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1. INTRODUCTION

The theory of fuzzy set was introduced by L.A. Zadeh in 1965
[9]. The mathematical formulation of a fuzzy automaton was first
proposed by W.G. Wee in 1967 [8]. E.S. Santos 1968 [7] proposed
fuzzy automata as a model of pattern recognition.

J. N. Mordeson and D.S. Malik gave a detailed account of fuzzy
automata and languages in their book 2002 [6]. Fuzzy sets are
kind of useful mathematical structure to represent a collection of
objects whose boundary is vague. There are several kinds of fuzzy
set extensions in the fuzzy set theory, for example, intuitionistic
fuzzy sets, interval-valued fuzzy sets etc. Bipolar-valued fuzzy sets,
which are introduced by Lee [4} 5], are an extension of fuzzy sets
whose membership degree range is enlarged from the interval [0, 1]
to [-1, 1]. In [2], Y.B. Jun and J. Kavikumar introduced bipolar
fuzzy finite state machines, a bipolar successor, a bipolar exchange
property.

In this paper, we introduced Cartesian composition in bipolar fuzzy
finite state machines with example and discuss their properties.

2. BASIC DEFINITIONS
2.1 Definition [10]

Let X denote a universal set. Then a fuzzy set A in X is set of
ordered pairs:

A={(, pa(@)lx € X},

wa(x) is called the membership function or grade of membership
of z in A which maps X to the membership space [0, 1].
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2.2 Definition [3]]

A finite fuzzy automata is a system of 3 tuples, M = (Q, X, fu),
where,

Q-set of states {q1, 42, ..., qn }

> -alphabets (or) input symbols

far-function from Q x X x @ — [0, 1]

fr(gi,0,q;) = p,[0 < oo < 1] means when M is in state ¢; and
reads the input o will move to the state g; with weight function .

2.3 Definition [2]

A bipolar fuzzy finite state machine (bffsm, for short) is a triple
M = (Q, X, ), where Q and X are finite nonempty sets, called
the set of states and the set of input symbols, respectively and
© = (¢, ") is a bipolar fuzzy setin Q x X X Q.

Let X* denote the set of all words of elements of X of finite length.
Let A denote the empty word in X* and |z| denote the length of «
for every z € X*.

2.4 Definition [2]

Let M = (Q, X, ) be a bffsm. Define a bipolar fuzzy set ¢, =
{p T, 0.7 ) in Q x X* x Q by

_ -1 ifg=p
A.p) =
v, (¢, A\ p) {0 itq £ p
1 ifg=p
+ by —
ol (e, M\ p) {0 itq+p

¢, (q,ra,p) = inf.cqlp.” (¢, 7,7) V .~ (r,a,p)]
30*+(q7l'(l,p) :SupT‘EQ[(p*-‘—(Qam?,’.) /\ 50*+(T7a7p)] V pvq 6
Q, re X*anda € X.

Result

Let M = (Q, X, ¢) be a bffsm. Then

w. (g, zy,p) = infreqlo. (¢, 2,7) V 0. (r,y,p)]

. (g, 2y, p) = supreqlea (g, 2,m) A . (r,y,p)] Vp,q € Q
andz,y € X*.



2.5 Definition [2]

Let M = (Q, X, ) be abffsm and let p, g € Q. Then p is called a
immediate successor of q if the following condition holds

Ja € X such that ¢, (g, a,p) < 0 and ¢, " (q,a,p) > 0. We say
that p is a successor of g if the following condition holds

Jz € X* such that ¢, (¢, z,p) < 0 and ¢, (g, z,p) > 0.

We denote by S(q) the set of all successors of ¢. For any subset T’
of @ the set of all successors of T" denoted by S(T') is defined to
be the set S(T") = U{S(¢q)\q € T’}

2.6 Definition

Let M = (Q, X, ) be a bffsm. Let T C Q. Let v be a bipolar
fuzzy subset of ' x X x T and let N = (T, X, v). The bipolar
fuzzy finite state machine /V is called a submachine of M if
Hv|TxXxT=w

(i)So(T) C T.

2.7 Definition

Let M = (@, X, ) be a bffsm. M is said to be retrievable if
Vg € Q Vy € X*if3t € Q such that ¢.(q,y,t) =
[ (q,9,t) <0,0.F(q,y,t) > 0], then 3z € X* such that
e.(t,x,q) = [p. (t,x,9) < 0,0, (t,z,q9) > 0].

2.8 Definition

Let M = (Q, X, ¢) be abffsm. M is said to be quasi-retrievable
ifVg € Q Vy € X*if3¢t € @ such that p,(q,y,t) =
[ (q,9,t) <0,0.F(q,y,t) > 0], then 3z € X* such that
¢.(q,y7,9) = [ (g, yz,9) <0,¢.%(q,yx, q) > 0], where

¢ (q,yz,q) =infr c o[p. (g, y, 1) V. (L, @, )] <Oand
@7 (g, yz,q) = sup; < @l t (g, y, 1) N T (t, @, q)] > 0.

