{a,c},X } and I={, {a}}, the set {
a} is g*s-1 closed but not pre closed.

Example 2.23:Consider the topological —space X=
{a,b,c} with topology t={d, {a}.{c}{a.c}, X } and I={J,
{a}}. In this space , the set {a} is g*s-I closed but not strongly
g closed. In topology t={&, {a,b},X } and 1={J, {a}}, the
sets { a,c} and {b,c} are strongly g closed but not g*s-I
closed.

Example 2.24:Consider the topological —space X=
{a,b,c} with topology t={Z, {a,b}, X } and 1={&, {a}}. In
this space , the sets { a,c}and{ b,c} are ga closed but not g*s-
I closed. In topology t={<, {a}, {c}.{a,c}, X } and 1={O,
{a}}, the set { a} is g*s-I closed but not ga closed.
Example 2.25:Consider the topological —space X=
{a,b,c} with topology t={Z, {a,b}, X } and 1={, {a}}. In
this space , the sets { a,c}and{ b,c} are ag closed but not g*s-
I closed. In topology ={&, {a}, {c}.{a,c},X } and 1={O,
{a}}, the set { a} is g*s-I closed but not a.g closed.
Example 2.26:Consider the topological —space X=
{a,b,c} with topology ={J, {a,b}, X } and 1={Q, {a}}. In
this space , the sets { a,c}and{ b,c} are agl closed but not
g*s-l closed. In topology ={<, {a}, {c}.{a,c}, X } and
1={J, {a}}, the set { a} is g*s-I closed but not agl closed.
Example 2.27:Consider the topological —space X=
{a,b,c} with topology t={&, {a}{c}{ac}, X } and 1={,
{a}}. In this space , the set {a} is g*s-I closed but not g al
closed. In topology ={J, {a,b},X } and 1={J, {a}}, the
sets { a,c} and {b,c} are gal closed but not g*s-1 closed.

From the above Examples we get the following diagram:

g-closed w-closed pre closed

g*c|osed‘\‘\§‘ $ ‘{Z/ftrongly g closed
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go closed% g*s-I closed 4— ag closed
agl closedM

Definition 2.28:A subset A of (X, t,1) is called g*s-I
open set if A®is g*s-1 closed. The class of all g*s-1 open sets
is denoted as g*s-1 O(X, , I).

Definition 2.29:A collection {u;} of g*s-1 open sets are
called a g*s-I covering for an ideal topological space (X, t,1),
ifXcu U;

Definition 2.30:An ideal topological space (X,t,I) is
called a g*s-I compact space if every g*s-1 covering has a
finite subcover.

Definition 2.31:Let (X, t, I) be a g*s-I compact space.f
A is g*s-1 closed subset of X, then A is g*s-1 compact.

Theorem 2.32:Every closed subset of a g*s-I compact
space is g*s-1 compact

Proof: Let Y be a closed set in a g*s-1 compact space (X,z,l).
Therefore, Y is g*s-1 compact, since every closed set is g*s-I
closed.Given, a covering A of Y by g*s-1 open sets in X, we
can form an open covering B of X by adjoining to A the single
g*s-1 open set X-Y. ie, B = AuU(X-Y).Since X is g*s-I
compact , some finite subcollection of B covers X. If this
subcollection contains the set X-Y, discard X-Y, otherwise
leave the subcollection alone. The resulting collection is a
finite subcollection A that covers Y. Hence Y is g*s-I
compact.

3. g*S-1-CONTINUOUS FUNCTIONS IN
TOPOLOGICAL SPACES

Levine[5] introduced semi continuous functions
using semi open sets. The study on the properties of semi
continuous functions is further carried out by Noiri[8],
Cossely and Hilbrand and many others .Sundaram introduced
the concept of generalized continuous functions which
includes the class of continuous functions and studies several
properties related to it.

In this section,we introduce the concepts of g*s-I
Continuous functions , g*s-1 closed maps , g*s-1 open maps in
Ideal Topological Spaces and study their properties.
Definition 3.1:Amapf: (X, 7, 1) - (Y, o) is called
g*s-1 Continuous if the inverse image of every closed setin Y
is g*s-I closed in X.

Theorem 3.2:famap f: (X, t, I) — (Y, o) is
continuous , then it is g*s-1 Continuous but not conversely.
Proof: Let f: (X, 1, 1) — (Y, o,) be continuous. Let F be any
closed set in Y. Then the inverse image f*(F) is closed in Y.
Since every closed set is g*s-I closed, f*(F) is also g*s-I
closed in X. Therefore f is g*s-1 Continuous.

