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ABSTRACT 

In the present research work, effect of drifting velocity of 

electrons have been studied in plasma systems consisting of 

cold positive and negative ions and electron beam. The 

electrons are assumed to obey non-extensive velocity 

distribution. Standard reductive perturbation method is used to 

derive dispersion relation, which comes out to be a 

polynomial of four degree in phase velocity that corresponds 

to four ion-acoustic modes. The expression for critical 

velocity is found to be the function of various parameters 

including nonextensive parameter q. The nonextensivity and 

electron beam parameters play crucial role in the 

characterization of solitons. We have taken (Ar+F-), (H+ H-), 

(H+O2
-) plasma systems for our study. 
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1. INTRODUCTION 
The nonlinear wave structures are described by a quantum of 

energy that can be propagated as travelling wave in nonlinear 

media. These waves arise due to the delicate balance of 

nonlinearity and dispersion [1]. Ion acoustic solitary waves or 

solitons are the most studied ones among all nonlinear wave 

structures that exist in ionosphere, inter-galactic environment 

and plasmas etc. Electron beam is found to observe frequently 

in the region of space where ion-acoustic waves exist. 

Observational studies in auroral zone have confirmed electron 

and ion beam associated with solitary waves [2]. The high 

speed electron have an appreciable influence on the excitation 

of nonlinear waves in earth’s magnetosphere and 

interplanetary space [3]. An important work with electron 

beam was done by Yadav et. al. [4], where they predicted the 

formation of four soliton branches above a certain critical 

velocity. However Bala et. al. [5], showed the formation of six 

soliton branches above a critical velocity while taking the case 

of multicomponent plasma model with positive, negative ions, 

electron beam and nonthermal electrons. In the past, the 

studies of solitary wave with electron beam has become the 

source of interest for many researchers in variety of plasma 

systems [4, 5, 6-10]. Multi-ion plasmas such as  H+, O2
− , 

(H+, H−)  and   (Ar+, F−)  plasma composition occur in D- 

region of ionosphere, where negative ions are found [11].  

One of the universally accepted particle distribution is the 

Maxwellian or extensive distribution, which is valid for 

systems in equilibrium. But for systems with long range 

interactions such as in plasma where nonequilibrium states 

exist, the non-extensive distribution becomes important. Over 

the last two decades there is an increasing interest to study a 

new statistical approach based on the derivations of 

Boltzmann–Gibbs-Shanon (BGS) entropic measures, also 

known as Tsallis distribution [12]. It  has been further 

observed that ions play a dominant role in the nonextensive 

effects in comparison with the electron [13]. Here, the 

parameter q is a measure of nonextensitivity and q=1 leads to 

extensive distribution. For q<1(>1), high energy states are 

more (less) probable than in extensive case. The Tasllis q- 

distribution has been used with some success in a number of 

research work in plasma physics [14-22]. The aim of present 

investigation is to study drifting effect of electrons in multi-

ion plasma model consisting of positive, negative ion and 

electron beam with nonextensitively distributed electrons. 

Regarding the organization of paper, basic equations related 

to our plasma model have been given in section 2, using 

nonextensive distribution of electrons and standard reductive 

perturbation method, a nonlinear wave equation known as 

Korteweg-de Vries equation (KdV) has been derived. Section 

3 is devoted to the discussion of numerical results and finally 

the conclusions are made 

2. FORMULATION OF PROBLEM 
We have considered the collisionless, unmagnetized, multi-

ion plasma model containing cold positive and negative ions 

and electron beam. Further, the electrons are assumed to obey 

nonextensive distribution. The number density of the electron 

fluid associated with non-extensivity of electrons is given by 

)1(2/)1(])1(1[  qq

e qn                               (1) 

Here q is the nonextensive parameter. The nonlinear 

behaviour of ion-acoustic waves is present in multispecies 

plasma model  is governed by the following set of normalized 

continuity, momentum and Poisson equations: 
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Where, j=1,2,b, 1 stands for positive ions, 2 stands for 

negative ions, b stands for electron beam. Here, Q1=-, 

Q2=/z, Qb=eZ1 and 
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Here  𝑛1, 𝑣1 ,  𝑛2 , 𝑣2 and(𝑛𝑏 , 𝑣𝑏) are the densities and fluid 

velocities of positive and negative ion species and electron 

beam respectively. 𝑛1
(0), 𝑛2

(0), 𝑛𝑏
(0) are the equilibrium 

densities of two ion components and beam respectively. In 

equations (2) to (4), velocities  𝑣1 ,𝑣2 , 𝑣𝑏 ,  (potential), 
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time(t) and space coordinates (x) have been normalized with 

respect to the ion- acoustic speed in the mixture, 𝐶𝑠 =

(
𝑇𝑒𝛿𝑍1

𝑚1
)

