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ABSTRACT

The dynamics of transcendental function is one of emerging
and interesting field of research nowadays. In this paper we
have constructed a series of generalized Mandelbrot and Julia
set from cosine function using Agarwal iteration.
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1. INTRODUCTION

In recent years there have been many papers dealing with the
family of relational maps
z<«cos(z" +c), f(z)=1/2(" +e™). We have generated
the fractal structure of the generalized Mandelbrot set and
Julia set from three different cosine functions. Escape criteria
of polynomials are used to generate Mandelbrot Sets and Julia
Sets form Eq. (2). For Eqg. (1) and Eqg. (3) we have used
Devaney’s escape criterion[10].

z<ccosz",n=123,..... ceC (@)
z<«cosz"+c,ceC,n=123,...... )
z<«cos(z" +c),ceC,n=123,....... (3)

2. PRELIMINARIES

Let (E, d) be a complete metric space, T be a self map of
E. Suppose that F ={pe<E such that T, = p}is the set of

fixed points of T in E. In metric space we have several
iterative processes that have been defined by many researchers
to approximate the fixed points of different operators. One of
them is following:

Let {x,}._, = E be the sequence generated by an iteration
procedure involving the operator T, that is, x,,, = f(T,x,)

where x, € E , be the initial approximation and f is some
function. If f,(x) =x, then point x is named the fixed point
of f,. If there is a smallest positive p which
satisfies f P(x) =x, then xis called a periodic point with

periodp. If | (f°P)X( 9|, then x is called a attracting
fixed point. The point xis a repelling fixed point
if| (fP)'(X)|>1.
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2.1 Agarwal iteration [1]
In 2007 Agarwal et al defines the iterative process as

Xy = [@—S)Tx, + 5Ty,

Yo = (l—SI)X" + S'Tyn

Where {s}and{s}are the sequence of positive numbers in [0,1]

satisfying >'s, = .
k=0

2.2 Mandelbrot set [7,10]
In 1980 Benoit Mandelbrot, the father of fractal geometry,
discovered a fractal later to be known as the Mandelbrot Set

.The Mandelbrot set M for the quadratic Q (z)=2*+c, is

defined as the collection of all ¢ e C for which the orbit of the
point 0 is bounded, that is
M={ceC:{Q.,"(0)};n=0,12......... isbounded} . An

equivalent formulation is M ={c e C :{Q,"(0)}does not tends

to ooasn—oo.We choose the initial point 0, as 0 is the only
critical point of Q, .

2.3 Julia set

French mathematician Gaston Julia [2] and [8, 9] investigated
the iteration process of a complex function intensively, and
attained the Julia set, a very important and useful concept. At
present Julia sets has been applied widely in computer
graphics, biology, Engineering and other branches of
mathematical sciences.

Consider the complex-valued quadratic
functionz,,, =z"+c,ceC, where C be the set of complex
numbers and n is the iteration number. The Julia set for
parameter c is defined as the boundary between those of z,
that remain bounded after repeated iterations and those escape
to infinity. The Julia set on the real axis are reflection

symmetric, while those with complex parameter show rotation
symmetry with an exception to ¢ = (0, 0), see Rani and Kumar

[6].
3. GENERATING THE FRACTALS

Fractals have been generated fromz— (z“ + c) ,h>2using

escape-time techniques, for example by Gujar etal.[4, 5] and
Glynn [3]. We have used in this paper escape time criteria of
Agarwal iterates for second and third function.



3.1 Escape Criterion for Quadratics

Suppose that |z | >max {jc |, 2 /s , 2 /S'}, then
2l @+ D)12] gl @ nso gy [ZRIC] g
121>2/S 5 \ell asl 2275
quadratics.

shows the escape criteria for

3.2 Escape Criterion for Cubics

Suppose
| z|> max{|b],(a+2/s)"? (a+2/s")"*}then| z, |> o as
n— oo . This gives the escape criterion for cubic polynomials.

1/2

3.3 General Escape Criterion
Consider| z|> max{| c|,(a+2/s)"",(a+2/s")""}, then
|z, |> 0 as n— oo is the escape criterion.

Based on the Devaney’s escape criterion[10], we choose the
escape time limit |imag(z) |> 50 ,otherwise a special denotation
will be given. If z=x+1iy , then

cosz=1/2(e" +e™)

|cosz|=1/2]e" +e7"|
=1/2]e 7" 4]
=1/2|eYe* +e'e ™|
=1/2( e ||e*|+|e |[e™])
=1/2(e” +e7).

Thus if imagz <-50, the modulus of the image of z is quite
large.

4. ANALYSIS

In this section we have presented the generalized Julia set of
cosine function using Agarwal iterates. Further we have also
presented the convergence of cosine function for different
values of s,s' andc.

4.1 For Eq.1
For z,=(-1.25, 0.0) , n=1, s=1.0 and s'=0.0, we observe that

the value for F(z) converses to a fixed point i.e. 0.010, see
Figl.1. On increasing the value to z,=(-2.4625, 0.25),n=1,

s=0.8 and s'=0.2 we obtain fixed point as 0.2798 see Fig 1.2 .
Atz, = (1.6375, 0.275), n=1, s=0.6 and s'=0.1, fixed point is

0.04595 see Fig 1.3. Atz, = (3.275, 0.0125), n=1, s=0.4 and
§'=0.4, fixed point is 0.06386 see Fig 1.4. At z, = (0.4625, 0.5),
n=2, s=0.4 and s'=0.4, fixed point is 0.6399 see Fig 1.5. At z, =

(-3.0125, -0.025), n=3, s=0.2 and s'=0.5, fixed point is 0.082
see Fig 1.6.