The converse of the above theorem need not be true
as seen from the following example.

Example 3.3:Consider the topological space X=Y=
{a,b,c} with topology t={J, {a}, X}, o ={¢, {a,b}, Y} and
1={, {a}}. Letf: (X, 7, 1) —> (Y, o) be an identity map.
Then f is not continuous, since for the closed set {c} in Y ,
£1({c})={c} is not closed in X. But f is g*s-1 Continuous.

Theorem 3.4:ifamapf: (X, 1, 1) > (Y, o) is g*s-I
continuous , then it is gs- Continuous but not conversely.

gal closed

Proof: Letf: (X, 1, 1) — (Y, o) be g*s-I continuous. Let F be
any closed set in Y. Then F is g*s-l closed in Y. Then the
inverse image f(F) is also g*s-I closed in X. Since every

g*s-1 closed set is gs-closed , f*(F) is also gs-closed in X.
Therefore f is gs-Continuous.

The converse of the above theorem need not be true
as seen from the following example.

Example 3.5:Consider the topological space X=Y=
{a,b,c} with topology t={, {a}, X }, o ={¢, {b}, Y} and
1={&, {a}}. Letf: (X, 1, 1) = (Y, ) be an identity map.
Then f is gs-Continuous but not g*s-l1 continuous, since for
the closed set {a,c} in Y, f'({a,c})={a,c} is not g*s-I closed
in X.

Theorem 3.6:Let X=AUB, where A and B are closed in
X. Let f: A—Y and g:B—Y be continuous. If f(x)=g(x) , for
every xe AnB ,then f and g give a g*s-1 continuous function
h:X—Y ,defined as h(x)=f(x) , if xe A and h(x)=g(x), if xeB
Proof: By Pasting Lemma, there exists a continuous function
h:X—Y ,such that h(x)=f(x) , if xe A and h(x)=g(x), if xeB.
Since every continuous function is g*s-I continuous, h is g*s-I
continuous.

Theorem 3.7:1ff: (X, t, 1) > (Y,5,) and g: (Y,5,J) —>
(Z,v) are g*s-1 Continuous then gef: (X, t, I) > (Z,v) is also
g*s-I continuous.

4. g*S-1-CLOSED AND OPEN MAPS IN
TOPOLOGICAL SPACES

In this section, we introduce the concepts of g*s-I —
Closed maps and g*s-I1-Open maps in Ideal Topological
Spaces.
Definition 4.1:Amapf: (X, t,1) > (Y, 5, J) is called
g*s-1 Closed map, if for each closed set F in X, f(F) is g*s-I
closedin.
Theorem 4.2:1famap f: (X, 1, 1) > (Y, 0, J)isa
Closed map, then it is g*s-1 Closed but not conversely.
Proof: Since every closed set is g*s-1 Closed, the result
follows.The converse of the above theorem need not be true
as seen from the following example.
Example 4.3:Consider the topological space X=Y=
{a,b,c} with topology t={J, {a,b}, X}, o ={¢, {a}, Y} and
1=3={J, {a}}. Letf: (X, 7, 1) > (Y, o, J) be an identity
map. Then f is not a closed map, since for the closed set { c}
in X, f({c})={c} is not closed in Y. But f is g*s-I Closed
map.
Definition 4.4:Amapf: (X, t,1) - (Y, ,J) is called
g*s-1 Open map, if for each open set U in X, f(U) is g*s-I
openin.
Theorem 4.5:1famapf: (X, 1, 1) > (Y, ,J)isaOpen
map, then it is g*s-1 Open but not conversely.
Proof: Letf: (X, t,1) — (Y, o,J) be an open map. Let U be
any open set in X. Then f(U) is an open set in Y. Then f(U) is
g*s-1 open in Y , since every open set is g*s-1 open. Therefore
f is g*s-1 open.The converse of the above theorem need not be
true as seen from the following example.
Example 4.6:Consider the topological —space X=Y=
{a,b,c} with topology t={9, {a,b}, X}, o={¢, {a}, Y} and
1=3={0, {a}}. Let f: (X, 7, 1) = (Y, o,J) be an identity
map. Then f is not an open map , since the open set { a,b} in
X, isnotopenin Y. But{ a,b} in X, is g*s-l open map in Y.
Theorem 4.7:1ff: (X, t, 1) > (Y, 5, J)and g: (Y,5.J)
— (Z,v,K) are g*s-I Closed maps ,then gof: (X, 1, 1) —
(Z,v,K) is also g*s-I closed.
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