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ABSTRACT

This paper is concerned with the proof for the existence and
uniqueness of local mild and classical solutions of a class of
nonlinear fractional evolution integrodifferential systems with
nonlocal conditions in Banach spaces based on the theory of
resolvent operators, the fractional powers of operators, fixed
point technique and the Gelfand-Shilov principle.
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1. INTRODUCTION

The main objective of the study is to obtain the local mild and
classical solutions for the nonlocal fractional Cauchy problem
of the form

d:zl:it) +A(u(t) = f (t'u(t)' ftto k(t, S,u(s))dS)
+ f:u B(t — s)g(s,u(s)ds, t € [0,b], (1.1)
u(ty) + h(w) = u,.

in a Banach space X, where 0<a<1,0<t;<t. LetlJ
denote the closure of the interval [to, T),ty < T < . Under
the assumptions that - A(t) is a closed linear operator defined
on a dense domain D(A) in X into X such that D(4) is
independent of t and - A(t) generates an evolution operator in
the Banach space X, the function B is real valued and locally
integrable on [ty,) X X into X and let h: C(J,X) - D(A) .

The Fractional differential equations have been studied with
more interest by many authors [8, 12, 14, 15, 16, 17, 18, 20,
22, 25] in the recent times as they effectively describe many
phenomena arising in engineering, physics, economy and
science including several applications in the fields of
viscoelasticity, electrochemistry, electro-magnetic, and so on.
The existence of solutions to evolution equations with
nonlocal conditions in Banach space was established first by
Byszewski [9]. Many kinds of nonlinear evolution equations
were developed by the authors [17, 18, 22, 25]. Deng [13]
examined that using the nonlocal condition for the diffusion
phenomenon of a small amount of gas in a transparent tube in
place of the usual local Cauchy problem. Many authors [3, 4,
5, 6, 7, 10, 21, 28] formulated several works related to the
first order differential equations with initial conditions.
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The results are the generalizations of the research works of the
authors Debbouche [11], Bahuguna [2], El-Borai [17, 18],
Pazy [26] and Yan [29]. We study to investigate the regularity
of the mild solution of the considered problem and to show
under the additional condition of Holder continuity on B that
this mild solution is originally the classical solution.

2. PRELIMINARIES

By means of Gelfand and Shilov principle [20], we define the
fractional integral of order « > 0 as

1 t
1fu(®) = s f (t — )1 f(s)ds.

and the fractional derivative of the function f of order
0<a<1las

1 d rt
DEu(t) = maj; (t — s) " %u(s)ds.

where f is an abstract continuous on the interval [a, b] and
I'(a) is the Gamma function refer to [12].

Definition 2.1 By a classical solution of (1.1) on J, we mean
a function u with values in X such that:
(1) w is continuous function on [ty, T) and u(t) € D(A),

2 4% oxists and is continuous on [to,T),0<a <1, and u
dat®

satisfies on (t,, T)and the nonlocal condition (1.1).

By a local classical solution of (1.1) on J, we mean that there
exist a Ty, to<Ty <T and a function u defined from
Jo = [to, To] into X such that u is a classical solution of (1.1).

Let E be the Banach space formed from D(A) with the graph
norm. Since - A(t) is aclosed operator, it follows that - A(t)
is in the set of bounded operators from E to X.

Definition 2.2 A resolvent operator for problem (1.1) is a
bounded operator valued function R(t,s) € B(X), 0<s <
t < T, the space of bounded linear operators on X having the
following properties refer to [8, 29]:

(i) R(t, s) is strongly continuous in s and ¢,
R(s,s) =1,0 < s < T,||R(t,s)|| < MeP=s)
for some constant M and S.

(ii) R(t,s)E c E,R(t,s) is strongly continuous in s and t on
E.

(iii) For x € X,R(¢t,s)x is continuously differentiable in
s €[0,T) and



a—R(t, s)x = R(t,s)A(s)x.
ds

(iv) For x € X, s € [0,T), R(¢,s)x is continuously differenti-
ableint € [s,T) and

OR
—(t,s)x = —A(t)R(t, s)x.
ds
. OR aR .
with g(t,s)x and E(t,s)x are strongly continuous on

0<s<t<T.