1

2, thermal potential 𝑇𝑒/𝑒, inverse of ion plasma 

frequency is the mixture 𝜔𝑝𝑖
−1 = (

𝑚1

4𝜋𝑛𝑒0𝛿𝑍𝑙
)

1

2, Debye length 

𝜆𝐷 = (
𝑇𝑒

4𝜋𝑛𝑒𝑜 𝑒
2
)

1

2 respectively. Ion densities (𝑛1 , 𝑛2, 𝑛𝑏) are 

normalized with their corresponding equilibrium values, 

whereas electron densities are normalized by𝑛𝑒
(0). 

To study small but finite amplitude ion acoustic solitary 

waves in our multispecies plasma model, we construct here a 

weakly nonlinear theory of ion-acoustic waves which leads to 

scaling of the independent variables through the stretched co-

ordinates ξ and τ as: 

                         𝜉 = 휀
1

2 𝑥 − 𝜆𝑡                                    (5)                                  

                           𝜏 = 휀3/2𝑡                                          (6) 

Where ε is small parameter measuring the weakness of the 

dispersion and 𝜆 is the phase velocity of wave. Now to strike 

balance between nonlinear and dispersive terms, we use 

reductive perturbation technique where we expand all 

dependent quantities in equations (2) to (4) around the 

equilibrium values in power of ε in the following form: 
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Here k=0 for positive and negative ions and k=v0 for electron 

beam, is the initial electron beam velocity. Using equations 

(5), (6) and (7) into Poisson’s equation (4), to the lowest order 

of ε, we get the following dispersion relation 
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The dispersion relation (8) is a four degree polynomial in 𝜆 

thereby giving four modes propagating with different phase 

velocity. It may be further mentioned that in the limit q→1, 

our expression for phase velocity reduces to that of Yadev et. 

al. [4] and Bala et. al.  [5] for 𝛽 = 0. 

To the next power in 휀, after a long algebraic but 

straightforward manipulations, the following nonlinear 

equation known as Korteweg-de Vries (KdV) equation is 

obtained.  
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Where A=2Q/P is nonlinearity coefficient and B=2/P is 

dispersion coefficient. Also coefficient of 𝜕𝜙(1)/𝜕𝜏 
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3. DISCUSSION 
The critical beam velocity is found numerically from 

equations (8) and (10) with the condition that  
𝜕𝐹

𝜕𝜆
= 0  for 

F(λ)=1 [4]. The analytical expression for 𝑣𝑐𝑟  is given by: 
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It is clear that critical beam velocity depends on electron beam 

concentration 𝛼𝑏 , negative ion concentration α, mass ratios η 

and 𝜂𝑒respectively. It may be noted that in the Maxwellian 

limit (q→ 1), our impression for 𝑣𝑐𝑟  becomes same as that of 

Bala et. al. [5] for β=0, where nonthermal electrons were 

reported. 

 

Fig 1: For the range q<0, 3D plot of critical velocity as a 

function of beam density b and nonextensive parameter 

q with =0.1, =1, e=1/1836 and z=Z1=Z2=1 

 

 

Fig 2: For the range 0<q<1, 3D plot of critical velocity as a 

function of beam density b and nonextensive parameter 

q with =0.1, =1, e=1/1836 and z=Z1=Z2=1 

For 𝐻+𝐻− 𝜂 = 1  plasma system, the 3D variation of critical 

velocity 𝑣𝑐𝑟  as a function of nonextensive parameters q and 

electron beam density 𝛼𝑏  in figure 1 (for q<0), figure 2 (for 

0<q<1)  and figure 3 (for q>1) respectively. 
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Fig 3: For the range q>1, 3D plot of critical velocity as a 

function of beam density b and nonextensive parameter 

q with =0.1, =1, e=1/1836 and z=Z1=Z2=1 

The value of 𝑣𝑐𝑟   decreases with nonextensivity q for all three 

ranges. Further 𝑣𝑐𝑟  is also found to decrease with the electron 

beam density 𝛼𝑏 . This behavior is opposite to that observed 

by Yadev et. al. [4] and Bala et. al. [5]. Hence all ranges of q 

predict the similar behaviour as is clear from figures 1, 2, 3 

respectively. A similar kind of behavior has been observed for 

the plasma systems H+O2
- (=32) and Ar+F- (=0.476) (not 

shown here). 

