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ABSTRACT
Hack’s theorem [7] shows that every live and bounded free choice
net is covered by S-components [5, 2].
If the net is labelled, with a distribution of the alphabet into pos-
sibly overlapping subalphabets for components, the question arose
whether the net can be decomposed into a product of automata,
with several possible definitions of product and of equivalence
[1, 13, 11, 4]. Zielonka showed [15] that there is a live and 1-
bounded net which is not direct product representable.
We give a straightforward example of a live and 1-bounded labelled
free choice net which is not direct product representable, we do not
know of any earlier such example. We give two sufficient condi-
tions for 1-bounded labelled free choice nets to be direct product
representable. In the other direction, we give two sufficient con-
ditions on products of automata using which we can construct la-
belled free choice nets. In [14] expressions corresponding to such
products has been recently given.
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1. INTRODUCTION
One of the early ideas connecting Petri nets to syntax was devel-
oped in an MIT Masters’ thesis [7], where Hack introduced the sub-
class of free choice nets and showed that every live and k-bounded
free choice net (for arbitrary k) has a decomposition into “state
machines”. (See the book [5] for a detailed treatment of free choice
nets including Hack’s theorem.) Since Kleene’s theorem (which ap-
plies to 1-bounded state-machines) provides us with a syntactic rep-
resentation of the latter, this can be seen as solving a large part of
the problem.
But unlabelled Petri nets are not abstract enough to represent for-
mal languages, even a finite language like {a, aa} is not repre-
sentable. So one has to work with labelled Petri nets. One idea is to
think of the language of a distribution into several state machines
as that defined by a product of these automata [11, 4]. Products

are of many kinds [1], here we consider the most “direct”, where
the language is defined by a synchronized shuffle as in process cal-
culi [3, 8]. Unlike process calculi we do not consider labelling as
applying a global renaming operator.
A net with only two transitions with disjoint neighbourhoods and
the same label a recognizes the language {aa}, but so does a
net with two such transitions sequentially arranged. Mazurkiewicz
introduced the theory of traces to explicitly specify concurrency
[6]. Zielonka introduced [15] a more direct “location” mechanism
which was explicated by Mukund and Sohoni [13]. We identify a
new condition which appears to have been overlooked earlier be-
cause most work concentrated on unlabelled nets.
Zielonka’s paper showed 1-bounded labelled nets which are not
direct product representable.

p1 p2

p3 p4 p5 p6

a a

b c d e

Fig. 1. Live and 1-bounded, labelled free choice net

This easy example is our first contribution in this paper. For
final marking {1, 2}, the language accepted by live and 1-
bounded labelled (extended) free choice net shown in Figure 1,
is {abd, adb, ace, aec}∗ over the distribution Σ = (Σ1 =
{a, b, c},Σ2 = {a, d, e}). It is a Mazurkiewicz trace language. In
Proposition 3 we formally show that this language is not accepted
by any direct product over Σ.
In the rest of the paper, we proceed to identify a couple of suffi-
cient conditions for decomposition into product automata, and con-
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versely, a couple of sufficient conditions for constructing labelled
free choice nets from product automata.

2. PRODUCT SYSTEMS OVER A DISTRIBUTION
Let Σ be a finite alphabet and Σ∗ be the set of all words over
alphabet Σ, including the empty word ε. A language over an al-
phabet Σ is a subset L ⊆ Σ∗. The projection of a word w ∈ Σ∗

to a set ∆ ⊆ Σ, denoted as w↓∆, is defined by: ε↓∆ = ε and

(aσ)↓∆ =

{
a(σ↓∆) if a ∈ ∆,

σ↓∆ if a /∈ ∆.

DEFINITION 1. Let Loc denote the set {1, 2, . . . , k}. A distri-
bution of Σ over Loc is a tuple of nonempty sets (Σ1,Σ2, . . . ,Σk)
with Σ =

⋃
1≤i≤k Σi. For each action a ∈ Σ, its locations are the

set loc(a) = {i | a ∈ Σi}. Actions a ∈ Σ such that |loc(a)| = 1
are called local, otherwise they are called global.

A distribution induces an independence relation and thus a
Mazurkiewicz trace language [6, 12]. For us the key property in
terms of locations is that languages can be described in terms
of the synchronized shuffle L = L1‖ . . . ‖Lk [3], defined by
w ∈ L iff for all i ∈ {1, . . . , k}, w↓Σi

∈ Li.
Fix a distribution (Σ1,Σ2, . . . ,Σk) of Σ. Product systems are de-
fined over this alphabet.

DEFINITION 2. A sequential system over a set of actions Σi is
a tupleAi = 〈Pi,→i, Gi, p

0
i 〉where Pi are called places,Gi ⊆ Pi

are final places, p0
i ∈ Pi is the initial place, and→i⊆ Pi×Σi×Pi

is a set of local moves.

Let →i
a denote the set of all a-labelled moves in the sequential

system Ai.
A run of the sequential system Ai on word w = a1a2 . . . an is a
sequence p0a1p1a2, . . . , anpn, from set (Pi × Σi)

∗Pi, such that
p0 = p0

i and for each j ∈ {1, . . . , n}, pj−1

aj−→ pj . This run is
said to be accepting if pn ∈ Gi. The sequential system Ai ac-
cepts word w, if there is at least one accepting run of Ai on w.
The language Lang(Ai) of sequential system Ai is defined as
Lang(Ai) = {w ∈ Σi

∗|w is accepted by Ai}.

