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ABSTRACT

In this paper, new recurrence relations satisfied by the single
and product moments using moment generating function of
dual generalized order statistics from inverse exponential-type
distribution are established. Recurrence relations for single
and product moments of reversed order statistics and lower
record value are obtained as special cases. Further, using a
recurrence relation for single moments we obtain
characterization of inverse exponential-type distribution.
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1. INTRODUCTION

The importance of generalized order statistics (gos) due to
inclusion special cases which have been used in statistical
research such as order statistics and record value, see [1]. Let
F(-) be absolutely continuous distribution function with

probability density function f () . Further,let neN , k >0

n-1
mn—1) € Rnil! M = ij ’
j=r

for all re{12,

,n>2, m=(m,m,:- such that

v, =k+n-r+M, >0, n-1}. Then
X'(n,n,m,k), r=12,--
given by:

k[ﬁ%j[ﬁl O )J[l F )] (),

,n are called gos if their joint pdf

for

F10") <x <x,<--<x <F1)of R"™.

[2] represents the concept of dual generalized order statistics
(dgos) as follows:

Let neN , k 21, be the parameters such that

7, =k+(n—r)(m+1)>0,forall1,r, n.
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Let X (L,n,mk), X (2n,m,k)---X (n,n,m,k) be the
dgos from an absolutely continuous distribution function
F(-) with density function f (=), so, the joint probability
density function (pdf) of the form

k [ﬁﬂ/j j(ﬁ[F(Xi ' (x, )j[F(xn)]“f x,) (1)

for

FA1)>x,2x,2>---2x, >F*(0).

The marginal pdf of r-th dgos, X ' (r,n,m,k) is

f (x)= FOOT™ ™ ()gi (F(x)).
X (r,n,mk) F( )[ ] ( ) (2)
The joint pdf of X'(r,n,m,k) and X'(s,n,m,k),

1<r £s<n, x >y isexpressed from (1) as

f. . x.,y)

X (r,n,mk)X (s,n,mKk)
AAAELAAAA{F(XH f 0)gn*(F(x))
r(r)r(s—-r) I

<[ Ny (F))=ha (FO)T T [FOOT* 7 (y),

where

0

r(r)=fu

0

"exp(-u)du,

-1=H7iv
i1

®



and

9 (¥) =h, () —hy, (1),x €[0,2).

Since X (0,n,m,k)—0 then X (n+1,n,m,k)=0. If

m=0,k =1, then X'(r,n,m,k) reduces to the

(n—r +1)—th reversed order statistics, ( X ) from the

n-r+ln

sample X, X,,---, X, and  when m=-1, then

X (r,n,m,k) reduces to the k-lower record value [3].

[1] dealt with generalized order statistics from kumaraswamy
distributibution and its characterization. Recurrence relations
for moment generating functions of order statistics are
established by [4]. [2] established moments of lower
generalized order statistics from exponentiated Pareto
distribution and its characterization. Recurrence relations for
single and product moments of dual generalized order
statistics from the inverse Weibull distribution are derived by
[5]. [6] have established recurrence relations for moments of
dual generlized order statistics from exponentiated Weibull
distribution. [7] obtained recurrence relations for momet and
conditional moment generating functions of gos based on
random samples drawn from a population whose distribution
is a member of a doubly truncated class of distributions.

Consider the cummulative distribution function (cdf) is:
F(x) =exp[-A(x)].x =0, (4)

where /1(x) iS a non-negative, continuous, monotone
decreasing, differentiable function of x such that A(x )—0
as x —> oo and A(x)—>oo as x —0" This family contains

many distributions such as inverse Weibull distribution,
inverse exponential distribution and inverse Rayleigh
distribution.

The probability density function (pdf) is given by:
f(x)=-4 (x)exp[-A()].x 0. (5)
Therefore, from (4) and (5), we have

F(x):—.if (x). (6)
A (x)

The following table gives some distributions with proper
choice of A(x) as examples:-
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Distribution cdf A(X)
inverse o
exp(~(ax)”) | Z5x>0a,5>0.
Weibull X
inverse 1
exp (—(ex) ™) —-X>0f=1
exponential @
inverse , 1
EXp(—(aX) ) W’X >0,0!,ﬂ:2.
Rayleigh

2. CHARACTERIZATION BASED ON
RECURRENCE RELATIONS FOR
SINGLE MOMENT GENERATING
FUNCTIONS OF DGOS

The single moment generating function of dgos can be
obtained, for a>1, from Using (2), we have when m = -1

(a)
M S?n):m:k (t) =E {etx(r‘n_mk):l

_Cii [ P
_F(r);[e (FOO)Y™' (x)g 5™ (F(x))dx

for simplicity X, . ., =X

Relation 1 Let X be arandom variable, then for integers a
such that a >1, the following recurrence relation is satisfied

iff X has cdf (4).