2.9 Definition

Let M = (Q, X, ¢) be a bffsm. Let ¢,r,s € Q. Then r and
s are said to be g-related if Jy € X* such that p.(q,y,7) =

[@*7(q7 y7 7') < 07 SD*_‘—(q?yv T) > 0] and
©0.(q,9,8) = e (q,9,8) <0,0.7(q,y,5) > 0].

Note
If r and s are bipolar g-related then r and s are said to be g-twins
if S(s) = S(r).

2.10 Definition

Let M = (Q, X, ¢) be a bffsm. We say that M satisfies the
exchange property if the following condition holds:

Letp,q € @ and let T' C Q. Suppose thatif p € S(T' U {q}),p ¢
S(T), then g € S(T'U {p}).

2.11 Definition

Let M = (Q, X, ) be a bffsm. Let ' C Q. Let v be a bipolar
fuzzy subsetof T' x X x Tandlet N = (T, X, v). The bipolar
fuzzy finite state machine NN is called a submachine of M if
Hv|T x X xT = v

(i)Sq(T) C T.

2.12 Definition

Let M = (Q, X, ¢) be a bffsm. M is said to be connected if M
has no separated proper submachine.
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2.13 Definition

Let M = (Q, X, ¢) be a bffsm. Then M is called strongly
connected if Vp,q € @, p € S(q).

2.14 Definition

Let M = (Q, X, ¢) beabffsmandlet N = (T, X, v) bea
submachine of M. N is called proper if T # Qand T # ¢.If
M is strongly connected then M has no proper submachine.

2.15 Definition

Let M = (Q, X, ¢) be a bffsm and let ¢ = (p~, ") be a
subsystem of M. Then ¢ is called cyclic if

Jdg; 27,9 €Q,t€[-1,0)and

3 C ot eQte(0,1].

Note

Let M = (Q,X,9) be a bffsm. Let R C Q. Then N =
(S(R), X, pR) is a submachine of M, where ¢ = (¢r,¢%),
where

Cr=9¢ |sr) x x x s(r) <0

o = ©ts(r) x x x s(r) >0

2.16 Definition

Let M = (Q,X,p) be a bffsm. Let R C @ and
{N; = (Q:, X, p;)|i € I} be the collection of all submachines of
M whose state set contains R. Define (R) = N;er {Qi | € I}.
Then (R) is called the submachine generated by R. (R) is the
smallest submachine of M whose state set contains I.

2.17 Definition

Let M = (Q, X, ¢) be a bffsm. Let T" C Q. T is called free if
VieT, t¢ S(T|{t}).

2.18 Definition

Let M; = (Q;, X;, i) be abffsm, i = 1,2 and let X; N X5 = ¢.
Let Ml.MQ = (Ql X Q27X1 UXQaSOI-SOQ)y where

¢1(p1,a,q1) ifa € Xiand p2 = g2
(¢1-92)" ((p1,P2)sa,(q1,92)) = § @5 (P2,a,q2) ifa € Xoandp1 = q1
0 otherwise

oF(p1,a,q1) ifa € Xiandps = gs
(1 92) " ((P1,92), 0, (a1, 02)) = { 3 (P2,0,02) ifa € Xpandpy =g
0 otherwise

v ((p13p2)a (q17q2)) S Ql X QQ, ac X1 U X2. Then Ml o MQ
is called the Cartesian composition of M; o M.

2.19 Definition

Let M = (Q, X, ) be a bffsm. Then M is said to be commutative
ifVa,b € XandVgq,p € Q

¢. (¢,ab,p) = ¢, (g, ba, p) and

¢ (q,ab,p) = ¢ (q,ba,p)



3. PROPERTIES OF CARTESIAN COMPOSITION
IN BIPOLAR FUZZY FINITE STATE MACHINES

3.1 Theorem

Let M; = (Q;, X;, ;) be abffsm, i = 1,2 and let X; N X5 = ¢.
Let My o My = (Q1 X Q2, X1 U Xa, 91 0 ¢3) be the Cartesian
composition of My o M. ThenVz € X U X3, z # A

e1(p1, ©, 1) ifz € Xjandps = g2
(p1-92) ((P1,02), 2, (41,492)) = { w5 (p2, 2, q2) ifz € Xjandpr = qu
0 otherwise

o7 (p1, x, q1) ifz € Xiandps = g2
(#1-22)F ((p1,p2), , (q1,92)) = $ @3 (p2, =, q2) ifz € Xjandpy = q1
0 otherwise

Proof.