Here R(t,s) can be extracted from the evolution operator of
the generator - A(t). The resolvent operator is similar to the
evolution operator for nonautonomous differential equations
in a Banach space.

Definition 2.3 A continuous function u:J — X is said to be a
mild solution of problem (1.1) if for all u, € X, it satisfies the
integral equation

t
u(®) = R t)lug ~ h)] + - ft 9IRS

X [f (s,u(s), Sk(t, T,u(r))dr>
to

+f,, B(s = Dg(z,u())drlds 2.1)
By a local mild solution of (1.1) on J, we mean that there exist
aTyty <Ty<T,and afunction u defined from J, = [to, To]
into X such that u is a mild solution of (1.1) refer to [8,22,25].
We define the fractional power A~9(t) by

1 o0
A7) = ﬁf x97 1 R(x,t)dx,q > 0.
0

For 0 <q <1,49(t) (A%in short form) is a closed linear
operator whose domain D(A?) o D(A) is dense in X. This
implies that D(A?) endowed with the graph norm

llullpcay = llull + lA%ull,u € D(AT)

is a Banach space as clearly A9 = A= because A~ is one
to one. Since 0 € p(A), A%is invertible, and is graph norm is
equivalent to the norm

llullg = |A%ul|.

Thus D(A?) equipped with norm [[-||; is a Banach space
denoted by X, refer to [1, 2]. To establish the main results, the
assumptions on the maps f, k and g are as follows:

(F) Let U be an open subset of [0,00) X X, x X, and for
every (t,x,y) € U there exist a neighbourhood V c U of
(t,x,y) and constants L > 0,0 < u < 1 such that

[1f (51, uq, v1) — f(s2,uz, )l
< L[|51 = sal* + llug —upllg + llvy — UZ”q]:
for all (Sl,ul,'l]l) and (Sz,uz,vz) inV.

(G) Let D be an open subset of [0,) x [0,) x X,, and for
every (t,s,x) € D there exist a neighbourhood E c D of
(t,s,x) and constants L; > 0,0 < u < 1 such that

“k(tlF Sl:ul) - k(tZ: S2, uZ)”

< Li[lty = 6l* + llsy = sallg + llug — uallg),
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for all (tl' S1, ul) and (tz, So, uZ) inE.

(H) Let P be an open subset of [0,) X [0,) X X4, and for
every (t,x) € P there exist a neighborhood W < P of (t, x)
and constants L, > 0,0 < p < 1 such that

lg(ts,x) — gt W < Ly[lts — t2l* + llx — y”q],
for all (¢4, x) and (t,,y) in W.

3. LOCAL MILD SOLUTIONS

Assume that - A is invertible and t, < T <o and refer to
[19, 23, 24, 26, 27], we deduce the following to prove the
local existence of (1.1).

Lemma 3.1 Let A(t) be the infinitesimal generator of a
resolvent operator R(t,s). we denote by p[A(t)] the resolvent
set of A(t), then

(@) R(t,s):X > D(AT) forevery0 <s<t<Tandgq >0,
(b) For every u € D(A?), we have
R(t,s)A9(t)u = A1(t)R(¢, s)u,
(c) The operator A?R (¢, s) is bounded and
lATR(t, )| < Mg p(t —s)79.

Let Y = C([to, t1]; X4) be endowed with the supremum norm

lyll. = sup lly@®llg,y €Y.

tosts<ty
Then Y is a Banach space.

The function h:Y - X, is continuous and there exists a
number b such that ||R(t, to)ll < 1/2b and

[lh(x) — R4 < bllx =yl forall x,y € Y.
Note that, if z € Y, then A9z € Y.

Theorem 3.2 Suppose that the operator —A(t) generates the
resolvent operator R(t,s) with [[R(¢,s)|| < Mef¢~9and that
0 € p[—A(t)]. If the maps f, k and g satisfy (F),(G),(H) and
the real-valued map B is integrable on J, then (1.1) has a
unique local mild solution for every u, € X,.

