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ABSTRACT

In this paper, various properties of particular type of
Hamiltonian graph and it’s edge-disjoint Hamiltonian circuits
have been discussed. It has been found that the intersection
graph obtained from Euler Diagram is not Hamiltonian. The
graph H3m + 7, 6m + 14) for m > 1, which is planner, regular
of degree four, non-bipartite but Hamiltonian graph , has
perfect matching 4 with non- repeated edge for simultaneous
changes of m=2n+1 for n>0.
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1. INTRODUCTION

Hamiltonian graph plays a very important role in real life’s
problem. 1t is known that a Hamiltonian graph is a graph
having at least one Hamiltonian circuit. It is a well known
classical ~ NP-complete  problem theoretically and
computationally [1- 4]. Extensive research on NP-Complete
problem has been done on this topic. Various works related to
find the number of Hamiltonian circuit of a Hamiltonian
graph have been found. Besides, finding the edge-disjoint
Hamiltonian circuits of a Hamiltonian graph is an important
unsolved problem. The importance of Hamiltonian graphs has
been found in case of traveling salesman problem if the graph
is weighted graph.

Various properties of Hamiltonian graph obtained from
various sub-graph of the complete graph Ky, + 3 for m > 2
have been discussed by Jayanta. et al [5]. Besides, the
structure of non-isomorphic Hamiltonian sub-graph of the
form H2m + 3, 6m + 3) for m > 2 has been obtained by
Kalita [6]. It has been found that the non-isomorphic
Hamiltonian sub-graph of the complete graph

Kom +3 for m > 2, plays a role in getting the various structure
of metal atom cluster compound in chemistry.

The regular planar — sub-graph of the complete graph Ky, + 2
for m > 2 has also been discussed and their application has
been considered to find the solution of TSP by Anupam Dutta
et al [7]. Some theoretical properties for regular graphs have
also been discussed.

Many results have been coming since the existence of the
Hamiltonian graph. Shih et al[8] solved the Hamiltonian cycle
problem on circular-arc graphs in O(n’log n) time , where n is
the number of vertices of the input graph. Ruo-Wei Hung,
Maw-Shang Changs, and Chi-HyilLaio [9] solved the same
problem on circular-arc graphs in O(An) time, where A
denotes the maximum degree of the input graph.
Hamiltonicity of regular graphs was studied by Rui Wang,
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Francis C. M. Lau, Yingchao Zhao [10] and many theoretical
results have also been developed. But, it has been found that
the naive algorithm for finding Hamiltonian path does not run
in polynomial time [11]. A polynomial time algorithm for
Hamilton cycle (path) was developed by Lizhi Du [12]. Lazhi
Du mentioned there that the Hamiltonian circuit problem is
still NP-Complete in case of the vertices having degree 3 or 4
or 5.Recently, Ruo-Wei. Hung. etal [26] discussed the edge
disjoint Hamiltonian cycles related with the Augmented
Cubes. In addition to this he found that two equal path
partition in Augmented Cubes exist..Till now, there is no
efficient algorithm for Hamiltonian path / cycle, even though
many attempts have been made.

It is known that two Hamiltonian cycles are called edge
disjoint if there is no common edge in those two Hamiltonian
cycles. There are many applications of edge-disjoined
Hamiltonian cycles, quite a few of them are in parallel
computing and in interconnected network [13-14]. Two edge-
disjoined Hamiltonian cycle problem is also NP-complete
[15].

The number of edge-disjoined Hamiltonian circuits [16] in the
complete graph K, of odd order is found as (n-1)/2. S. K.
Ayyaswamy et al discussed a method of finding the number of
edge-disjoined Hamiltonian circuits for complete graph of
even order [17]. Anna Gorbenko et al discussed the problem
of finding two edge-disjoined Hamiltonian cycles [18]
considering the logical models of the graph. It has also been
found that any graph of the form H2m+3,6m+6) for m>2
having minimum degree 4 and maximum degree 2m+2 for m
>2 has two edge disjoint Hamiltonian cycles [19] .Variation of
path partition problems of a graph has been investigated by
R.W .Hung et al [20] for the circular arc graphs . Besides,
many authors have found many results related to path
partition [21 - 25].

The paper is organized into three sections. In section 1, the
introduction including previous work has been discussed. In
section 2, some theories related to Hamiltonian graph are
developed. In addition to this, in section 3, the two—equal path
partitions and perfect matching have been focused.

2. THEOREMS RELATED TO
HAMILTONIAN GRAPH

The following theorems are considered for different types of
Hamiltonian graphs.

2.1 Theorem

The graph G (2n + 2, 3n + 3) for n > 1, which is regular of
degree three, non-bipartite and planner, is always
Hamiltonian.
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Proof: When we consider for n=1, then it is cleared that the
graph G(2n + 2, 3n + 3) for n > 1, has at least one
Hamiltonian circuit. [Figurel].