Letz € X; U X5, = # Xandlet|z| = n. Suppose that
x € Xj. Clearly the result is true if n = 1. Suppose the
resultistrueVy € Xi, lyy =n—-1, n > 1. Letz = ay
wherea € Xjandy € Xi.Now, (¢1.02)5 ((p1.p2).av.(a1.92)) =
Ary rg)e@qx@g {(P1-92) 7 ((P1,92), @, (r1,m2) V (91-92)7 ((r1,72), v, (91, 92) }

= /\Tl € Q1 {(LPI(plaavrl) \ (‘Pl'@Z);((Tlva)vyv (Q17 q2)}

_ A {ler(ram), Voerx (ry, @)} ifpe=ae
0 otherwise

_ (1%~ (p1,0y,q1)) ifp2=qo
0 otherwise
Now,
(e1 0 e2)F ((p1,p2), 0y, (a1, 42)) =

V(ry),re)eQq Qo {(971 o) T ((P1.p2).a, (r1,m2)) A o1 owz)j((m7T2),y,(Q1,Q2))}

=V eq {(F (p1,a,71) A (01 092)F ((r1,p2), ¥, (41, 92) }

— lete {(cpf'(pl,a,rl), A ©1 *+ (T17y7q1))} 1fp2:q2
0 otherwise

_ (1 T (p1,0y,q1)) ifp2 =g
0 otherwise

The result now follows by induction. The proof is similar if
z € X;.

3.2 Theorem

Let M; = (Q;, X;, i) be abffsm, i = 1,2 and let X; N X5 = ¢.
ThenVa € X7, Vy € X;.
(p1092); ((P1,p2), 2y, (q1,92)) = 1. (P1,Z,q1) V ¥35,(P1, Y, q2)
=(1 0 v2); ((p1,p2), Yy, (1, 42)) and
(p1092) (p1,p2)s 2y, (41,92)) = ¢1.(p1, 2, 1) A @3 (P1,, q2)
=(p1 0 ¢2)F ((P1,P2), Yz, (01, 92))
V(p1,p2), (q1,62) € Q1 X Q2.

Proof. Letz € X7, y € X; (p1,p2),(q1,42) € Q1 X Qa.
If z = A = y then zy = . Suppose (p1,p2) = (¢1,42) then
p1 = q1 and p> = ¢». Hence,

(01 0 ©2); ((p1,p2), 2y, (q1,92)) =
SDI*(phx?ql) \Y 905*(171:9#12)

-1=-1Vv —-1=
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(1 © ) ((p1,p2), 2y, (q1,2)) = 1 = 1 A 1 =
@K(Pla%fh) A LPQL*(p17y7Q2)~

If (p1,p2) # (qi1,q2) theneither p; # ¢ orps # ga.
Thus 4,01*(171,%(11) v 905*(20179:’12) =0V 0=
ol (p, 2, q1) A ©3.(p1,y,q2) =0 A 0=0

Hence (1 0 ¢2); ((p1,p2), 2y, (91, 92)) = 0 = ¢1.(p1,2,q1) V
905*(7317217(12)

(01 © @2)f ((p1,p2), 2y, (q1,q2)) = O

e3.(P1, Y, 2)-
Ifr=MXandy # Aorxz # ) andy = ) then the result follows

by above Theorem. Suppose z # Aandy # A. Now

(¢1 °

0 and

@L(pl7x7ql) A

»2)x ((P1,P2), 2y, (91, 92)) =
AryrpeQyxQs L(#1°092)5 (P1,92), @, (r1,72)) V (91-92)5 ((r1572),y, (a1, 42)) }

=/Nr1eQq {(¢1-«92):((p1,p2),z, (r1,p2)V (p1o92)s ((r1,p2),y, (‘nﬂlz))}

= @I*(plquql) \ 905*(191’?/7(12)

Now, ©2) ((p1,p2), 2y, (01, 42)) =

(1 °

Vir,m0eQ1 xQo {(801 02)F ((p1,p2), 2, (r1,72)) A (91 Otpz)j((f’lyﬁ)vy,(CI17Q2))}

Vi € Qq {(501 0 p2) ((p1,p2), 2, (r1,p2)) A (@1~§02)*+((T17P2)7y7(Q1»(12))}
= o1.(p1, 2, q1) V@1 (p1, Y, q2)-

Similarly,
(@1-@2);((P17p2)ay$7 (Q17 q2)) = (p;*(ph Y, q2) V@I*(pl,l?, ql)
(p1-02) 5 ((P1,12), ¥, (41, 42)) = @3.(P1, Y, 42) V@i (1, @, q1)

3.3 Theorem

Let M; = (Q;, X;, ;) be abffsm, ¢ = 1,2 and let X; N X5 = ¢.
Then Vw € (X; U X3)*, Ju € X7, v € X3 such that
(()01~§02)*7((p1>p2)7w7 (Q17Q2))

®1-02); ((p1,p2),uv, (q1,92)) and

(p1-02) ((p1,p2), w, (41, 42))

(p1-02)F ((p1,p2), uv, (g1, 2))V((p1,P2), (q1,G2))

€ @1 XQ;-

f
Pt

Proof.