DEFINITION 3. LetAi = 〈Pi,→i, Gi, p
0
i 〉 be a sequential sys-

tem over alphabet Σi for 1 ≤ i ≤ k. A product system A over the
distribution Σ = (Σ1, . . . ,Σk) is a tuple 〈A1, . . . , Ak〉. A is de-
terministic for global actions if for every global action a, every
place is the source of at most one a-transition.

Let Πi∈LocPi be the set of product states of A. We use R[i] for
the i’th projection of a product state R in Ai, and R↓I for the
projection to I ⊆ Loc.
The initial product state of A is R0 = (p0

1, . . . , p
0
k), while G =

Πi∈LocGi denotes the final states of A.
Let ⇒a= Πi∈loc(a) →i

a. The set of global moves of A is ⇒=⋃
a∈Σ ⇒a. Then for a global move

g = 〈〈pl1 , a, p
′
l1
〉, . . . 〈plm , a, p′lm〉〉 ∈⇒a, loc(a) = {l1, . . . , lm},

we write g[i] for 〈pi, a, p′i〉, the projection to Ai, i ∈ loc(a), and
define pre-places(g) = {pi | i ∈ loc(a)} and post-places(g) =
{p′i | i ∈ loc(a)}.
Please note that the set of product states as well as the global moves
are not explicitly constructed when a product system is given as
input to some algorithm.

2.1 Properties of Product Systems
The first property for a product system identifies synchronizations
which will come together into a cluster of a free choice net. It can
be checked in PTIME by counting local moves with the same label.
We also define another stronger property.

DEFINITION 4. For global a ∈ Σ, an a-matching is a subset
of tuples Πi∈loc(a)Pi such that, each place p ∈ Pi, i ∈ loc(a) hav-
ing an outgoing local a-move(I.e., if ∃〈p, a, q〉 ∈→i), appears in
exactly one tuple of a-matching. When two places p and p′ appear
in a tuple of a-matching, then we say that they are matched on
action a. We say a product state R is in an a-matching if its projec-
tion R↓loc(a) is in the matching. A product system is said to have
matching of labels if for all global a ∈ Σ, there is an a-matching
such that for all i, j ∈ loc(a), 〈p, a, q〉 ∈→i, the pre-place p is
matched to a pre-place p′ such that there exists a local a-move
〈p′, a, q′〉 in→j . A product system A is said to have separation of
labels if for all i ∈ Loc, whenever 〈p, a, p′〉, 〈q, a, q′〉 ∈→i then
p = q.

A system having separation of labels property may have many a-
labelled moves in each of its sequential component, but all of them
are outgoing moves from an unique place in it.
The next property is necessary for product systems to represent
free choice in equivalent nets. In our earlier paper [10] we used the
definition of an FC-product below. The definition of FC-matching
product is a generalization since conflict-equivalence is not re-
quired for all a-moves uniformly but refined into smaller equiva-
lence classes depending on the matching.

DEFINITION 5. In a product system, we say the local
move 〈p, a, q1〉 ∈→i is conflict-equivalent to the local move
〈p′, a, q′1〉 ∈→j , if for every other local move 〈p, b, q2〉 ∈→i, there
is a local move 〈p′, b, q′2〉 ∈→j and, conversely, for moves from
p′ there are moves from p. In a product system, we say that a lo-
cal state p ∈ Pi is conflict-equivalent to a local state p′ ∈ Pj , if
for some action a ∈ Σ, p have an outgoing local move on a i.e.,
∃〈p, a, q1〉 ∈→i =⇒ ∃〈p′, a, q′1〉 ∈→j , and, conversely, moves
from p′ are matched by moves from p.
An a-matching of a product system is said to be conflict-equivalent
if any two places which are matched on action a are conflict-
equivalent. We call a product system an FC-matching product if
it has a conflict-equivalent matching for each global action a.
We call A = 〈A1, . . . , Ak〉 an FC-product if for every a ∈ Σ with
|loc(a)| > 1, every a-labelled move in Ai is conflict-equivalent to
every a-labelled move in Aj , where i, j ∈ loc(a).

A system having a conflict-equivalent matching is a weaker con-
dition than the system being conflict-equivalent. Checking that a
system is an FC-product or an FC-matching product is in PTIME
because one makes a pass through all transitions with the same lo-
cations, computing for each pre-state which partition it falls into.

PROPOSITION 1 [14]. Let A be an FC-matching product sys-
tem. For any i, if there exist local moves 〈p, a, p′〉, 〈p, b, p′′〉 in→i,
then loc(a) = loc(b).

PROOF. Since p has an outgoing a-move, p belongs to some
tuple of a-matching. If j ∈ loc(a), then in this tuple there exists
a state q ∈ Pj , which has an outgoing a-move. Since A is an FC-
matching product, a-matching is conflict-equivalent. And, as states
p and q appear in a tuple of a-matching, these states are conflict-
equivalent. Therefore there exists a local move (q, b, q′) ∈→j . This
implies that j ∈ loc(b).
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2.2 Language of a Product System
Now we describe runs ofA over some wordw by associating prod-
uct states with prefixes of w: the empty word is assigned initial
product state R0, and for every prefix va of w, if R is the product
state reached after v and Q is reached after va where, for all j ∈
loc(a), 〈R[j], a,Q[j]〉 ∈→j and for all j /∈ loc(a), R[j] = Q[j].
Let pre(a) = {R | ∃Q,R a⇒Q}.
A run is said to be accepting if the product state reached after w
is in a final product state G ⊆ G1 × . . . Gk. A direct product sys-
tem has final states G = G1 × . . . Gk. We define the language
Lang(A) of product system A, as the words on which the product
system has an accepting run.
We use the following characterization [4, 11, 12] of direct product
languages.

