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ABSTRACT 
The von Koch snowflake curve is a mathematical curve, and is 

being used as antenna in wireless communications. There are 

various variants of the Koch curve scattered in literature. This 

paper attempts to present a critical review of the variants of 

Koch curve. 

 

1. INTRODUCTION 

Benoit B. Mandelbrot is a French and American 

mathematician, and the best known as the founder of fractal 

geometry, which impacts mathematics [2, 5], diverse sciences 

[1, 11, 13, 22], arts [6] and architecture [cf. 15], [23]. In 

fractals, there is always some kind of pattern that repeats itself 

and repetition is a seldom-failing source of self-similarity [24, 

p. 45]. Iteration is one of the richest sources of self-similarity 

[24, p. 49]. Most of the fractal-literature have been created 

using one-step feedback process (via Peano-Picard iterative 

approach). A few fractals were generated using two-step 

feedback process in 2002 (via superior iterations) [16] and 

since then many fractals have been added into this category 

[25].  

The von Koch curve is a classical example of fractals. The 

Koch snowflake (also known as the Koch star and Koch 

island) is a mathematical curve, which is continuous 

everywhere but differentiable nowhere. It is a bounded curve 

of infinite length [24, p.13], [7, p. xxiii]. It is based on the 

Koch curve, which appeared in  1904 in a paper titled "On a 

continuous curve without tangents, constructible from 

elementary geometry" (original French title: "Sur une courbe 

continue sans tangente, obtenue par une construction 

géométrique élémentaire") by the Swedish mathematician 

Helge von Koch [28].  

The von Koch curve has proved its usefulness as antenna in 

wireless communication. Many variants of the Koch curve 

have been given in the literature. The purpose of this paper is 

to present a review of variants of Koch curve. 

2. THE VON KOCH CURVE 
Swedish mathematician Helge von Koch introduced what is 

now called Koch curve. Initiator of the Koch curve is a 

straight line it will be partitioned into three equal parts. 

Middle part will be replaced by an equilateral triangle. This is 

the basic step and the reduced figure will have four equal lines 

joined with each other. This new figure is known as a 

generator. The same operation will be repeated be on each of 

the four lines [7]. Iterative construction of the Koch curve is 

given in Figure 1(a-d)

.  

 

 

 
  

(a) Step 0 (b) Step 1 (c) Step 2 (d) Step 3 

Fig. 1: Iterative Construction of Koch Curve (Shroeder, 1991) 

 
When initiator is a triangle and the same procedure is applied, 

Koch snowflake curve is obtained. Iterative construction of 

the Koch snowflake curve is shown in Figure 2(a-d) [7, 12, 

24]. 

 

http://en.wikipedia.org/wiki/Mathematics
http://en.wikipedia.org/wiki/Curve
http://en.wikipedia.org/wiki/Sweden
http://en.wikipedia.org/wiki/Mathematician
http://en.wikipedia.org/wiki/Helge_von_Koch
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(a) Step 0 (b) Step 1 (c) Step 2 (d) Step 3 

Fig. 2: Iterative Construction of Koch Snowflake Curve (Shroeder, 1991) 

 
Self-Similarity Dimension: This is generally used in 

calculating dimension of self-similar figures. There is a nice 

power relation between the number of pieces n of an object 

and the reduction factor s as shown in Eq. 1 [12].  

 

        …(1) 

 

where  n is the number of pieces of an object, 

D is the dimension of the object and  

             s is the scaling factor. 

Fractal dimension of the von Koch curve is ≈ 1.262. The 

beauty of the Koch snowflake is that its perimeter is infinite 

but area is compact and equal to , where r denotes 

the radius of the circle which accommodates the Koch 

snowflake. This geometrical property makes the Koch fractal 

as better antenna in place of circular antenna 

3. VARIANTS OF KOCH CURVES 
In 1984, Barcellos [3] gave variants of Koch curve by dividing 

the initiator into 4 equal parts (see Fig. 3). These curves have a 

fixed dimension. Further, there was no suggestion to obtain 

the curves of lesser dimension. 

 

 
Fig. 3: Koch curves obtained by dividing the initiator into four equal parts (Barcello, 1984) 

 

In 2002, Vinoy, Jose and Vardan [26] generated new shapes of 

Koch antenna by varying its indentation angle. Further, they 

gave formula (Eq. 2) to calculate fractal dimensions of these 

curves. 