Proof: We fix a point (ty,uy) in the open subset U of
[0,0) x X, and choose t, > t, and € > 0 such that (F) holds
for the functions f and g on the set

V= {(t,x) E Uity < to, llx —uplly < 6}. (3.1)

Let
t
N; = sup f(t,uo, k(t,s,uo)ds>,
toststy to
Nz = sup [lg(t,up)ll
tostst)
and let

A = supl|lh(x)ll4
X€EY
and choose t; > t, such that
€
IRCE, to) = IlI[llugllq + 2] < plost=t.

and
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t; — to < min {t{ — to, [EM(;};F(a)(a - {(Le +

Lie J4Ny) + ar(Loe + N 171), (32)
where ar = [, IB(s)| ds. (3.3)

We define amap on Y by ¢y = ¥, where }7 is given by
F(t) = R(¢t, t0)Auo — h(A™y)]

1t )
+m£0(t — $)149R(L, 5)

x[f (s,A‘qy(s), Sk(t, T,A“W(T))dr)

to

+ fsB(s - 1g(r,A"%(1))dr]ds.

For every y €Y, o¢y(ty) = Alu, —h(47%)], and for
to < s <t <t;wehave

Py (t) — py(s)
=[R(t to) R(s,t0)]A%uy — h(A™%y)]

e f (t — $)¥1A9R(t, 7)

x[f (T,A'qy(f), k(z, M,A‘qy(u))du>

to

+J B(z —n)g(n, A9y (n))dn]de
t

0

1 S _
+ Ta)_f;o(t — DR T) — R(s, )]

x[f (T,A_qy(‘f), k(z, #»A_qY(ll))dM>

to

+J B(t —n)g(n, A%y (n))dn]dr.
t

[

It follows from (F), (G) and (H) on the functions f,k and g,
Lemma 3.1.c and (3.2) that ¢: Y — Y. Let S be the nonempty
closed and bounded set given by

S ={y eY:y(ty) = Aluy — h(A™9%)], lly(t) —
Afuy — h(A~T)]|| < €}. (34)

Then for y € S, we have
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gy (6) — AT[uo — R(A™IY)]II
< IIR(t to) — I[l11AT[uo — R(A™TY)]II

s f (t = )AL, )]

(s,A_qy(s), k(t,r,u(‘[))d‘[)
to

S
—f(s,uo, k(t,r,uo)d‘[) ds

to

1 ¢ _
S f =9 ARE, )

x f 1B(s — D)l||g(z, A=0y(2))
—g(o'r uo)“d‘[ ds
+ s f (t = ) AR )]

X

f(s,uo‘ k(t,r,uo)dr) ds
to

1t _
+m£0(t—5) HIATR(E I

T
|B(s — Olllg(z, uo)lldr ds.

to
Using Lemma 3.1.c, (3.3) and (3.4) we get
llpy(£) — A%[uo — R(A™IP]II

< 2+r(‘1£ (@ — @) Y(Le+ Lie ] + Ny) + ar(L,e + N,)}

Xty —tg)*1<e€ (3.5)
Then ¢: S — S. To show that ¢ is a strict contraction on S and

to ensure the existence of a unique continuous function
satisfying (1.1), Let y and z be two elements in S, then

llpy () — pz(Ol = [I7(t) — Z(OI|
< lIR(t, to)lIh(A™92) — R(A™y)l

1 t _
+@J;O(t —S) 1

X ||A9R (¢, s)|| Hf <S,A‘qy(s), Sk(t, T,A‘qy(r))dr)

to

—f(S,A_qZ(S), Sk(t,T,A_qZ(T))dT) ds

to

e )f (t - = IATRE, 9

X [f |B(s — t)|||g(1:,A“’y(‘L')) - g(‘L’,A_qZ(T))”dT] ds.