Letw € (X1UXo) and ((p1,p2),(q1,42)) € Q1 x Q2. If

w = A then we can choose © = \ = v. In this case the result is

trivially true. Suppose w # A. Ifw € Xjorw € X then again

the result is trivially true. Suppose w ¢ X;andw ¢ X,

case I: If w = zy, € X;, y € X then the result follows by

above Theorem.

case 2: Suppose w = T1yT2, T1,T2 € Xjandy € X, x; and

y are non empty strings, ¢ = 1,2

Letu = z1,22 € Xj and v = y. Now by above Theorem

(p1-02)1 ((P1,P2)s 22y, (q1, 42)) =

1-92); ((P1,P2), Y2, (41, q2)) and

P1-P2) ((p17p2)7x2y7 (%7%)) =

p1.02)F ((P1,P2), Y72, (01, q2))

(P1,p2), (q1,92) € Q1 x Q2. Thus

p1.02)5 ((P1,P2), T1YT2, (q1,G2)) =

T1,72€Q1%xQ2

(p1-02). ((P1,p2), 21, (r1,72)) V (p1.902); ((71,72), yZ2, (q1,92))}

(p1-02); ((P1,D2), T1YT2, (q1,42)) =

AriracQixQo

{(@1-02); ((p1,p2), 1, (r1,72)) V (01.02)7 ((71,72), T2y, (q1,G2))}
= {(p1-92), ((P1,p2), 122y, (q1,P2)) }

Now, (¢1.92)F ((p1,p2), T1y®2, (01, ¢2)) =

AriracQixQs

{(1.02) ((p1,p2), 21, (r1,72)) V (p1.02)F ((r1,72), y2, (g1, G2)) }

(801-4P2)j((p17p2)7x1y$2, (Q1,CI2)) =

—~ </‘\/‘\/‘\
P
ey

-~ >



Ari,racQ1xQa
{(@1-@2)?((p17p2),$1,(7"1,7"2)) \ *

= {(¢1-02)F ((p1,p2), 122y, (q1,p2)) }
case 3:

Suppose w = Y12y, Y1,Y2 € Xsandz € X7,y and x are
non empty strings, ¢ = 1,2

Letv =1y1,y2 € X, and u = . The proof is similar to case 2.

case 4:

Suppose w = z1Y1T2Y2, T1,T2 € Xi y1,y2 € Xj and x; and

y; are non empty strings, ¢ = 1,2

Letu =z12z2 € Xjandv =y1y2 € X;. Then

(¢1-92)s ((P1,P2), Z1Y122Y2, (q1,42)) = Ary,roeQq xQo

{(p1092) ™ ((p1,p2), 21, (r1,72)) V (1.902)7 ((11,72), y122Y2, (41, 92))}

= Ary,rae@xQa (91 0 92)0 ((P1,P2), %1, (11, 72))V
(p10w2); ((r1,m2), x2y1Y2,(q1,92))}
= (1 0p2); ((P1,P2), T1Z291Y2, (01, 42))
= (¢1 0 v2); ((p1,p2), uv, (q1,92))
Now,
(p1 0 02)F ((p1,p2), 21912292, (01, ¢2)) =
Vrp,raeQ1xQa

{(gal 0w2) xt ((p1,p2), 21, (r1,72)) A (1 0¢2)+((T1,r2),y1aL2y2,(qhqz))}o Hence Juv € Xjandv € X such that 7, (qo, u, q)

=Vr1,reQ1xQy

(p1.902)F ((11,72), T2y, (q1,q2))} Suppose M, and M, are cyclic, say Q; =
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Proof.

S(qo) and Q2 = S(po)
for some gy € @1, po € Q2. Let(g,p) € Q1 X Qs
Then 3z € X7 and y € X, such that ¢7,(go,x,q) < 0 and
©5.(P0, Y, ) <0

¢1.(q0,2,q) > 0and @3, (po, y,p) > 0. Thus
(4,050902);(((107]90)745?!, (¢,p)) = ¥1.(q0, %, Q) Veps. (po, ¥, p) <0
an

(¢1092) (90, p0), 2y, (¢, p)) = ©1.(q0, 2, q) Ap3. (o, Y, p) >
0
)

Hence (¢,p) € S(qo,po)- Thus Q1 X Q2 = S(qo,po). Hence
M; o M, is cyclic.
Conversely,

Suppose M7 o Ms is cyclic. Let Q1 X Q2 = S(qo, po) for some
(q0,p0) € Qi x Q2. Letq € Qiandp € Q. Then
Hué € (X1 U X3)" such that (¢1 0 ¢2), ((¢0,P0), w, (¢:p)) <0
an

(§01 o w2)j((q05p0)7w7 (q7p)) > 0. Then by above Theorem,
Ju € X{ andv € XS such that @I*(QO7’U/7Q) v @5*(]7071)7]7) =
(<P1 0 ¢2). ((90,p0),w, (g,p)) < 0 and

oY (q0,u, q)A¢2*(Po7v p) = (¢1 0 902)F ((90,p0), w, (g,p)) >

< 0 and
902*(10070 p) <O0.