4.2 For Eq.2
For z,=(1.16875, -0.0125), n=2, s=0.5and s'=0.25, we observe

that the value for F(z) converses to a fixed point i.e. 0.55274
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see Fig2.1. Atz,= (0.60625, -0.0875) ,n=3, s=0.4and
§'=0.2,fixed point is 0.6728 see Fig2.2. At z,= (0.40625,
0.20625), n=4, s=0.1and s'=0.3, we observe that the value for
F(z) converges to two fixed points i.e. 0.6090, 0.9919 see
Fig2.3.Atz,= (-0.06388063243, 0.01372904992) ,n=4,
s=0.land s'=0.3. , we observe that the value for F(z)
converges to two fixed points i.e. 0.6090, 0.9919 see Fig 2.4.

4.3 For Eq.3
For z, = (1.925, 0.025), n=2, s=0.5and s'=0.25, we observe that

the value for F(z) converses to a fixed point i.e. 0.5119 see
Fig3.1.For z, = (0.51875, 0.525), n=3, s=0.4and s'=0.2value of
fixed point is 0.6058 see Fig3.2. For z, = (-0.4125, -0.65), n=4

s=0.1and s'=0.1 we obtain the fixed point 0.7969 see Fig3.3.
For z, = (-0.4125, -0.65), n=4, s=0.2 and s'=0.5 we obtain the

fixed point 0.7968 see Fig3.4.

5. ITERATED IMAGES

5.1 Fractal growth of the generalized
Mandelbrot set of eq.1

"‘

Figl for s=1, s'=0, n=1

) e

ﬁgé for s=0.6, s'

0.1, n=1
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5.2 Fractal growth of the Generalized
Mandelbrot Set of eq.2

1

ek
Fig4 for s=0.4, s'=0.4, n=1

Fig6 for s=0.4, s'=0.0, n=3

Fig3 for s=0.4, s'=0.4, n=3

Fig4 for s=0.6, s'=0.0, n=4

Fig8 for s=0.2, s'=0.4, n=4



5.3 Fractal growth of the Generalized
Mandelbrot Set of eq.3

Fig2 for s=0.4, s'=0.2, n=3

Fig3 for s=0.2, 5'=0.0, n=4

5.4 Fractal growth of the Generalized Julia

Setof eq.1

Figl for s=1, s'=0, n=1, c= -1.25+0i
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Fig3 for s=0.4, s'=0.4,n=1, c= 3.275+0.0125i

5.5 Fractal growth of the Generalized Julia
Setof eq.2

Figl for s=0.5, '=0.25, n=2, c= 1.16875-0.0125i



ig2 for s:O., §'=0.3, n=4, c= -
0.06388063243+0.01372904992i

Fig4 for s=0.1, s'=0.3,n=4, c= 0.4625+0.5i

5.6 Fractal growth of the Generalized Julia
Set of eq.3

Figl for s=0.5, s'=0.25, n=2, c= 1.925+0.025i
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&u
Fig2 for s=0.2, s'=0.5, n=4, c¢= -0.4125-0.65i

Fig3 for s=0.4, s'=0.2, n=3, c= 0.51875+0.525i

e

Fig4 for s=0.1, §'=0.1, n=4, c= -0.4125-0.65i

6. GRAPHS
6.1 ForEq.1
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Fig 1.1: Orbit of F(z) for z0=-1.25+0i,n=1, s=1.0 and s'=0.0
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Fig 1.2: Orbit of F(z) for z0= -2.4625+0.25i,n=1, s=0.8 and
§'=0.2
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Fig 1.3: Orbit of F(z) for z0= 1.6375+0.275i,n=1, s=0.6 and
s'=0.1
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Fig 1.4: Orbit of F(z) for z0= 3.275+0.0125i,n=1, s=0.4 and
s'=0.4
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Fig 1.5: Orbit of F(z) for z0= 0.4625+0.5i ,n=2, s=0.4 and
s'=0.4
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Fig 1.6: Orbit of F(z) for z0= -3.0125-0.025i ,n=3, s=0.2 and
5'=0.5

6.2 For Eq.2:
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Fig 2.1: Orbit of F(z) for z0= 1.16875-0.0125i ,n=2, s=0.5and
§'=0.25
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Fig 2.2: Orbit of F(z) for z0= 0.60625-0.0875i ,n=3, s=0.4and
§'=0.2
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Fig 2.3: Orbit of F(z) for z0= 0.40625+0.20625i ,n=4,
s=0.1and s'=0.3
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Fig 2.4: Orbit of F(z) for z0= -
0.06388063243+0.01372904992i ,n=4, s=0.1and s'=0.3
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6.3 For Eq.3:
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Fig 3.1: Orbit of F(z) for z0= 1.925+0.025i ,n=2, s=0.5and
§'=0.25
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Fig 3.2: Orbit of F(z) for z0= 0.51875+0.525i ,n=3, s=0.4and

§'=0.2
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Fig 3.3: Orbit of F(z) for z0=-0.4125-0.65i ,n=4 s=0.1and
s'=0.1
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Fig 3.4: Orbit of F(z) for z0=-0.4125-0.65i ,n=4, s=0.2 and
§'=0.5

7. CONCLUSION

In this paper we have presented the dynamics and fixed point
analysis of cosine map by using Agarwal iterates. Mandelbrot
set of all three equations possesses ( 2n—1) bulbs while Julia
sets possess 2n wings. The orbit of any point on hair tends to
infinity under iteration. This geometry of hairs appears to be
quite similar to that of exponential family and hence showed
the property of transcendental function. On the other hand,
Julia sets plane represented the region filled up of large number
of escaping points.
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