   …(2) 
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All these variants have lesser dimension than the conventional 

Koch curve. The curves given by Vinoy et al. occupy more 

area than the conventional Koch curve.  

From the Koch curves given by Barcellos [3] and Vinoy et. al. 

[26], Haq [8] concluded that there was need to propose Koch 

shapes of lesser dimension and compact size. Such types of 

Koch shapes will performance better as antenna with compact 

size as Vinoy et. al. [27] had shown that fractals with lesser 

dimension are better antennas. Beside this one should have 

flexibility in designing of antenna for a certain performance. 

Also, there is a curiosity left in the literature whether the two 

different shapes having same dimension will have same 

performance as antenna or not. 

For the above requirements, Haq, Rani and Sulaiman [9, 10, 

18, 19] looked into gallery of superior fractals. They found 

that by dividing the initiator into unequal parts fractal plants 

[4], fractal carpets [15, 17, 20] and Cantor sets have been 

generated [21]. Fractals generated by dividing the initiator into 

unequal parts are part of another gallery named as superior 

fractals. For a detailed study of superior fractals, one may 

refer to [25]. Seeing the success of superior fractals, Haq, Rani 

and Sulaiman proposed to generate new Koch models of lesser 

dimension and smaller size (compared to Koch models of 

Vinoy et. al. [26]) by dividing the initiator into unequal parts. 

See Fig. 5-9 [9, 10, 19]. Geometrical properties of these 

curves have been discussed by them [18]. Koch left one-third 

curve (Fig. 5a) has same dimension as conventional Koch 

curve. Koch right-half (Fig. 6a) and Koch middle-half curves 

(Fig. 7a) have larger dimensions than the conventional Koch 

curve. Koch middle-one fifth curve (Fig. 8a) and Koch middle 

one-sixth curve (Fig. 9a) has dimensions 1.113 and 1.086 

respectively that are smaller than the conventional Koch curve

. 

 

 

(a) Koch left one-third curve with Generator (b) Koch left one-third Snowflake 

Fig. 5: Koch Left One-Third Curve and Koch Snowflake for (r1, r2, r3) = (1/3,1/3,1/3) 
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(a) Koch right half curve with generator (b) Koch right half snowflake 

Fig. 6: Koch right half curve and snowflake for (r1, r2, r3) = (1/4, 1/4, 1/2) 

 

 

 

(a) Koch middle half curve with its generator 
(b) Koch middle half snowflake 

Fig. 7: Koch middle half curve and snowflake for (r1, r2, r3) = (1/4, 1/2, 1/4) 

 

 

(a) Koch middle one-fifth curve with its 

initiator 

(b) Koch middle one-fifth snowflake 

Fig. 8: Koch Middle one-fifth curve and snowflake for (r1, r2, r3) = (2/5, 1/5, 2/5) 
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(a) Koch middle one-sixth curve with its 

generator 

(b) Koch middle one-sixth snowflake 

curve 

Fig. 9:  Koch middle one sixth curve and snowflake for (r1, r2, r3) = (1/3, 1/6, 1/2) 

 
With the increased number of Koch curves in the literature, 

Haq, Rani and Sulaiman felt the need to systematize them into 

different categories to understand the methodology of their 

generation. They proposed classification based on the method 

of division of initiator. Different variants of Koch curve have 

been classified into two categories: generation by equal 

division and generation by unequal division. All the variants 

discussed here may be made fit into these two categories. 

In 2011, Prasad gave a few more variants of Koch curves (Fig. 

10 (a-d)). The shapes given by Prasad in Fig. 10 do not seem 

correct. If there, is scaling factor 0.1 (Fig. 10a), then either 

there will 5 equal divisions of the initiator or one of the part 

should be of 0.1 length and rest of unequal length is division is 

only into three parts. Fig. 10c and Fig. 10d will have 5 and 4 

equal parts as their scaling factors are 0.5 and 0.25 

respectively. Fig. 10b must show unequal division in its 

figure, which can not be seen. 

 

 

 

(a) Koch curve at scaling factor 0.1 (b) Koch curve at scaling factor 0.15 

 

 

(c) Koch curve at scaling factor 0.2 (d) Koch curve at scaling factor 0.25 

Fig. 10 

 

4. CONCLUSION 
Koch curve is a classical fractal model. The paper presented a 

critical review of variants of Koch curves, and their 

comparison 
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