Figure 1

Again if we consider the value of n=2, then we can construct a
graph of six vertices and 9 edges, which is also a regular
graph of degree 3 and this graph also contains at least one
Hamiltonian circuit and hence it is Hamiltonian. Continuing
the process for different values of n >3, keeping in mind that
the resulted graph as regular of degree three , it can be shown
that the graph is Hamiltonian.
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2.2 Theorem

The regular graph G (4n + 4, 6n + 6) for n > 1, of degree
three and planar of odd number of regions having four edges
when n = 1 and only two regions covered by 2m + 4 edges for
m > 1 for simultaneous changes of n > 2 is always bi-
colorable.

Proof: Let us considered the following graph having odd
numbers of regions greater than 3, covered by four edges as
shown in figure-2 forn = 1.

Let us now color the vertices of the graph. The vertex V, is
colored by the color C1 and the vertex V, is colored by the
color C2. It can be shown that only two colors (C1 & C2) are
necessary to color the graph of figure 2 properly according to
the coloring property as shown in figure-2.

Now let us considering the values of n = 2 for simultaneous
changes of m = 1, the graph of figure-3 can be constructed
which contains five regions covering of four edges and two
regions covering of six edges. Now this graph can also be
colored only by two colors C1 & C2.

Again constructing the graph for n = 3 and m=2, it can be
shown that the graph can be colored with two colors (C1 &
C2).Now proceeding in the same way of coloring the graph
for other values of n and m, we immediately can show that
only two colors are necessary for coloring the graph structure,
which clears the theorem.

Region-5

w2

Fegion-2

Region-3

Figure 2

Figure 3
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2.3 Theorem
The graph G(3m + 6, 12 + 6m) for m > 1, which is regular of
degree four, non-bipartite and planner, has two edge-disjoint
Hamiltonian cycles.

Proof: The graph G(3m + 6, 12 + 6m) is a planner graph
[Figure-4 is for m=1]], as there is no intersection between
their edges and it is a regular graph of degree four. The
graph G(3m + 6, 12 + 6m) for m > lcan be constructed as
regular graph of degree four .This graph has at least one
Hamiltonian circuit and hence it is Hamiltonian. Now our aim
is to find how many edge-disjoint Hamiltonian circuits in it.
Let us consider one  Hamiltonian  circuit —
V1€18V383V2€17 V613V €10V 489 Vse15V 711 VeV, where Vi,
V3V, Vg, Vi V4, Vs, V7, Vgare the vertices of the graph and
€15€3,617.613 €109 €15, €11 €7 are the edges of the graph.
Let wus consider another Hamiltonian
V/16,V66VgE5V g5V 44V 3€16V5€14V €12V 761V 1,

circuit
where
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elé

Figure 4

V1,V Vo Vg, V4, V3, Vs VeV, are the vertices of the graph
and e,,es, g, €5, €4, €16, €14, €12, are the edges of the graph. It is
found that the edges e;g €3 €17, €13, €10, €9, €15, €11, €7 formed for
the first circuit and the edges e,,eqs, €g, €5, €4, €16, €14, €12,
formed for the second Hamiltonian circuit and these give all
the edges 12 + 6m, visiting all the vertices exactly once. For
m = 1, the figure 4 clears the statement, which has only two
edge-disjoint Hamiltonian circuits.

Constructing the graph for m > 2, it can be shown in
the same way that the graph structure has only two edge-
disjoint Hamiltonian circuits, which complete the proof.

2.4 Theorem

The graph G (3m + 7, 6m + 14) for m > 1, which is planner
and regular of degree 4, and non-bipartite, has two edge-
disjoint Hamiltonian circuits.

Figure 5
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Proof: The graph G(3m + 7, 6m + 14) is a planner graph for
m > 1.Since degree of each vertex is 4, hence it is regular of
degree 4, and it is non-bipartite as it contains triangle. Hence
this graph is regular of degree 4, non-bipartite, planar.

Now we have to show that this graph has two edge-disjoint
Hamiltonian circuits. Let us consider first Hamiltonian circuit
of the graph of figure 5, as
V181V 10820V588V 385V 264V 7816V 4810V 6€13Ve14Ve€17V1  Where
V1, Vi, Vs, V3, V3, V7, Vi, Vs, Vg, Vg, are the vertices and e,
€50, €g, €5 , €4, €16, €10, €13, €14, €17, are the edges of the graph.
Let us consider another Hamiltonian circuit of the graph of
figure 5 as
V18,V263Vee15V 7811 Ve12V5€eV 487 V86V 10815Vee10V1, Where
V1 Vo V4V, Ve, Vs, V4, V3V, Vg are the vertices of the graph
and e,, €3, €15, €11, €12, €q, €7, €6, €15, €10are the edges of the
graph. And edges of the two Hamiltonian circuits give the all
the edges 6m + 14.This means that figure 5 clears the
statement for m=1.

Now constructing the graph for m >2, it can be shown that the
graph structure has only two edge- disjoint Hamiltonian
circuits, which clears the statement.
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We now find another structure of graph adding one vertex to
the graph (3m + 6, 12 + 6m ) for m> 1, which is non-regular
and hence the further theorem exist as follows.

