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ABSTRACT

Graph k-Colorability (for k > 3) Problem (GCP) is an well
known NP-Complete problem; till now there are not any known
deterministic methods that can solve a GCP in a polynomial
time. To solve this efficiently, we go through Propositional
Satisfiability, which is the first known NP-Complete problem
[3]. However, to use the SAT solvers, there is a need to convert
or encode an k-colorable graph to 3-SAT first. In this paper, we
are presenting a polynomial 3-SAT encoding technique for k-
colorability of graph. Alexander Tsiatas [1] gave a reduction
approach from 3-Colorable graph to 3-SAT encoding.
According to [1], total number of clauses generated in 3-CNF-
SAT formula for 3-colorable graph G = (V, E) is ((27*|V]) +
(256*|E|)). In our earlier formulation of reduction of k-colorable
graph to 3-SAT [k2], we generalized [1] for k-colorable graph
and generated ((K*(k-2)*|V|) + (22 *|E])) clauses in 3-CNF.
Here, we present our approach to encode a k-colorable graph to
3-CNF-Satisfiability (SAT) formula in polynomial time with
mathematical proof. Our formulation generates total (((k-2)*|V|)
+ (k*|E|) ) clauses in 3-CNF for k-colorable graph. Thus, our
formulation is better than approach [1] and [2]. Also, we tested
our encoding formulation approach on different graph coloring
instances of DIMACS[8][9].
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1. INTRODUCTION

In a proper graph coloring, if two vertices u and v of a graph
share an edge (u, v), then they must be colored with different
colors. The minimum number of colors needed to properly color
the vertices of G is called the chromatic number of G, denoted
%(G). A k-coloring of graph G is an assignment of colors
{1,2,....k} to the vertices of G in such a way that neighbors
receive different colors. A graph is called k-colorable graph if
and only if its 3-CNF-SAT formula is satisfiable.

Determining the k-colorability of any graph is an NP-Complete
problem [3]. Graph Coloring Problem is very important because
it has many applications; some of them are planning and
scheduling problems such as timetabling, channel assignment in
cellular network [2][4][5][6] and many others. Since, till now
there are not any known deterministic methods that can solve a
GCP in a polynomial time. There is an alternative approach to
solve it efficiently by propositional Satisfiability which is first
known NP-Complete problem. We can reduce any NP-Complete
problem to/from SAT. As per the recent advancement in SAT
and due to the availability of efficient SAT solver [7], we
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proceed for the reduction of the k-colorable graph to
satisfiability in polynomial time. In our paper, we did reduction
of k-colorable graph into a 3-CNF-Satisfiability (or SAT). Then,
it is illustrated by an example of 3-colorable graph that has to be
encoded into 3-CNF-SAT.

Previously, in [1], Alexander Tsiatas gave a reduction approach
from 3-Colorable graph to 3-SAT expression. He encoded the
vertices and edges of the graph by 3-color as boolean encoded
expression in DNF then that has to be converted into k-CNF. He
used two recursive and one non-recursive method to convert a k-
CNF expression into 3-CNF expression. Results of all three
methods were observed and found that non- recursive method
gave a better result than remaining. Finally, using this,
Alexander generates total ((27*|V|) + (256*|E|)) clauses as 3-
CNF-SAT formula for 3-colorable graph. In [2], we mapped
graph coloring concept in the field of cellular netwaork to solve
channel assignment problem via propositional satisfiability and
generalized [1]’s approach of 3-SAT encoding for k-colorable
graph as ((K (k-2)*|V]) + (22 *E|)) clauses in 3-CNF-SAT
expression.

However, [1] and [2] both gives exponential bounds in terms of
number of clauses as 3-CNF-SAT for reducing k-colorable
graph. Our paper explores polynomial 3-SAT encoding
formulation of k-colorable graph and gives better results than [1]
and [2]. In next section of this paper, we have explored basic
detail of 3-SAT and k-colorable graph. Section 3 describes our
formulation approach of polynomial 3-SAT encoding of k-
colorable graph. In section 4, we tested our propositional
encoding approach on different standard graph coloring
instances of DIMACS [8][9].