PROPOSITION 2. L is a direct product language iff L = {w ∈
Σ∗ | ∀i ∈ {1, . . . , k}, ∃ui ∈ L such that w↓Σi

= ui↓Σi
}.

The next definition is semantic, new to this paper and not easy to
check (in PSPACE). If a system has separation of labels, the prop-
erty obviously holds.

DEFINITION 6. A run of A is said to be consistent with a
matching of labels if for all global actions a and every prefix of
the run R0 v⇒R a⇒Q, the pre-places R↓loc(a) are in the matching.

Here is our first result.

PROPOSITION 3. Let L = {abd, adb, ace, aec}∗ be a lan-
guage defined over distribution Σ = (Σ1 = {a, b, c},Σ2 =
{a, d, e}). Then there is no product system over Σ which represents
this language.

PROOF. Let w = abeacd for which w↓Σ1
= abac and w↓Σ2

=
aead. Now consider u1 = abdace for which u1↓Σ1

= abac and
u2 = aceabd for which u2↓Σ2

= aead. Since both u1, u2 ∈ L
using characterization given in Proposition 2 we get w ∈ L, which
is a contradiction.

3. NETS
Fix a distribution (Σ1,Σ2, . . . ,Σk) of Σ. Labelled nets are defined
over this alphabet.

DEFINITION 7. A labelled net N is a tuple (S, T, F, λ), where
S is a set of places, T is a set of transitions labelled by the function
λ : T → Σ and F ⊆ (T ×S)∪ (S×T ) is the flow relation. It will
be convenient to define loc(t) = loc(λ(t)).

Elements of S ∪ T are called nodes of N . Given a node z of net
N , set •z = {x | (x, z) ∈ F} is called pre-set of z and z • = {x |
(z, x) ∈ F} is called post-set of z. Given a set Z of nodes ofN , let
•Z =

⋃
z∈Z

•z and Z • =
⋃

z∈Z z
•. We consider only those nets

in which every transition has nonempty pre-set and post-set.

DEFINITION 8. Let N ′ = (S ∩X,T ∩X,F ∩ (X ×X)) be
a subnet of net N = (S, T, F ), generated by a nonempty set X of
nodes of N . N ′ is called a component of N if,

—For each place s of X , •s, s • ⊆ X (the pre- and post-sets are
taken in N ),

—For all transitions t ∈ T , we have |•t| = 1 = |t •| (N ′ is an
S-net [5]),

—Under the flow relation, N ′ is connected.

A set C of components of net N is called S-cover for N , if every
place of the net belongs to some component of C. A net is covered
by components if it has an S-cover.

Note that our notion of component does not require strong connect-
edness and so it is different from notion of S-component in [5], and
therefore our notion of S-cover also differs from theirs.
The next definition appears in several places for unlabelled nets,
starting with [7].

DEFINITION 9. A labelled net N = (S, T, F, λ) is called S-
decomposable if, there exists an S-cover C for N , such that for
each Ti = {λ−1(a) | a ∈ Σi}, there exists Si such that the induced
component (Si, Ti, Fi) is in C.

There might be many S-covers, of varying sizes, for a net but when
we say net is S-decomposable it means that net has an S-cover in
which there are k components in it, and Σi is the alphabet of i-th
component.

PROPOSITION 4. If labelled net N is S-decomposable then for
all a-labelled transitions t ∈ T , |loc(a)| ≥ max(|•t|, |t •|).

PROOF. Consider a transition t labelled a with |•t| > 1. Let
{p, q} ⊆ •t. Since N is S-decomposable, we have an S-cover
for N . So there exist components Ni = (Si, Ti, Fi) and Nj =
(Sj , Tj , Fj) such that p ∈ Si and q ∈ Sj . If locations i = j then
p and q will belong to same component and by definition of S-
cover transition t will also belong to it, which cannot be the case
as components are S-nets by definition, so a transition can not have
multiple pre-places in it. Therefore i and j are distinct and transi-
tion t ∈ Ti ∩ Tj . Hence |loc(a)| ≥ |•t|, the other case is dealt with
in a similar manner.

Now from S-decomposability we get S-cover for netN since, there
exist subsets S1, S2, . . . , SK of places S, such that S = S1 ∪S2 ∪
. . . SK and •Si∪S•i = Ti, such that, subnet (Si, Ti, Fi) generated
by Si and Ti is an S-net, where Fi is an induced flow relation from
Si and Ti.

3.1 Properties of Nets
DEFINITION 10. Let x be a node of a net N . The cluster of x,

denoted by [x], is the minimal set of nodes containing x such that

—if a place s ∈ [x] then s• is included in [x], and
—if a transition t ∈ [x] then •t is included in [x].

A cluster C is denoted by tuple (SC , TC), where SC is the set of
places and TC is the set of transitions of C. A cluster C is called
free choice (FC) if all transitions in C have the same pre-set. A net
is called free choice if all its clusters are free choice.

The set {[x] | x is a node of N} is a partition of the nodes of N .
The next definition will turn out to be the analogue to the separation
of labels property of product systems. It is checkable in linear time.

DEFINITION 11. A labelled net N = (S, T, F, λ) is said to
have the unique cluster property (briefly, ucp) if for all globals a ∈
Σ, there exists at most one cluster in which all transitions labelled
a occur. N is deterministic for synchronization if for every global
a, every cluster contains at most one a-labelled transition.