{(‘PlO‘P2)j((p17p2)7mlv(T17T2)) A (g1 092)F ((r1,72), 229172, qn%))} 801* o, u;q) > 0 and @3, (po,v,p) > 0. Thus ¢ € S(go) and

= (901 o <P2)f((plypz)7$1$2y1y2, (q17 Q2))

= (p10 802);?((17171)2)7“”7 (g1, 92))
case 5:

Suppose w = Y1Z1Y2T2, T1Z2 € X|,y1,y2 € X5. Letu =
z122 € X7 and v = y1y2 € X3.
The proof is similar to case 4.
case 6:
Let w € (Xl U XQ)*
Y1Z1Y2x2...... YnTn, T4
empty strings ¢ =1,2,...n — 2.
Let w = x1y122Y2....... TnYn- f n = 0,1 or 2 the result is true
by the previous cases. Now assume that the result is true for n — 1.
Supposez = X1Y1X2Y2..-.- Lpn-1Yn—-1 € (X1 U XQ)*,TL > 2.
Let U1 = T1T2..... Tp-1, V1 =Y1Y2...... Yn—1
U=UITy V= V1Yn.
(p1-902)s ((P1,P2), T1y1T2Y2--TnYn, (91, 42)) = Arp r0e@1 Qo
{(p10w2)*™ (P1,P2); T1Y1--Tn-1Yn—1,(T1,72)) V
(p10o92), ((r1,72), Tnyn, (q1,92))}
= Ar1,r0eQ1xQo 1(01 0 p2) 7 ((P1,p2), w11, (r1,72)) V
(p10o92), ((r1,72), TnYn, (q1,92))}

= (p1 0 92); ((P1,P2), W1V1TRYn, (41, G2))

= (¢1 0 v2); ((P1,P2), U1 TR V1Yn, (q1,42))
Now,
(p1002)F (P1,P2), T1Y1%2Y2-. TnYn, (41,02)) = Vg ,rpe@qxQy
{(p10w2) *T ((P1,P2), L1Y1 - Tno1Yn-1, (11, 72))A
(p1002)F ((r1,72), Tnyn, (a1, 42))}
= Vi rge@q xQo 1001 0 02) ((P1,p2), u1v1, (r1,72))
A(p10 ‘P?)j((7‘177'2)77;nyn7 (q1,92))}

=(p10 902) ((p1,P2), U1V1ZRYn, (q1,92))

= (1 0 02)F (1, P2); V1T V1Yn, (q1, 92))
The result now follows by induction.

. Then w = x1y122Y5....... TpYn OF W =
c Xi,vy. € X3, x; and y, are non-

3.4 Theorem

Let M; = (Qs, X, p;) be abffsm, i = 1,2 and let X; N Xy = ¢.
Then the Cartesian composition M; o Ms is cyclic if and only if
M, and M, are cyclic.

p € S(po). Hence Q1 = S(qo) and Q2 = S(p
and M, are cyclic.

o). Therefore M,

3.5 Theorem

Let M; = (Q;, X;, ;) be abffsm, i = 1,2 and let X; N X5 = ¢.
Then the Cartesian composition M7 o M is retrievable if and only
if M, and M, are retrievable.

Proof.
Suppose that M7 and M; are retrievable.
Let (q,p), (t,8) € Q1 X Q2 and w € (X; U X3)* be such that
(@1'@2);((q7p)7w7 (t7 S)) < Oand (@1302);‘—(((17]7% w, (t’ S)) >
0. Let w* = wov standard formof wu € X7, v € X;. Then
(p1092), ((¢,p), w, (t,5)) = (p1-902), ((¢,p), uv, (L, 5))
=¢1(qu,t) V ¢5.(p,v,5)
(p1092)f ((g,p),w ( 5)) = (1-92)F (¢, p), uv, (¢, 5))
- Llpl*(q7u t) A @;ﬁ(p7’u78)' ThU.S
@I*(q7u7t) < Oand (702*(1771) S) < 0
0. (q,u,t) > 0 and @2*(p,v,s) > 0. Since M; and M, are
retrievable, Ju'* € X7, ¢ € Xj such that o7, (¢t,u',q) < 0
and 302*(8 v ap) < 0
ot q) > Oand @2*(3 v, p ) > 0. Thus