2. BACKGROUND
2.1 3-Satisfiability (3-SAT)

Let F be a 3-CNF formula which is conjunctions of k clauses say
C1 A Cy A A Cy, where each clauses having at most m literals
i.e. a clause of length-m (in case of 3-CNF, m=3) with
disjunctive form say ;v I, v...v |,. Each literal may be variables
or negation of these variables say X; X, X, OF —Xg,™Xp... Xy
where — indicates negation. Every literal can take a truth value
(0 or false, 1 or true). In Satisfiability problem, a set of values
for the literals should be found, in such a way that the evaluation
of formula should be true; if it is true then formula is called
satisfiable, and otherwise formula is unsatisfiable. Following
expression E is an example of 3-SAT:

E=(X V=X, V=X) A (=X VX, VX)) A (X VX, VX,)
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Here, E has 3 clauses (denoted by parentheses), four variables
(X1, X2, X3, X4), and clause length m=3 (three literals per clause).
Here, X, is a positive literal and —x; is a negative literal. One of
the truth assignments for satisfiability of above expression is x;
=Xz = true, & X, = false or x; = X, = true & X3 = false. 3-SAT is
an NP-complete problem and it is used as a starting point for
proving that other problems are also NP-hard. This is done by
polynomial-time reduction from 3-SAT to the other problem.

2.2 k-Colorable Graph

Coloring a Graph with k colors or k-Coloring Problem is as
follows: Is it possible to assign one of k colors to each vertex of
a graph G = (V, E), such that no two adjacent nodes be assigned
the same color? If the answer is positive (or YES), we say that
the graph is k-colorable and k is the chromatic number of graph
G. It is possible to transform k-Coloring problem into
Satisfiability problem; that means, for a given graph G = (V,E)
and a number k, it is possible to derive a CNF formula F such
that F is satisfiable only in the case if G is k-colorable. To
convert from k-colorability to 3-SAT, the vertices and end points
of edges of graph must be encoded in a Boolean formula as 3-
CNF.

3. PROPOSITIONAL 3-CNF-SAT

ENCODING OF K-COLORABLE GRAPH
Let there be a graph G = (V, E), where V is the set of n vertices
{viVvy. Vo} and E is the set of m edges{e; e, _en}. The graph
has to be colored by k-color {1,2,...,k} in such a way that no
two adjacent vertices have same color. Then to encode this
colored graph into propositional formula, we use two approach
say vertex constraint approach and edge constraint approach
which will apply on vertices and edges of the graph respectively.
The polynomial 3-SAT encoding formulation of k-colorable
graph is presented below:

3.1 Polynomial 3-SAT
Formulation Approach

Encoding

3.1.1 Vertex Constraint Approach

As per vertex constraint, color each vertex of a graph G as v; in
such a way that vertex should have at least one color among
available k-colors as follows:

Vie =(Vyg V Vi Ve vVy) 1)

Where v is a vertex v; (i = 1,2,...,n vertices) is colored by
available colors ¢ (¢c = 1,2,...,k colors). Equation (1) generates
one clause of length-k in CNF corresponding to each vertex of
graph. But, now we have to reduce it in 3-CNF.

There are several different ways of doing this, one of the non-
recursive methods to convert a k-CNF to 3-CNF is as follows:
Consider a clause F = x; v X, v...v X, where k (k > 3) is the
length of the clause, which can be converted in 3-CNF by
introducing some new variables like y1 Y, k.3 as:

(X, VX, V=Y ) A(Xg v Y V=Y, ) A (X vV
Yo V=¥a) A AX o vV Yia VY s) A )
(X2 VXV Yy g)
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Expression (2) transforms a clause of length k into (k—2) clauses
of length 3, and doing this requires introducing (k - 3) new
variables. For example, applying (2) to a clause of length 6
yields (1 clause of length 6) = (4 clauses of length 3) and this
required an additional 3 variables, since the clause was of length
k=86.

Applying (2) to (1) and finally, we get total (k-2)*|V| clauses in
3-CNF-SAT corresponding to vertex constraint approach.

|Fy| = (k-2)*|V| clauses in 3-CNF-SAT ?3)

Where F, is the conjunction of all the n vertices of graph G
which is 3-CNF-SAT encoded by applying vertex constraint
approach as:

I:v = (Vlc /\VZC /\"'/\Vnc) (4)

3.1.2 Edge Constraint Approach

As per edge constraint approach, color two end points of each
edge Ej (j=1,2,...,.m) of a given graph in such a way that two
vertices (u, v) connecting with an arc should not have same
colors. That is, any edge of a k-colorable graph can be encoded
by generating a clause in such a way that two end point of an
edge say u,v should not be assigned same color k. The purpose
of this approach is to ensure that two adjacent vertex should be
assigned different color.

e, =—(U AV )A=(U; AV )AL AU AV )
Above equation can also be written as:

e =(=U;, vV, )A(=U, VAV, JALLA

®)
(—|uk \/—|Vl< )

Since, expression (5) is in 3-CNF-SAT, so there is no need to
apply (2) on it. Finally we get, total k*|E| clauses in 3-CNF-SAT
as per edge constraint approach i.e.