In a labelled N , for a cluster C = (SC , TC) define the a-labelled
transitions Ca = {t ∈ TC | λ(t) = a}. If the net has an
S-decomposition generated by Si, we associate a post-product
π(t) = Πi∈loc(a)(t

• ∩ Si) with every such transition t. This is
well defined since by the S-net condition every transition will have
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at most one post-place in Si. Let post(Ca) =
⋃

t∈Ca

π(t). We also

define the post-projection of the cluster Ca[i] = Ca
• ∩ Si and the

post-decomposition postdecomp(Ca) = Πi∈loc(a)Ca[i].
Clearly post(Ca) ⊆ postdecomp(Ca). The following definition
appears to be new and is key to direct product representability. It
says that every post-decomposition is represented in the cluster.
Checking this condition is in PTIME because one can implement
it by counting.

DEFINITION 12. An S-decomposable net N = (S, T, F, λ) is
said to be distributed choice if, for all a in Σ and for all clusters C
of N , postdecomp(Ca) ⊆ post(Ca).

We will use “distributed free choice” for nets which are dis-
tributed choice as well as free choice. Note that an unlabelled S-
decomposable net can be thought of as being labelled by its set of
transitions T , in which case the definition is satisfied. Our example
in the introduction is not distributed choice.

3.2 Net Systems and their Languages
For our results we are only interested in 1-bounded (or condi-
tion/event) nets, where a place is either marked or not marked.
Hence we define a marking as a function from the states of a net
to {0, 1}.
A transition t is enabled in a marking M if all places in its pre-
set are marked by M . In such a case, t can be fired to yield the
new marking M ′ = (M \ •t) ∪ t •. We write this as M [t〉M ′ or
M [λ(t)〉M ′.
A firing sequence (finite or infinite) λ(t1)λ(t2) . . . is defined by
composition, from M0[t1〉M1[t2〉 . . . For every i ≤ j, we say that
Mj is reachable from Mi. A net system (N,M0) is live if, for
every reachable marking M and every transition t, there exists a
marking M ′ reachable from M which enables t.

DEFINITION 13. For a labelled net system (N,M0,G), its lan-
guage is defined as Lang(N,M0,G) = {λ(σ) ∈ Σ∗ | σ ∈
T ∗ and M0[σ〉M, for some M ∈ G}.

If a net (S, T, F, λ) is 1-bounded and S-decomposable then a mark-
ing can be written as a k-tuple from S1×S2× . . .×Sk. It is known
[15, 12] that if we do not enforce the “direct product” condition be-
low we get a larger subclass of languages.

DEFINITION 14. An S-decomposable labelled net system
(N,M0,G) is an S-decomposable labelled net N = (S, T, F, λ)
along with an initial marking M0 and a set of final markings
G ⊆ ℘(S). G is a set of direct product markings if when
〈q1, q2, . . . qk〉 ∈ G and 〈q′1, q′2, . . . q′k〉 ∈ G then {q1, q′1} ×
{q2, q′2} × . . .× {qk, q′k} ⊆ G.

3.3 On the Definition of Distributed Choice
As we will see, the definition of distributed choice nets is required
in the proofs which go back and forth between nets and product
systems. This is independent of the definition of free choice. Thus
we see distributed choice as a condition which has remained hidden
since all work on nets typically does not consider labellings.
One might ask whether the complicated condition of Definition 12
is really necessary for product decomposition. We first considered
just the cardinality between the two sets, post(Ca) and Ca i.e.,
|post(Ca)| = |Ca|. But our initial example net shown in Figure 1,
satisfies this condition and in Proposition 3 we have shown that it’s
language is not direct product representable.

Next we considered the cardinality between the two sets,
postdecomp(Ca) and Ca i.e., |postdecomp(Ca)| = |Ca|. Unfor-
tunately a variant of our initial example which satisfies this condi-
tion is not direct product representable. The net is S-decomposable,
free choice and satisfies the unique cluster property. For {p1, p2}
the only final marking, the labelled net shown in the Figure 2, ac-
cepts the Mazurkiewicz trace language L = {abd, adb, ace, aec}∗
over the distribution Σ = (Σ1 = {a, b, c},Σ2 = {a, d, e}).

p1 p2

p3 p4 p5 p6

a a a a

b c d e

Fig. 2. Labelled free choice net, which is not direct product representable

PROPOSITION 5. There is no direct product automaton over Σ
which represents this language.

PROOF. Let w = abeacd. Then w1 = w↓Σ1
= abac and

w2 = w↓Σ2
= aead. Since both w1, w2 ∈ L But we have

u1 = abdaec ∈ L with u1↓Σ1
= abac and u2 = aecadb ∈ L

with u2↓Σ2
= aead. So using the characterization given in Propo-

sition 2, we get word abeacd ∈ L which is a contradiction.