(1 0902) ((t,5), u'', (q,p)) <
(p1ow2)F ((t,5),u'V, (¢,p)) > 0 Hence M; o M is retrievable.
Conversely,

Suppose that My o M, is retrievable. Let ¢,t € @ andy € X7
be such that ¢, (g, y,t) < 0and ¢} (q,y,t) < 0. ThenVs € Qs

(p1092), ((g,9),y, (t,5)) = ¢1.(¢,y, ) < Oand
(b1 © 92)7((a,9),9,(t,5)) = i(gyt) > 0. Thus
w € (X; U Xy)* such that (¢1 o ¢2); ((¢,5),w,(g,s)) < 0

and (1 0 ¢2)F ((t,5), w, (q,5)) > 0.
Let w* = uv standard formof wu € X7, v € X;. Then

0> (prows), ((t,5),w,(g,5)) = (pr.(t;u,9)) V (p3.(s,0,9))

and
0 < (p1ow2)f ((t,5),w,(g,5)) = (¢1.(t, 4, @) A (93.(s,v, ).

Hence M, is retrievable. Similarly, M5 is retrievable.



3.6 Theorem

Let M; = (Q;, X;, ;) be abffsm, ¢ = 1,2 and let X; N X5 = ¢.
Then the Cartesian composition M; o M5 is connected if and only
if My and M, are connected.

Proof.

Suppose that M7 and M, are connected.

Let (¢,4), (p,P') € Q1 X Qa, where ¢,p € Q1 and ¢, p’ € Qa.
Now 3qo,q1,---Gn € Q1,9 = q0,P = qn and 3 ay, az, ....an €
X3 such that Vi = 1,2,..n either ¢;(g;i—1,a:,¢;) < 0 and
o1 (gi-1,a:,q;) > 0or

©1 (¢, ai,qi-1) < 0 and ¢f(qi,a;,¢i-1) > 0 and
345,44, -4 € Q2,4 = qop = ¢, and 3by,bs,...b,, € Xo
such that Vi = 1,2, ..m either

@5 (qi-1,bi,q;) < 0and ©3 (q;—1,bi,q;) > 0or

©5 (¢i,bi, qi-1) < 0and ©3 (¢, as,qi-1) > 0.

Consider  the  sequence  of  states (¢,q") =
(q07 Q6)7 (Ch»%)’ (%ﬂ}é)y (q’VH qll)a (qn,q;n) = (p>p,) €
Q1 X Q2 and the sequence a1, as, ...a,, b1, ba, ...b,, € X7 UXs.
ThenV i =1,2,...n either

( 10@2)” ((qz,qo) as, gi-1,4p)) < 0and

(1 092)*((¢i590), @i5qi-1,45)) > 0 or

(s01 0 w2)” ((gi- 1,qo),a“q1, q)) < Oand
10@2) ((QZ 1>q0 a;,4qi,q 6))

Vj=1,2,...m either

(¢1 02 “((gn,4j-1): b5, an, q;)) < 0and

) )
(1 002)T((gn> d5-1), g,qn,qj)) > 0or
(p10p2)” ((qmq]) bj,qn,q;-1)) < 0and
(¢1 0 92)*((qn, ) bjs qns q5-1)) > 0. Hence (g,q') and (p,p')
are connected.
Conversely,
Suppose that M; o M, is connected. Let g,p € @, and let

r € Q2. If p = qthen p and ¢ are connected. Suppose p # q.
then 3 (q,7) = (q0,P0), (q1,P1)-+-(@n,Pn) = (p,7) € Q1 X Q2
and a1, as,...a, € X; U XysuchthatV¢=1,2,...n either
(301 o @2)_((qi717pi71)7a15 (qlapl)) < 0 and

Y1 0@2)+((Qi71>pi71) a;, anl)) > Oor
(@10@2)_((%"101')7@1'7(% 1,Pi-1)) <
(10 02)T((45,p:), as, (¢i-1,Pi-1)) > 0 Clearly, if ¢i_1 # ¢,

thenp; 1 = p; andifp; 1 # p;,thenq; 1 = q; Vi =1,2...n.
Let {q = qi1, iz, ---qi. = p} be the set of all distinct q; €
{90,q1,-.-qn } and let g;1, g2, ...q;1, be the corresponding ¢} s. Then
Qi1, Qi ---Qix € X1 andV j = 1,2, ...k either

(p1092) ((gs5-1,ai5,q:5) < 0and

(p1 0 92)T((gij-1,a:5,¢:5) > O or

(1 0902)" ((qi5, 45, 955-1) < 0and

(p1 0 @2)+((qij7aij7%11) > 0. Thus ¢ and p are connected.
Hence M, is connected. Similarly, M5 is connected.