[Fe| = k*|E| clauses in 3-CNF-SAT (6)

Where F, is the conjunction of all the m edges of graph G which
is 3-CNF-SAT encoded by applying edge constraint approach
as:

F,=(e, ne, AunE) )

3.1.3 Bounds of Final 3-CNF-SAT Formula

To get final 3-CNF-SAT encoded formula F, we conjunct
formula obtained by vertex constraint approach (4) and formula
obtained by edge constraint approach (7) as:

F=((Ve AVye A AV ) A (B, AB, AL AEL))(8)

Finally, to get total number of clauses in 3-CNF-SAT formula,
we combine (3) and (6) as number of clauses obtained by vertex
constraint approach and from edge constraint approach.

Thus, total number of clauses in 3-CNF-SAT formula of k-
colorable graph = (k-2)*|V| + k*|E|, which is polynomial
encoding of k-colorable graph to 3-SAT i.e.

IF| = (k-2)*[V[ + k*|E| ©)
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3.2 Algorithm: k-Colorable Graph to k-CNF

1. Take Input expression in the form of adjacency matrix of a
given graph, through a file. Store the incidence matrix in an
two dimensional integer array (say, arr[][]). Since this
matrix is symmetrical we will only consider the lower half
of this matrix.

2. Read the lower half of this array one by one for each value.
2.1 Ifitsvalueis 0, don’t do anything

2.2 Ifits value is 1, apply the vertex constraint approach
(1) and edge constraint approach (5) for those vertices
of an edge and then generate encoded formula for
same as below:

Ve =(Vy VvV, V..vV,)

e =(—u, vav, )A(=U, V=V, )A.A

—=u, v-—=Vv
k k

3. Take CNF expression obtained by above (2), Count the
number of clauses in this expression and store this
expression in a file (say, newstr.txt).

4. Convert this string into a two dimensional char array such
that each row contains a single clause with its literals
separated by “$”, store this array in a file (say,
arrangel.txt).

5. Store the final expression which is in k-CNF in the file
(newstr.txt).

3.3 Algorithm: k-CNF to 3-CNF (for k>3)

1. To convert k-CNF to 3- CNF, we take two files
simultaneously newstr.txt and a new file (diff.txt). Read the
file newstr.txt clause by clause in which k-CNF expressions
are stored.

2. Take a clause, store this clause into a one dimensional

array, and count the number of literals in this clause.

2.1 Ifno. of literals <3
Then, write this clause as it is in the new file
(diff.txt)

2.2 If no. of literals > 3
Then store the literals of this clause in a new
array and write the first two literal as it is in the file
and then write the expression “zn)&(-zntliteral” till
only two literals remain, where n is the count for
number of z inserted. Append the last two
literals in the file and Write )" to the file; If it is not
the last clause write “&” in the file.

3. Repeat the steps 2 till the end of the file (newstr.txt).

4. Final 3-CNF expression will be stored in the file (diff.txt).
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3.4 Bounds on Number of Clauses in 3-CNF

Expression

Property 1: The total number of 3-CNF clauses generated for a
k-colorable graph is ((k-2)* |V| + k*|E|) for V vertices and E
edges of graph G

Proof (by Induction):

(a) Base Case: k=3 (k=no. of colors)

From formula: total number of clauses in 3-CNF expression
(k-2)*|V| + K*|E| = (3-2)*|V| + 3*[E| = V| + 3*|E|

For one vertex and one edge it will be 1+3 = 4 clauses in 3-CNF

From expression: Let v A e are conjunction of encoded formula
by vertex constraint and edge constraint approach for a vertex v
and an edge (u, v) of 3-colorable graph G.

vV ae =, vV, VV)A(=U v—v )A(=U, Vv
—|V2 )/\ (—|Uk \/—|Vk )

For one vertex and one edge, above expression is generating 1+3
=4 clauses in 3-CNF. Hence Base case is true.