()
(a-1) tX(r,n:m:k)
at X e
M S?n):m:k (t)_ M Sal;n:m:k (t) = 7E (;'ng]xk)—) . (8)
r (r,n:m:k)

Proof: Using(7) and (2), we have

(a) Crlmtxa 7r r-1
M frimac ( r(r)f (FOO)™ ' ()gg ™ (Fx))dx, (9)

integrating by parts, we get

<
5®
3

=

—
—
\/
Z

Salnmk(t)

F(x Nrgn(F(x))dx, (10)

0

%F(r)I

upon using (1.6) in (2.4), we obtain

M S;an):m:k (t)_ M Si)l;n:m:k (t)



_acC, Txil

7 () 4 (X)etx (FOO)™ ' ()gh ™ (F(x))dx

so, we have the result.

Conversely, if the characterizing condition (8) holds, then
from (2) and (6), we have

je‘* (FOO)™ (x)g ™ (F(x))dx

F(r)
x 7ptm tC
r( )Je (FeO)™™ (x)g, 2 (F(x))dx +—L F(r)
x'ﬁ )I(afl @ = yr—lf -1 E d l 1
e (PO T 0002 (oo, b

integrating the first integral on the right hand side of Equation
(11) by parts, we get

je“ (FOO)™ (x)g ™ (F(x))dx

r(r)

= r(r) jx e (F(x )" g5 (F(x))dx
%r%)zj (FOO)Y™ ' (g™ (F(x))dx +%

XT X " (F )™ ' ()giH(F(x))dx,  (12)

oA (x)

which reduces to

atC
WI RO g0 (F(x))

x{F(x)+ .1 f(x)}dx =0. (13)
A (x)

Now applying a generalization of the Muntz-Szasz Theorm to
(23) [8], we get

F(x)=- .1
A (x)

f(x),x>0.

3. SPECIAL CASES
(1) By differentiating both sides of Condition (8) with respect

to t and then setting t =0, we obtain the following
recurrence relation for single moment of dgos:
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(a-1)
a a a X r,nm:
/'lﬁgrzzm:k _ﬂﬁ—)l;n:m:k = E[ . : . )‘|l (14)

where
#i?n):m:k =E (X lfe,ln):m:k )

(2) Putting m=0, k =1 in (8), we obtain the recurrence
relations of reversed order statistics as follows:

(a-1)
(@) _ @ = a E X rin
Hen = Hepn n—r+1 [ﬂ (X r-n) '

=X

r,n:m:xk r:n

where y, =n—r+1, X

(3) Setting m =-1, k =1 in (8), we get recurrence relation
for single moment of lower record values in the form:

x @)
(a) @ X ia(*)l)e L)
a a _ .
ML(")(t)_ML(rfl)(t)_aIE —_—,
A (X n)

@ @ X%
Ml Mgy =aE| ——|
A Xie)
where y, =1, X =X

r,n:m:k

L(r)"

4. CHARACTERIZATION BASED ON
RECURRENCE RELATIONS FOR
CONDITIONAL MOMENT
GENERATING FUNCTIONS OF
DGOS

On using (3), the conditional distribution function of
X (s,n,m,k) given X (s,n,m,k), is given by:

_ C m-—, yr+l
f |:X (s.n.mk) |X(r,n,m,k) - y:| W[ ( )]

s—r-1

X[ (FOO)=h (FON] [FOOT* 7 (x). (17)

Relation 2 Let X be a random variable, r,s be two
integers such that 1,r,,s,,n, m and k be real numbers
such that m >—1, k >1. Then for integers a such that a>1,

the following recurrence relation is satisfied iff X has the
cdf (4).



Mx(a) (tly) -M (@) (tly)

(s—l,n:mlk)lx(r,n:m:k)

at X (a-1) elX ((sa,)n:m:k)

:fE (s.n':m:k) | o :y )
7s A (Xs,n:m:k) e
Proof Using (17), we get
M (t | )_E etx(as,n:m:k) |X —
(a) y - r,nmk y

><(Sv””“:k)‘x(r,n:m:k)

_Cu[Fy)
C,.I'(s-r)

s—r-1

e [h, (F ) ~h, (FY)T ™ O[FGOT* "k, (19)

integrate (19) by parts, we get

s—r-1

[ [ (F o) =, (F DT 0O[F 0T el

0

1 X a )
=—|a a71ex>< E 7s
Lafee o)

s—r-1

+[ha (FO) =h, (F(y)] ™ dx +(s =1 -1)

x.[etx a [F (X )]75 +m f (X )[hm (F (X )) _ hm (F (y ))]Sfrfz

0

X. |. (20)

Substituting (6) and (20) in (19), we get

Mx(a) (t|y)—Mx(a) (tly)

atC,_

ronea )

xx )Fa—l xa = ys—lh E —h (E s—r—1
I [Fel T F e - F )]

f (x)dx,

@1

S0, we can rewrite Equation (21) in the form

M @ (tly) -M (ty)

><(Sv”:m:k)‘X(r,n:m:k) (s 1nmk}|x(r":m3k)

(a)
_atE X((Sa;]lzzn:k)etx(s,n:m:k)

| X I '
7/5 ﬂ (XS,n:m;k) | (r.nimk) y
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hence, we have the result.