2.5 Theorem
If one vertex is added outer side the region of the graph H(3m
+ 6, 6m + 12) for m > 1, making the degree of added vertex of
degree four, the new graph H(3m + 7, 6m + 16) for m > 1,
which is planar, non-regular, non-bipartite but always
Hamiltonian graph.

Proof: Since there are 3m + 7 vertices and 6m + 16 edges in
the graph. And e <3n — 6 (i.e. bm + 16 <3(3m + 7) — 6 =>
6m + 16 < 9m + 15). The graph is planar having the vertices
of degree are either 4 or 5, hence the graph is non-regular. The
graph contains triangle hence the graph is non-bipartite. The
graph contains at least one Hamiltonian cycle as shown in the
figure 6. This has clarified the statement for m=1.Constructing
graph for m > 2, it can be shown in the same way that the
graph structure H(3m +7, 6m + 16) is planar, non-regular,
non-bipartite but always Hamiltonian graph, which clears the
statement.

We now find one important graph which is not Hamiltonian,
which has been discussed in [26] obtained from particular
type of the Euler diagram.

Figure 6

2.6 Theorem
Intersection graph obtained from Euler diagram is not
Hamiltonian.

Figure 7
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Proof: The diagram of figure 7 is considered from[27]. This
is an intersection graph obtained from the Euler diagram.
There are 17 vertices and the minimum degree 6(G)=2. And
n(G)= 17, since 6(G)=2 is not greater than equal to n(G)/2
[26], hence the intersection graph obtained from the Euler
diagram is not Hamiltonian.

3 THEOREMS RELATED TO EQUAL
PATH PARTITIONS AND PERFECT
MATCHING

Three theorems have been stated and proved for the graphs of
the form G (3m + 6, 12 + 6m) and G (3m + 7, 6m + 14) for m
> 1, which are regular of degree four, non-bipartite and
planner regarding the equal path partitions and for the graph G
(3m + 7, 6m + 14) for m > 1, which is planner and regular of
degree 4, and non-bipartite, regarding the existence of perfect
matching.

3.1 Theorem
The graph structure G (3m + 6, 12 + 6m) for m > 1, which is
regular of degree four, non-bipartite and planner, has two-

equal path partitions.

3.2 Theorem

The graph structure G 3m + 7, 6m + 14) for m > 1, which is
regular of degree four, non-bipartite and planner, has two-
equal path partitions.

Proof: Same as above.(Figure 5).

3.3 Theorem

The graph HB3m + 7, 6m + 14) for m > 1, which is planner,
regular of degree four, non-bipartite but Hamiltonian graph ,
has perfect matching 4 with non- repeated edge for
simultaneous changes of m=2n+1 for n>0.
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Proof: We consider the graph as shown in the figure 8, G

(3m + 6, 12 + 6m) for m =1.

For any distinct pair of nodes (vy, v,) and (v4, Vs), there exist
two edge-disjoint Hamiltonian paths,

B= Vl81V7812V6814V5816V384V485V868V966V2 and

R = V,e10Ve€13Vee17V263V3e18V 167V ge11V7€15V5 of the graph,
satisfying

(1) that is starting the path B=v, and end of the path B = v,,
(2). Start of the path R = v,, and end of the path R = vs,

3) IB]=8 = R

4 VR)UV(B)=V (G).

This clears the statement for m=1. Let us consider that the
result is true for m=k. Therefore the graph G(3k+6,12+6Kk) has
two equal path partitions. Now if we put the vales of m=k+1,
the graph structure will be G (3k + 9, 6k + 18). Now m =k +
1>1, implies that k > 0, and the graph structure G (3k + 9, 6k
+ 18) has two-equal path partitions. Hence the result is true
for all values of m > 1, which clears the statement.

eld

Proof: When n=0,then m=1, and the structure of the graph is
H(10, 20 ) as shown in Figure-5 [theorem-4]. From the figure
it is clear that there are 4 set of perfect matching and they are
{e1, €3, €5, €15, €13}, {€18, €17, €4, €7, €12}, {€6, €2, €14, €11, €},
and {ey, es, €10, €15, €194 With non-repeated edge. Therefore
the theorem is true for m =1. Suppose the result is true for m =
k. So the graph structure H(3k + 7, 6k + 14) has 4 set of
perfect matching with non-repeated edge. Now putting m = k
+ 1,for n=k/2, the structure of the graph will be H(3k + 10, 6k
+ 20). Now m = k + 1 > 1, as the value of m > 1 and this
implies that k > 0. Hence the result is true for all values of m
> 1 when m =2n+1 for n>0.
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4 CONCLUSION

Some particular type of Hamiltonian graphs have been
constructed and their various properties related to edge
disjoint Hamiltonian cycles, vertex coloring, equal path
partition and perfect matching have been discussed
theoretically. It has been found that the application of edge
disjoint Hamiltonian cycles has been prevailed in parallel
computing and perfect matching, vertex coloring have been
used in scheduling.. Hence these types of discussion definitely
will help in these lines. In addition, it has been found that the
intersection graph obtained from the Euler diagram is not
Hamiltonian.
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