(b) For k=m

From formula: (k-2)*|V| + k*|E| = (m-2)*|V| + m*|E|

From expression: For m colors, v, A e, can be expressed as:

Vo Ae, =V, vV, viavV ) A(=U vy, )
AU, V=V, YA A (U, VY, )

But, we know that when we convert a single m-CNF clause with
m different literals (m>3) into 3-CNF, we get (m-2) clauses in
our 3-CNF expression. Hence, Number of clauses in 3-CNF

expression by vertex constraint approach = (m-2)*|V| and
number of clauses in 3-CNF by edge constraint approach = m.

Therefore Total number of clauses in 3-CNF fromV A€ is
(m-2)*|V| + m*|E|. So itis also true for k=m.
(c) Fork=m+1
From formula: (k-2)*|V| + k*|E| = (m+1-2)*|V| + (m+1)*|E|
= (m-1)*|V| + (m+1)*|E|

From expression: For m+1 color, the expression Vy.1 A €n41 Can
be represented as:

Number of 3-CNF clauses from vy,.; = (Number of clauses for
Vi + clauses for (m+1)™ color) = (m-2)+1) = (m-1)

Number of 3-CNF clauses from e,,.; = (Number of clauses for
em + clause for (m+1)"" color) = (m+1)

Total no. of clauses in 3-CNF from v A €ner = (M-1)*|V] +
(m+1)*|E|

So it is also true for k=m+1. Hence Proved.
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3.5 Justification of Propositional Encoding

Formulation of k-Colorable Graph
Lemma: If a 3-CNF-SAT formula is satisfiable then graph is k-
colorable.

Proof: Let us assume that an undirected graph G (V, E) that is k-
colorable and the following is a 3-CNF-SAT formula
corresponding to graph G:

F=(, A ej) It can also be written as:

edges of the graph G that has to be k-colorable by vertex
constraint approach and edge constraint formulation
respectively. Above expression can also be expanded as:

F=(v,AV, A AV ) A (B, AR, AL ARL))

For satisfiable of F, each one of these expressions should be
true. Let’s take an encoded vertex expression F, for k-color by
vertex constraint approach; F, will be true when all of its clauses
is true.

F,=(Vy; VVL VvV ) AV, VV,, ViV, )AL

WAV VY, VavV)

By this, it is clear that every vertex will be assigned at least one
color. Similarly, take encoded expression of edge F, for k-color
by edge constraint approach. The expression F. will be true
when all of its edge clauses is true.

F.=(e, ne, A..ngy)

Let’s take an encoded edge clause €; (vyV,) from F; e; will be
true if all its clauses is true. It means ends points of an edge will
not be assigned same color.

e, =(—Vy VAV, JA(=Y, Vv, )ALA

(_'Vlk \Y ﬁVZk

Similarly, if we take other clauses, we will get the same
conclusion that end points of an edge are colored with different
color and this is true for each edge. Hence our graph is k-
colorable.

3.6 lllustration by 3-Colorable Graph to 3-
CNF-SAT

Here, we are taking an example of Petersen [10] graph G as
figure 1, having 10 vertices and 15 edges to encode it by 3-color
say 1, 2, 3 into propositional 3-satisfiability. Graph having
following set of vertices and edges:

V :{p:Qar1S,t’uaV:W’ X’ y}

E={(p.).(p.").(p.8),(q,1),(q,),(r,v), (r,w),
(s,u), (s, V), (t,u), (£, W), (U, V), (v, %), (W, y), (X, y) 3
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Now we start polynomial 3-SAT encoding of following graph
by 3-colors. As per the vertex constraint approach (1), we
encode vertices of this graph and stored in F, as:

Fo=(p vp,vps)a(d, va, va) A vip v
RIA(S, VS, VvS)A(t, vi, Vi) A(u, vu, vu,)
AV, VV, VY )IA (W, VW, VW) A (X, VX, Vv Xg)

ALYy VY, VYs)

Similarly, we encode all the edges of graph as per the edge
constraint approach (5), and stored 3-CNF-SAT expression in
Fe as:

Fo = (=P v =0y) A (5P, v —0,) A (=P5 v —03) A
(=py v =) A (=P, v =) A (=Pg v =) A (=D,

v =8;) A (=P, v =S,) A (=Ps v =85) A (=0, v —ty)
A (=0, v —t) A (=0 v =ts) A (=0, v =X ) A (0,
VX)) A (Sls Vv —Xg) A (Sl v V) A (T, v SY,)
A (Al V=) A (A v =W ) A (E vV =W,) A (=
vV =W,) A (=S, VAU ) A (=S, VAU, ) A (=S, Vv U)
A (=8 V=Y ) A (=S, V=Y, ) A (=S5 v —Ys) A (=t
v =W) A (At v =W, ) A (St v W) A (=t v —uy)
A (=t v U, ) A (=t v —Ug) A (5Uy v =) A (U,
VAV, ) A (FUy vV =VE) A (Y VX)) A (=Y, VX))
AV VX)) A (=W, VY ) A (FW, VY, ) A (S,

V=Y3) A (X V=Y ) A(X, V=Y, ) A (X Vv Ys)

Fig 1: Petersen Graph
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Finally, we conjunct F, and F, and obtained 3-CNF-SAT
encoding expressions of 3-colorable Petersen graph.