4. NETS TO PRODUCT SYSTEMS
Even if a net is 1-bounded and S-decomposable each component
need not have only one token in it, but when we say that a 1-
bounded net is S-decomposable we assume that each component
has one token. For live and 1-bounded free choice nets, such S-
covers can be guaranteed [5].
Now we describe a simple generic construction of a product system
from a net which is S-decomposable and distributed choice. By as-
suming more properties, we get more properties of the constructed
product system. In the next section, we do another simple generic
construction of a net from a product system, the properties of S-
decomposability and distributed choice are obtained automatically,
and again we can get more properties if desired.
Let (N,M0,G) be a 1-bounded and S-decomposable labelled
net system, where N = (S, T, F, λ) is the underlying net. Let
Ni = (Si, Ti, Fi) denote components in the S-cover, for all i in
{1, 2, . . . , k}. We define Pi = Si, G = {(M ∩P1, . . . ,M ∩Pk) |
M ∈ G}. If G was a direct product set of final markings, we can
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define Gi = {M ∩ Pi | M ∈ G} and set G to be their product
G1 × · · · × Gk. Let p0

i be the unique state in M0 ∩ Pi. For each
t ∈ Ti, we know that, there exist places p, p′ ∈ Si such that (p, t)
and (t, p′) belong to Fi. Formally we define set of local moves,
→i= {〈p, λ(t), p′〉 | t ∈ Ti and (p, t), (t, p′) ∈ Fi, for p, p′ ∈
Pi}. So we get sequential system Ai = 〈Pi,→i, p

0
i 〉 correspond-

ing to the component (Si, Ti, Fi). Hence we get the product system
A = 〈A1, A2, . . . , Ak〉 over distributed alphabet Σ. The size of A
is linear in the size of the net. If N was deterministic for synchro-
nization then the constructed system A is deterministic for global
actions.

4.1 Distributed Choice to Product Systems
THEOREM 1. Let (N,M0,G) be a 1-bounded and S-

decomposable labelled distributed choice net system, and A is the
product system constructed as above. Then

(1) If net is free choice then A is a FC-matching product and
(2) in addition if the net system is live, then

(a) all runs of A are consistent with the matching.
(b) Lang(N,M0,G) = Lang(A).

PROOF. Let N = (S, T, F, λ) be the underlying net. Let M be
a reachable marking. SinceAi is a component, number of tokens in
Pi remain constant, and we know that Pi had one token at M0, so
we always have one unique ri ∈ Pi such that ri = M ∩ Pi, for all
i in Loc. So we get R(M) = 〈r1, r2, . . . , rk〉, which is a product
state. In the reverse direction, for any product state R, taking union
of all places in R gives us a unique set of places M(R) which
serves as a marking of net.

(1) Since net is free choice, we get a conflict-equivalent matching
of labels by, taking tuples of pre-places of a cluster, making A
an FC-matching product.

(2) Assume that the net system is live.
(a) Suppose we have two places, say p1 in location 1 and

p2 in location 2 which are not matched on any action a,
which means that they are not in the same cluster of the
free choice net N . Again by construction, let the local
move p1

a−→ p′1 be obtained from the net transition t1 with
pre-place p1 coming from cluster C1 = (S1, T1). By S-
decomposability, C1 has a matching pre-place q2 in loca-
tion 2. Similarly let p2

a−→ p′2 be obtained from t2 with pre-
place p2 coming from cluster C2 = (S2, T2), with match-
ing pre-place r1 in location 1 using S-decomposability.
Since we started with a 1-bounded S-cover, initially each
component had only one token in it, and in a component
number of tokens remains constant at any reachable mark-
ing. So the places q2 and r1 are distinct from p1 and q2
respectively. Again using the 1-bounded S-cover, q2 and
r1 have to be unmarked at the net marking M(R). By
liveness, some transition of C1 will get fired and by free
choice, for this we need to have tokens in all places of S1.
To bring the token in to q2 we have to fire some transition
in C2, for which by free choice we need to put a token
in place r1, which has to come from p1. In short we have
two dead places from where a transition can never be fired,
contradicting liveness.
This means that all the places p1, . . . , pl are in the same
cluster. As a consequence the run of the product system at
this marking (and inductively at all reachable markings)
will be consistent with the matching of labels defined in
the construction.

(b) We will show language equivalence by showing the
stronger property that the maps R(.) and M(.) constitute
an isomorphism of reachable markings of N with reach-
able product states of A. Clearly this is the case for the
initial marking and the initial product state.
To prove Lang(N,M0,G) ⊆ Lang(A), we show that
for a transition t ∈ T of the net system, labelled a, and
M [t〉M ′ in the net, then we have a global move g in the
product system with label a yielding R(M)

a⇒R(M ′) in
the product system. We know that •t ⊆ M and t • ⊆ M ′.
Hence for each i ∈ loc(t) we have a place ri ∈ Pi

such that (ri, t) ∈ Fi. And since Ni corresponding to
Ai is a component there exists another place r′i ∈ Pi

such that (t, r′i) ∈ Fi. But by construction we get a
transition 〈ri, a, r′i〉 ∈→i, ∀i ∈ loc(t). So by defini-
tion of a product system we get a global move g =
Πi∈loc(t)〈ri, a, r′i〉 in constructed product system A. So
we get •t = pre-places(g) and t • = post-places(g). So
each ri ∈ pre-places(g) also belong to tuple R(M) at i-
th place. Repeating the same argument for M ′ we get that
r′i ∈ post-places(g) also belong to tupleR(M ′). So in the
product system we have R(M)

a⇒R(M ′).
In the reverse direction, to prove Lang(A) ⊆
Lang(N,M0,G), we show that, if R a⇒R′ in the prod-
uct system using a global move g then we have
M(R)[a〉M(R′) in the net system, when R is a reachable
product state. This is the direction which uses consistency
of matching which we get by using liveness of net.
Inductively we know from the isomorphism that M(R)
is a reachable marking and this extends the isomor-
phism to M(R′). Let loc(a) = {1, . . . , l} and g =
〈〈p1, a, p

′
1〉, . . . 〈pl, a, p′l〉〉.