Using assumption (F), (G),(H) on f,k and g, (3.5), Lemma
3.1.c and (3.4) respectively, we get
lpy(6) — pz(Ol|

< bIIR(, t)lllly — zllo
t

b (Ut Ly + Laap) [ (6= ) ATR( ) lds]
@ )

X ly —zlly

< blIR(, t)lllly — zlly

+% (L+ L]+ Lyap)Mggla — @)~ (t; — t)* 1

x ly —zlly
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1 1
< > ly —zlly + m [(Le + Lie ] + Ny)+ar(Loe + N,)]

X Mg p(a— D7t = t)*ly — zlly

1 1
< E”}’_Z”y +§||y —z|ly.

Thus ¢ is a strict contraction map from S into S and therefore
by the Banach contraction principle there exists a unique fixed
point y in S such that

py=y=7. (36)
Let u = A~%y. Using lemma 3.1.b, we have

u(t) = R(t, to)[uo — h(w)]

+ ﬁ ft (t = )% R, 5)[f <S'“(S)' e T'”(’))df>

+ f:o B(s — 0)g(z,u())dr]ds (3.7)

for every t € [to, t,]. Hence u is a unique local mild solution
of (1.1). o

4. LOCAL CLASSICAL SOLUTIONS

In this Section, we establish the regularity of the mild
solutions of (1.1). Let J denote the closure of the interval
[to,T),to < T < oo. In addition to the hypotheses mentioned
in the earlier sections, we assume the condition (H) on the
kernel B as that

(H) There exist constants L, = 0 and 0 < p < 1 such that
[B(t1) — B(t2)| < Lolty — t,|P, forall t,t; € J.

Theorem 4.1 Suppose that —A(t) generates the resolvent
operator R(t,s) such that ||R(t,s)|| < Meft=%) ando €
p[—A(t) ]. Further, suppose that the maps f and g satisfy (F)
and the kernel B satisfies (H). Then (1.1) has aunique local
classical solution for u, € Xj.

Proof: From Theorem 3.2, it follows that there exist T,
to < Ty <T and a function u such that u is a unique mild
solution of (1.1) on solution J, = [t,, T) given by (3.7). Let
v(t) = A%u(t). Then

v(t) = R(¢, t)A[up — h(w)]

L (= )= 149 R(t, 9)IF
oo f €= (&, $)[F(s)

+ftsoB(s —1)§(r)dr]ds, 4.1)

where  f(t) = f(t, A79v(1)), §(¢) = g(t, A=%(t)). Since
u(t) is continuous on J, and the maps f and g satisfy (F), it
follows that £ and g are continuous, and therefore bounded on
Jo. Let

M, = supl|f(®)]|
teo
and
M; = supl|g(DI|
te),
Using the method as in [14, Theorem 3.2], we can prove that

v(t) is locally Holder continuous on J,. Then there exist a
constant C such that for every t; > t,, we have

”U(tl) - U(tz)” < Cltl - tzlp, (4.2)
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forall ty <ty <ty,t, < T,y Now, assumption (F) with (4.2)
implies that there exist constants kq,k, >0and 0 <y,n <1
such that for all t, < ty < t;,t, < Ty, we have

”f(tl) - f(tz)” < kqlty =t
1§ (t) — G < kalty — 2|7,
which shows that £ and g are locally Holder continuous on J,.
Let
B t
w(®) =f()+ ft B(s — 1) (r)dz.
0
It is clear that w(t) is locally Holder continuous on J,,.
For t, < t;, we have
lo(t) — w(t)Il < C*[ty — t2|B.

For some constants C* >0 and 0 < B < 1. Consider the
Cauchy problem

d%u(t)
dte
and  v(ty) = ug — h(uw). (4.4)

From Pazy [26], the problem (4.3), (4.4) has a unique solution
v on]J, into X given by

v(t) = R(t, to)[uo — h(w)]

s o (= )R )a(s)ds, (45)

+ A)v(t) = w(t), t > to, (4.3)

for t > t,, Each term on the right-hand side belongs to D(4),
hence belongs to D (A9).

Applying A% on both sides of (4.5) and using the uniqueness
of v(t), we have that A9v(t) = u(t). It follows that u is the
classical solution of (1.1) on J,. Thus u is the unique local
classical solution of (1.1) on J. O
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