In order to investigate the effect of mass of negative ions on 

the critical velocity we have plotted 𝑣𝑐𝑟  vs 𝛼𝑏  for three 

different mass ratios i.e η=0.476, η=1, η=32 (figure 4). The 

other parameters are taken as 𝜂𝑒 =
1

1836
, q=1.3(>1). The 

critical beam velocity is found to decrease with increase in 

mass of negative ions. 

 

Fig 4: Variation of critical velocity 𝒗𝒄𝒓  with  𝜶𝒃 for three 

different mass ratios i.e η=0.476 (solid curve), η=1 (dotted 

curve), η=32 (dashed curve), 𝜼𝒆 =
𝟏

𝟏𝟖𝟑𝟔
,𝒒 = 𝟏. 𝟑, =0.1, 

and z=Z1=Z2=1 

From boundary conditions [4], the soliton existence condition 

is u
𝜕𝐹

𝜕𝜆
 <0. Here, u is small constant velocity. Taylor expansion 

gives the velocity of soliton M=λ+u as: 

F M = F λ + u
dF

dλ
                                                (13) 

 

Fig 5: Plot of function F(λ) as a function of λ for α=0.8, 

𝜶𝒃 = 𝟎. 𝟎𝟎𝟏, η=0.476, q=0.3, 𝒗𝟎 = 𝟐.𝟔 (dotted), 𝒗𝟎 = 1.9 

(dashed), solid line corresponds to F(λ)=1. 

The absence of convective instability of a linear wave is 

described by the condition F(M)<1 [4]. Zank and Mckenzie 

[23] were the pioneer in the putting forward similarity of two 

criteria. Further F(M)=F(λ)=1 corresponds to the dispersion 

curve of linear wave. In figure 5, A plot of function F(λ) as a 

function of λ have been given where F(λ)=1 corresponds to 

dispersion relation. Here F(λ) intersects the line F(λ)=1 at four 

different places for 𝑣0 > 𝑣𝑐𝑟 ,  thereby indicating the existence 

of four real roots that correspond to four linear modes. Among 

them one mode corresponds to wave mode moving in 

negative direction. Two of them corresponds to slow modes 

with phase velocities smaller than drift velocity and fourth 

one corresponds to faster mode with λ>𝑣0.  

From figure 5, we see  that for the fast mode, dF/d (slope) is 

negative and soliton corresponding to this mode moves with 

supersonic speed. Out of two slow modes, one moves with 

subsonic speed and the other move with supersonic speed 

based on the sign of dF/d. However, for 𝑣0 < 𝑣𝑐𝑟 , (dashed 

lines) two real roots are possible, other two may be complex 

ones. These four modes corresponds to four solitons branches 

that may be of rarefactive or of compressive type. The next 

step in the present investigation is to study the effect of q-

parameter on the soliton profile of four branches. 

4. CONCLUSION 
In the present investigation, effect of drift velocity of 

electrons in multi-ion plasma system has been presented. The 

electrons are taken as non extensive ones. The dispersion 

relation and KdV equation has been derived using standard 

reductive perturbation method. The critical velocity of 

electron beam was found to be a function of non extensivity q, 

beam concentration 𝛼𝑏 , negative ion concentration α, mass 

ratios η and 𝜂𝑒  respectively. It is found that above a critical 

velocity of electron beam, four soliton branches appear 

corresponding to four different modes. Out of which, three 

move with supersonic velocity while one moves with subsonic 

speed based on the sign of dF/d. Further, the critical velocity 

decreases with non extensive parameter q and electron beam 

concentration 𝛼𝑏 .The present work is further extended to 

study the soliton profiles of four branches 𝑣0 > 𝑣𝑐𝑟 . 
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