Note

Let M; = (Q;, Xi, ;) beabffsm, i = 1,2 and let X; N X5 = ¢.
Then the Cartesian composition M; o M is strongly connected if
and only if M; and M, are strongly connected.

3.7 Theorem

Let M; = (Q;, X;, ;) be abffsm, i = 1,2 and let X; N X5 = ¢.
Then the Cartesian composition M; o M, is commutative if and
only if M; and M, are commutative.

Proof.
The proof is immediate from Theorem 4.

International Journal of Computer Applications (0975 8887)
Volume 92 - No. 11, April 2014

3.8 Definition

Let M = (Q, X, ¢) be a bffsm. If M is commutative and strongly
connected, then M is said to be perfect.

3.9 Definition.

Let M = (Q,X,p) be a bffsm. If M is state independent if
Vq,p € Q,Vz,y € X*then

¢. (¢, ®,p) <0 ¢, (¢,y,p) <0Oand

¢¥(g,z,p) >0 ¢l (q,y,p) >0

3.10 Theorem

Let M; = (Q;, X;, ;) be abffsm, i = 1,2 and let X; N X5 = ¢.
Then the Cartesian composition M7 o My is perfect if and only if
M, and M, are perfect.

Proof.
The proof of the Theorem is obvious.

3.11 Theorem

Let M; = (Q;, X;, ;) be abffsm, i = 1,2 and let X; N X5 = ¢.
Then the Cartesian composition M; o M is state independent if
and only if M; and M, are state independent.

Proof.
Suppose that M7 and Ms are state independent. Suppose that
(¢1092); ((q1,95), wi, (P, p5)) <0

(p10w2)f (15 95), wi, (P, Ph)) > Oand

(w1 02), ((q71,43), w2, (P, 5)) <

(901 0902);‘—( /17q/2)’w27(p1’p2))

where(q, ¢5), (P1,15) € Q1 X Q2 andwl,wg € (X7 UXy).
Now, Jui,us € Xfr and vy,vy € X2+ such that

(p1092), ((d1,45), w1, (P, P5)) = ©1.(d1, w1, P1) V@5, (d5, v1, Ph)
(10 @02)F ((dh,a5), w1, (P, Ph)) = @1.(dh, w1, Py) A @3, (dh,v1,ph) and
(1 circm) (415 95), w2, (P, P5)) = ¢1.(d), u2,P1) V @5, (d5, v2, Ph)
(¢1 0 92)F (@1, b)), wa, (D1 7h) = ©1.(dh, w2, p)) V @3.(dh, v2,Ph).
Thus

¢1.(q1, w1, Pl

/-\A
A/—\A/—\

) and %*(Q’uul,p’l) >0
905*(ql171]17p/2) < and SD2 (q,17vl7p,2) > 0
@I*(qll’u27p,1) and @1 (q/17u2,p,1) > 0
905*((]/271}2729/2) < O and 502*((],27”27]9,2) > 0.
HenceV q1,p1 € @1,
¢1.(q1,u1,p1) <0 @1, (qr,u2,p1) <0
©1,(q1,u1,p1) > 0 & ©f(q1,u2,p1) > 0 and
VChaPl € Qu,

(Q27U17p2) < 0& WE*(QQ7U27p2) < 0
80 1.(g2,v1,p2) > 0 & ¢©F,(g2,v2, p2) > 0. Hence
er.(q,u,p) Vows(g2,v1,p2) < 0 & (g uz,p1) V
2 (q27v27p2) < 0and
(qr,u1,p1) A @3.(q2,v1,p2) > 0 & ©f (g1, u2,p1) A
©03,(q2,v2,p2) > 0.V q1,p1 € Q1 and gz,p2 € Q2. Thus
(pr0 @2)?(((117112)7“)1, (p1,p2)) <0&
(p1-02); ((q1,92), w2, (p1,p2)) <0
(p1092)F (41, 42), w1, (p1,p2)) >0 &
(1 0 92) 1 ((g1,42), w2, (p1,p2)) > 0,
Vaqi,p1 € Qrand gz, p2 € Q2.
Hence M; o Ms is state independent.
Conversely,
Suppose that M7 o M, is state independent. Suppose

01.(¢h,u1,py) < 0and @f, (g, u1,p}) >0

1x
1x
1x
+
1x
+

2



()OI*(q,hUQ:p,l) < Oand (pii(q,17u27p/1) > OWhereuhu? € X1+
andql,p1 € @Q1-ThenVs € Qo

(p1-02)5 ((d1,8),ur, (P, 8)) = p1.(qt,ur,py) < 0and

((pl @2)?(( S) ulv(ph )) = @f( llvul,pl) >0

(p1-02). ((g ’1 8),uz, (P},8)) = ¢1.(q llau27p1) < 0and
(p1.02)F (41, 9),u2, (D), 5) = @i.(dh,u2,py) > 0. Thus

Vag,p € Q1,8 € Q2
(p1-92)5 ((g,8),v1, (P, 8)) <0 & (p1.902)((q,5),uz2, (p,8)) <0

(p1.02)5((a,5),v1,(p5)) > 0 & (p1.02)F ((a,9),u2,(p,5)) > 0.
HenceVq,p € Qq,

¢1.(q,u1,p) <0 ¢1,(q uz,p) <O

ef(q,u1,p) > 0 & ¢f.(q,u2,p) > 0. Thus M; is state
independent. Similarly, M5 is state independent.