F=F,AF,

Total number of 3-CNF-SAT clause corresponding to above 3-
colorable graph = (10 + 15 ) = 25, which is a polynomial
reduction from graph to 3-SAT.

4. EXPERIMENTAL RESULTS

We have implemented the above formulation of 3-CNF-SAT
encoding corresponding to k-colorable graph. We found that
there are total ((k-2)*|V| + k*|E|) clauses of length-3 for any k-
colorable graph which is polynomial 3-SAT encoding approach
and better than earlier approaches [1][2]. Here, we analyzed the
encoding formulation for 3-color and 4-color on various
benchmark problems (graph coloring instances) of the DIMACS
challenge [8][9]. Results are compiled at table 1.

Table 1: 3-CNF-SAT clause generation for color k=3 and 4

Graph No. of No. of [Total 3- [Total 3-
Coloring  Mertices [Edges |CNF-SAT CNF-SAT
Instances clauses clauses
generated generated
(when k=3)  (when k=4)
myciel3 11 20 71 102
myciel4 23 71 236 330
queen5 5 25 160 505 690
mugg100_1 100 166 598 864
myciel5 a7 236 755 1038
queen6_6  [36 290 906 1232
miles250 128 387 1289 1804
queen7_7 49 476 1477 2002
myciel6 95 755 2360 1700

5. CONCLUSION

In this paper, we have presented an approach using vertex
constraint approach and edge constraint approach to encode the
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k-colorable graph in 3-CNF-SAT expressions. By our
formulation, k-colorable graph is encoded by ((k-2)*|V| + k*|E|)
clauses in 3-CNF-SAT expression; which is polynomial
reduction from k-colorable graph to 3-CNF-SAT. Whereas, in
[1],Alexander Tsiatas has generated total number of clauses in
3-CNF-SAT formula for 3-colorable graph is ((27*V]) +
(256*|E])) clauses and [2] generalized it for k-colorable with
(K< *]V|) + (222 *|E|)) clauses in 3-CNF. Thus, our encoding
formulation of k-colorable graph to 3-CNF-SAT is polynomial
and better than [1][2] which were exponential.
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APPENDIX

For above Peterson’s graph, 3-CNF-SAT expression F by
3-color can be obtained by conjuncting all the encoded
expression of vertices and edges as:

F=F AF,

Fo=(p, VP,vp)A(@ VA, vas) A v
LVveEIA(S, vS, vS)) A, v, vi) Ay,
VU, VU ) AV, VIV, V) AW, VW, VW)
AXy VX VX)) A(Yy VY,V Ys) A (=R v
—0,) A (=P, vV =d,) A (=Ps Vv —Us) A (=P, v
=) A (=P, V=) A (=Ps v =) A (=P v
—=S;) A (=P, v =S,) A (=P Vv —S5) A (=0, Vv
=) A (=0, v =ty) A (=05 v =t) A (=0, v
=X ) A (=0, vV =X,) A (=05 v —X5) A (=6 v
V) A (A VAV, ) A (Al Vv aV,) A (A v
—W,) A (V=W ) A (Al V=W, ) A (=S v
—U; ) A (=S, VAU, ) A (=S, vV —Ug) A (=S, v
Y1) A (=S, Vv =Y,) A (=S5 v =Ys) A (=t v
—W,) A (=, V=W, ) A (—t V=W, ) A (L v
—U) A (=t v =Uy) A (=t v —Ug) A (U v
V) A(mU, VV,) A (U V=) A (=Y, v
—X ) A (FV, VX, ) A (Vg VX)) A (=W, v
Y1) A (=W, V=Y, ) A (=W5 v =Ys) A (=X v

Y1) A (=X, V=Y,) A (=X vV —Ys)

However, Peterson graph having 10 vertices and 15 edges.
When we encoded it by our formulation, we found that the
final expression having only 25 clause in 3-CNF for 3-
colorable.
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