We proved above that A is consistent with constructed
matching. Therefore, being a reachable state of A, R is in
a-matching. Hence pre-places(g) belong to a-matching.
So by construction, these places belong to same clus-
ter of net. By S-decomposability it also means that post-
places(g) are post-places of the same cluster. Since clus-
ter is free choice, all transitions have same pre-places. By
distributed choice, the post-decomposition 〈p′1, . . . , p′l〉 is
represented by one of the a-labelled transitions in the clus-
ter. Firing this transition we have M(R) [a〉M(R′) in the
net system and the isomorphism is inductively extended.
Since the final markings of the net get related to the fi-
nal product states, we get language equivalence of net and
product system.

If the net satisfies the unique cluster property, we get separation of
labels and we do not need to use liveness in the proof.

COROLLARY 1. Let (N,M0,G) be a 1-bounded, S-
decomposable labelled distributed free choice net having the
unique cluster property, and A the product system constructed
at the beginning of this section. Then A is an FC-product with
separation of labels, and Lang(N,M0,G) = Lang(A).

PROOF. Let N = (S, T, F, λ) be the underlying net. Let M be
a reachable marking. SinceAi is a component, number of tokens in
Pi remain constant, and we know that Pi had one token at M0, so
we always have one unique ri ∈ Pi such that ri = M ∩ Pi, for all
i in Loc. So we get R(M) = 〈r1, r2, . . . , rk〉, which is a product
state. In the reverse direction, for any product state R, taking union
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of all places in R gives us a unique set of places M(R) which
serves as a marking of net.
Since net is free choice, and using S-decomposability we get
that A is FC-product. As N have unique cluster property and S-
decomposable, constructed system A have separation of labels.
As in the proof of Theorem 1 we will show language equivalence
by showing the stronger property that the mapsR(.) andM(.) con-
stitute an isomorphism of reachable markings of N with reachable
product states of A. Clearly this is the case for the initial marking
and the initial product state.
To prove Lang(N,M0,G) ⊆ Lang(A), we show that for a tran-
sition t ∈ T of the net system, labelled a, and M [t〉M ′ in the
net, then we have a global move g in the product system with la-
bel a yielding R(M)

a⇒R(M ′) in the product system. We know
that •t ⊆ M and t • ⊆ M ′. Hence for each i ∈ loc(t) we have a
place ri ∈ Pi such that (ri, t) ∈ Fi. And since Ni corresponding
to Ai is a component there exists another place r′i ∈ Pi such that
(t, r′i) ∈ Fi. But by construction we get a transition 〈ri, a, r′i〉 ∈→i

, ∀i ∈ loc(t). So by definition of a product system we get a global
move g = Πi∈loc(t)〈ri, a, r′i〉 in constructed product system A.
So we get •t = pre-places(g) and t • = post-places(g). So each
ri ∈ pre-places(g) also belong to tuple R(M) at i-th place. Re-
peating the same argument for M ′ we get that r′i ∈ post-places(g)
also belong to tuple R(M ′). So in the product system we have
R(M)

a⇒R(M ′).
In the reverse direction, to prove Lang(A) ⊆ Lang(N,M0,G),
we show that, if R a⇒R′ in the product system using a global move
g then we have M(R)[a〉M(R′) in the net system, when R is a
reachable product state.
Inductively we know from the isomorphism that M(R) is a reach-
able marking and this extends the isomorphism to M(R′). Let
loc(a) = {1, . . . , l} and g = 〈〈p1, a, p

′
1〉, . . . 〈pl, a, p′l〉〉.

We proved above that A have separation of labels. By S-
decomposablity of net and by construction, these places belong to
same cluster of net. By S-decomposability it also means that post-
places(g) are post-places of the same cluster. Since cluster is free
choice, all transitions have same pre-places. By distributed choice,
the post-decomposition 〈p′1, . . . , p′l〉 is represented by one of the
a-labelled transitions in the cluster. Firing this transition we have
M(R) [a〉 M(R′) in the net system and the isomorphism is in-
ductively extended. Since the final markings of the net get related
to the final product states, we get language equivalence of net and
product system.
In the proof of Theorem 1, we used liveness to prove consistency of
matching, which in turn was used to prove that pre-places of g be-
longed to the same cluster. But here we use unique cluster property
to prove that.

5. PRODUCT SYSTEMS TO NETS
Given a product system A = 〈A1, A2, . . . , Ak〉 over distri-
bution Σ, we can generically produce a net system (N =
(S, T, F, λ),M0,G) as follows:

—S = ∪iPi, the set of places.
—T = ∪aTa, where Ta is⇒a, the set of a-labelled global moves.
—The labelling function λ labels by a the transitions in Ta.
—The flow relation F = {(p, g), (g, q) | g ∈ Ta, g[i] =
〈p, a, q〉, i ∈ loc(a)}.

—M0 = {p0
1, . . . , p

0
k}, the initial product state.

—G = G, the set of final product states.

Since a global action a can be in every component Ai of the prod-
uct system and there can be an arbitrary number ni of a-labelled
choices in each component, the resulting a-cluster in the net has
n1×· · ·×nk transitions which can be exponential in the size of the
product system. If the product system was deterministic for global
actions, then the constructed net is polynomial in size. If the final
product states were a direct product G1×· · ·×Gk, the final mark-
ings will also be direct product.
When we construct nets from product systems with a conflict-
equivalent matching of labels with respect to which all runs are
consistent, we can refine the construction above to choose T ′ ⊆ T
and get a distributed free choice net. As an illustration of above
construction, we give below an example.