3.12 Theorem

Let M; = (Q;, X;, i) be abffsm, i = 1,2 and let X; N X5 = ¢.
Let N; = (T;, X;,v;) be a submachine of M, ¢ = 1,2. Then
N7 o Ny is a submachine of M7 o M.

Conversely, if N = (T1 x Ty, X; U X5, v)is a submachines N; of
M, and N5 of M5 such that N = N; o N,.

Proof.

Let N; = (T, X;,v;) be a submachine of M;,i = 1,2. Now,
N10N2 (TlXTQ,XIUX27VIOV2)Let(T,S)GS(TIXTQ).
Then Jw € (X1 U X2)* (p,q) € Ty x T3 such that

(¢1-2), ((p,q),w, (r,s)) < 0and

((p,
(1-02) (P, 9), w, (r,5)) > 0
Let w* = wv be the standard form of w, u € X7,v € X3. Now,

QOI*(Z% U, T) \ 905*(q7 v, 5) = (901902):((177 q)7 w, (T7 5)) < 0Oand
e1.(p,u,m) V 03.(q,0,5) = (p1.02)5 ((p,q),w, (r,5)) > 0.
Hence, r € S(p) C S(Th) =Ty and s € S(q) C S(T») = Ta.
Thus, (r,s) € Ty x Ts. Hence, S(Ty X Ty) C Ty x Ts. Let
(p,q), (r,s) € Ty x Ty, a € X; U X,. Now,

vi (p,a,r) ifa € X;q=s
(viov2) ((p.q),a,(r,s) =

vy (pya,s) ifa € Xop=r
0 otherwise

vi(p,a,r) ifa € X, q=s
(Vl OV2)+((p7q)7a7 (T75)) = l/;(pva?’s) ifa € X2p:7'

0 otherwise

e1(psa,r) ifa € X1g=s
=< p5(p,a,s) ifa € Xop=r
0 otherwise

¢l (pa,r) ifa € Xiqg=s
=< ¢ (p,a,s) ifa € Xop=r
0 otherwise

= (801 o 902)7((1)7 q)7a7 (T7 S)) and

= (901 © @2)+((p7 q),a7 (7’7 8))

Hence, (1 0 ©2) ™ |(1y xTo) x (x10x5)x(Ty xT3) = (V1 0 v2)~ and
(91002) (1) xTo) < (X1UX2)x(Ty xT3) = (V10v2)". Thus (v1013)
is a submachine of M; o M.

Conversely, let N = (T} x T, X; U Xo,v) be a submachine of
My o My. Let vy = o7 |1y x X1 xT1 » vy = <P1+\T2xX2xT27 N, =
(Tl,Xl,Vl),anng = (TQ,XQ,I/Q).
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Letp €Ty, z € X{, r € Q1 such that ¢ *
<p1 * (p,x,r) > 0. Lett € Ty. Then,
(p1092)” * ((p, 1), @, (1)) = 1 * (p,x,7) < 0and

(@1 002)* + (1), 2, (1,6)) = 1 * (py3,7) > 0.

Thus, (r,t) € S(T1 X Tg) = T, x T,. Hence, r € T} and so
S(Ty) C Ty. Thus, N; is a submachine of M;. Similarly, N is a
submachine of Ms. Let (p, q), (r,s) € Ty X T, and a € X1 U Xs.
Now,

v ((p,q),a,(r,s)) =

(p,z,7) < 0 and

(@1 © 902)7((;0, Q)7 a, (Tv 5))

e1(p,a,r) ifa € Xig=s
w5 (p,a,s) ifa € Xap=r
0 otherwise

¢f(p,a,r) ifa € Xy1q=s
¢35 (p,a,s) ifa € Xap=r
0 otherwise

vy (p,a,s) ifa € Xap=r
0 otherwise

{Vl(p,a,r) ifa € X;1q=3s
vi(p,a,r) ifa € X;q=s
vl (p,a,s) ifa € Xop=r
0 otherwise

= (Vl o V2)7((p7 Q)7a7 (Tv S)) and

= (v1 o)t ((p,q), a, (1,5)).
4. CONCLUSION

In this paper, we introduce Cartesian composition in bipolar fuzzy
finite state machines and discuss their properties.
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