EXAMPLE 1. Consider the product system A = (A1, A2) over
distributed alphabet Σ = (Σ1 = {a, b, d, c},Σ2 = {a, b, e, c})
given in Figure 3. Set of final states of A is G = {5, 6} ×
{11, 12}. It’s language is Lang(A) is given by expression ((a +
b)(de + ed)(b + c)). Set of matchings are: a-matching={(1, 7)},
b-matching={(1, 7), (4, 10)}, c-matching={(4, 10)}.

1start

2 3

4

5 6

a
b

d

d

b

c

7start

8 9

10

11 12

a
b

e
e

b

c

Fig. 3. FC-matching product system

From the product system given above, we get, a language equiva-
lent, free choice net , shown in Figure 4, after pruning out transition
corresponding to global move (4, 7)

b−→ (5, 9). It is easy to see that
this net satisfies distributed choice property.

THEOREM 2. Let (N,M0,G) be the net system constructed
from product system A above. Then

(1) N is a S-decomposable net.
(2) N satisfies distributed choice property.
(3) Lang(N,M0,G) = Lang(A).
(4) Further, ifA is FC-matching product and all runs ofA are con-

sistent with the given matching of labels, then we can choose
T ′ ⊆ T such that the subnet N ′ generated by T ′ is a free
choice net and (N ′,M0,G) accepts the same language.

(5) Further, if the product system was deterministic for global ac-
tions, the net is deterministic for synchronization.

PROOF. (1) That N is S-decomposable follows from the fact
that we can build components Ni = (Si, Ti, Fi) from product
system A. Take Si = Pi and Ti = {λ−1(a) | a ∈ Σi} by
definition. The flow relation F can be written as the union of,
Fi = {(p, g), (g, q) | g[i] = 〈p, a, q〉}.
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1
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5 6
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8 9
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11 12

a b

d d e e

b c

Fig. 4. Free Choice net (N,M0 = {(1, 7)},G = {(5, 6)× (11, 12)})

(2) Now we want to prove thatN satisfies distributed choice. Con-
sider an a-labelled transition t in a cluster C ofN ′. Because of
S-decomposability it has exactly one pre-place and one post-
place from each location of a. Given a pre-place p and post-
place q in Ai there can be only one local move 〈p, a, q〉 ∈→a

i .
So for a fixed pre-place p, any local move on action a is
uniquely identified by its post-place. Therefore the post-places
of t uniquely identify a global move in A or transition of net.

(3) Now we prove that Lang(N,M0,G) = Lang(A). In the con-
struction, M0 = {p0

1, . . . , p
0
k} where p0

i is the initial place
of the sequential system Ai in the product. Inductively, for
any product state R of the product system we can associate
a unique marking M(R). The set of transitions T of the con-
structed net is the set of global moves of the product system,
and since the places of the net are the set obtained by tak-
ing union of places of all sequential systems of the product,
we have that •g = pre-places(g) and g • = post-places(g).
So if there is a product state R′ obtained by taking global
move g having λ(g) = a at product state R, then we get
M(R)[a〉M(R′) in the net system produced.
On the other hand, from initial marking M0 of net system, we
can construct the initial product stateR0 of the product system,
by taking its intersection with the places of a sequential system.
So, {p0

i } = M0∩Pi, ∀i ∈ Loc. Since the result of intersection
is a singleton set, we write this with abuse of notation as p0

i =
M0 ∩ Pi. Inductively, we can associate a reachable product
state with any given reachable marking of the net, as in the
component corresponding to location i, there can be exactly
one place which is marked.
Consider a transition t in the net system. if p ∈ Pi ∩ •t then
after firing this transition t, token from place p is circulated
back in the Pi for some place q ∈ Pi ∩ t •. So if we have
M [a〉M ′ in the net system then, we get R(M)

a⇒R(M ′) in
the product system, where R(M) and R(M ′) are the product
states corresponding to the markings M and M ′ respectively,
of net system.

This establishes an isomorphism between the set of reachable
product states of the product system and the set of reachable
markings of net. Because the initial marking and the final
markings correspond to the initial product state and the final
product states we get language equivalence of net and product
system.

(4) Now we assume that all runs of the product system are consis-
tent with a conflict-equivalent matching of labels. Our choice
of the subset of transitions T ′ ⊆ T is to keep those whose
pre-places are part of reachable product states. This does not
violate S-decomposability or language equivalence.
We want to prove that N ′ is a free choice net. Let C =
(SC , TC) be a cluster of constructed net N ′. We have to prove
that it is a free choice cluster. If |SC | = 1 or |TC | = 1 thenC is
trivially a FC-cluster. So we consider the case where |SC | > 1
and |TC | > 1. Let p, q ∈ SC and t1, t2 ∈ TC , such that
p ∈ •t1 ∩ •t2 and q ∈ •t1. We have to prove that q ∈ •t2.
Consider the case where, λ(t1) = λ(t2) = a. We know
that t1 ∈ p • ∩ q • and we have above proved that N ′ is S-
decomposable net system, so places p and q do not belong to
same component of net. Without loss of generality, assume that
p is in component Ni and q is in component Nj with i 6= j.
So transition t1 ∈ Ti ∩ Tj implying |loc(a)| > 1. Since p, q
were part of a reachable product state and runs ofA are consis-
tent with matching of labels, pre-place p must have the match-
ing pre-place q. Since t2 is in p •, because of consistency with
matching of labels, all global moves on action a with p must
use q. Thus q ∈ •t2 as required.
Now consider the case where, λ(t1) = a and λ(t2) = b. Since
|•t1| > 1, by Proposition 4 we have |loc(a)| > 1. Net N ′
is S-decomposable, so places p and q do not belong to same
component of net. Without loss of generality, assume that p is
in component Ni and q is in component Nj with i 6= j. By
construction there exist local moves 〈p, a, p′〉, 〈p, b, p′′〉 ∈→i

and 〈q, a, q′〉 ∈→j . As the matching is conflict-equivalent, lo-
cal moves 〈p, a, p′〉 and 〈q, a, q′〉 are conflict-equivalent, im-
plying existence of a local move 〈q, b, q′〉 ∈→j . By Proposi-
tion 1 we get loc(a) = loc(b).
Since runs of product system A are consistent with the match-
ing of labels, when p has outgoing moves on action a and b,
they will match with outgoing moves from q in Aj . Since the
transitions of N ′ come from the global moves of the product
system, transition t2, which is labelled b, has same set of pre-
places as t1 labelled a, implying q ∈ •t2 as required.

(5) Since set of global moves of product system is used to con-
struct set of transitions of the net, and reachable state spaces of
both net and product system are isomorphic as proved above,
then the determinism of global actions in the product system
gives rise to a net which is deterministic for synchronization.

COROLLARY 2. Let (N = (S, T, F, λ),M0,G) be the net sys-
tem constructed from product system A, as at the beginning of this
section. If A is an FC-product with the separation of labels prop-
erty then N is a distributed free choice net with the unique cluster
property.

PROOF. Using separation of labels property we get the unique
cluster property straightaway, and using conflict-equivalence we
get that the net is distributed free choice. No transitions have to
be pruned.
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6. PERSPECTIVE
In earlier work [10], it has been shown that a graph-theoretic condi-
tion called “structural cyclicity” enables us to extract syntax from
a conflict-equivalent product system. In the present work we ex-
plore the connection between free choice nets and product systems
which have conflict-equivalence and other properties. In particular
we have a broader class of product systems, where the conflict-
equivalence is not statically fixed.
More recently [14] it has been shown that a “pairing” condition in
the syntax can be connected to the matching condition on product
systems used here. Our expressions come in two syntactic sorts:

Regular expressions over Σi s ::= a ∈ Σi|s1s2|s1 + s2|s∗
Connected expressions e ::= 0|fsync(s1, s2, . . . , sk)

The si can be any regular expressions (of any star-height), which is
different from expressions of paper [10]. Results in [14] show that
for connected expressions, with suitable restrictions of a “pairing”
condition, correspond to product systems with separation of labels,
with matching of labels and with a matching where all runs are
consistent with the matching.
Putting these theorems together with the results of this paper, we
get expressions for different subclasses of labelled free choice nets.
Though the present paper shares many definitions with earlier paper
[14], the results in the two papers are complementary. In particular
[14] did not have the definition of distributed choice. In terms of
nets, this meant that we were restricted to considering analogues of
labelled free choice nets with deterministic synchronization. That
restriction no longer applies. Another small extension in this paper
is to consider arbitrary as well as “direct product” final markings.
It is known [11, 12] that arbitrary sets of final markings lead to
closure of direct product languages under boolean operations, and
the syntax has to be extended to allow outermost sums to match this
[9].
We end with a question on which we have unfinished work. When
we construct nets from product systems without using Definition 4
for matching of labels, then we might lose the free choice property
in the constructed nets. We give below an example to show what
happens.

1start

2

aa

3start

a

Fig. 5. Direct product system with language L = {aa}∗

For the product system given in Figure 5 we get a net shown in
the Figure 6 with initial marking M0 = {(1, 3)}, and set of final
markings G = {(1, 3)}. This net is not free choice although it is
language equivalent to the product system from which it was con-
structed.
But there may be cleverer constructions: a free choice net for this
example product system is obtained by unfolding the second se-
quential system to obtain a matching of labels.

1

3
2

a

a

Fig. 6. Non free choice net
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27, part 2, pp. 209–250.

[12] Madhavan Mukund (2011): Automata on distributed alpha-
bets. In Deepak D’Souza & Priti Shankar, editors: Modern
applications of automata theory, World Scientific, pp. 257–
288.

[13] Madhavan Mukund & Milind A. Sohoni (1997): Keeping
track of the latest gossip in a distributed system. Distrib.
Comp. 10(3), pp. 117–127.

[14] Ramchandra Phawade & Kamal Lodaya (2014): Kleene theo-
rems for labelled free choice nets. In: Proc. 8th PNSE, Tunis,
CEUR-WS, pp. 75–89.

[15] Wiesław Zielonka (1987): Notes on finite asynchronous au-
tomata. Inform. Theor. Appl. 21(2), pp. 99–135.

8

http://dx.doi.org/10.1007/s10703-012-0146-4
http://dx.doi.org/10.1007/s10703-012-0146-4
http://dx.doi.org/10.1007/3-540-46691-6_17
http://dx.doi.org/10.1007/3-540-46691-6_17

	Introduction
	Product Systems over a Distribution
	Properties of Product Systems
	Language of a Product System

	Nets
	Properties of Nets
	Net Systems and their Languages
	On the Definition of Distributed Choice

	Nets to Product Systems
	Distributed Choice to Product Systems

	Product Systems to Nets
	Perspective
	References