Conversely, if the characterizing condition (18), is satisfied,
then from (3) and (17), we have

CL[Foy) (18)
C,.I'(s-r)

s—r—1

x[e™ [, (F ) ~h, (Fy )] )[F 00T "k

1 F " Vr+1 x 7g tm
=l )

S—r-2

x[hy (F(x))—h, (F(yD] ~ °f (x)dx

—j;;e“a [FOOTf (x).

x[hy (FO) =h, (Fy )" o |

Integrating the first integral on the right hand side of Equation
(23) by parts, yields

C[Fy" "
Crfll—‘(S - r)

x[e™” [ (F 0 =y (F(y D] [F O] F (x)elx

C[Fy] " a "
—C,,ll“(s—r) jatx ™ [F(x)]

s—r—-1

x[hy (F0O) =hy ()T dx +[e [FOOT* ' (x)

Sl’l

x[hy, (F(x)) =h,, (F(y))]

= [F Ri
e e

<[hy (F) =h, (F(y )™ o |

then, after some simplifications, we obtain

[x* % [h, (F ) —h, (F(y)] ™

ac, [Fy)]" "
Crflr(s _r) 0

xf (x)[F(x)]*{F(x)+f.(X)}dx = 01. (25)



Applying Muntz-Szasz theorm to (25) [8], we get

(26)

4.1 Special cases
(1) By differentiating both sides of Condition (18) with

respect to t and then setting t =0, we obtain the following
recurrence relation for single moment of dgos:-

E|:X i (s.m:nk) |X(r,n:m;k)): y]
£ [XZ 1mnk)lx(r,n:m:k)) :y]

a_| X
=—E '%lx(r,n:m:k)) =Y (27)
7s A (X(s,n:m:k)

(2) Putting m =0, k =1 in (18), we obtain the recurrence
relations of reversed order statistics as follows:

M . (t|y)—MX®.| (tly)

(3) Setting m =—1, k =1 in (18), we get recurrence relation
for single moment of lower record values in the form:

M @ (tly)-™m (@) (tly)

L(s)‘xL(r) XL(s—l)'XL(r)

a l><S\(:;)
X (s

=atE | —
2 (xL(S))

|XL(r):y )

E[XE(5)|XL(r):y:| E[X a(s X = y:|

X @
=aE _ ke X = ,
|:i (X L(S))| L(r) y]
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5. CHARACTERIZATION BASED ON
PRODUCT MOMENT FOR DGOS

Lemma Forl<r<s<n-1,n>2and k =1,2,...

EX'(r,n,m,k)X (s,n,m,k))

—EX ' (r,n,m,k)X (s =1,n,m,k))

:ﬁzlﬂy H[F(X)]mf )9 [F(x)]

X[, (FOO) =h, (Fy)] " [F(y)]*dydx.  (30)

Relation 3 Let X be arandom variable, then for integers a
such that a>1, the following recurrence relation is satisfied
iff X has cdf (4).

E(X'(r,n,m,k)X(s,n,m,k))

—E[X ' (r,n,m,k)X (s —=1,n,m,k)]

=Jg X
Ve A(Y)

(r,n,m, k)X 17(s,n,m, k).
Proof: From (30), we get
E[X'(r,n,m,k)X '(s,n,m k)]

—EX ' (r,n,m,k)X (s =1,n,m,k))

- o ) (28)
Sos Ty 2Ot 0095 [F )]

" O —-1)3)
x[hy (F)) =h, (F )] [FOOT [4} (y )dydx,
A(y)
(32)
and hence (31) obtained.

Conversely, if the characterizing condition (4.2) holds, then
from (3) and (6), we have

W” Y I(FOOI™ 0)g 5 [F ()]

xhy, (F (y)) =hy, (F OO (F(y )™ 'F (y )dydx

Wjj Y I(FOOI™f ()g5, ' [F ()]

xhy (F(y))=hy, (F OO 2(F(y )™ (y )dydx



J1 F mf
nr(r)r(s—r)ﬂuy HF eIt (x)

g '[F 01N, (F(y ) —hy (FO)F

x(F(y )" f (y)dydx.

Integrating the first integral on the right hand side of Equation
(33) by parts, we get

[y 0, (F(y ) =y (FEF (F(y )™ ™F (y)dy

) ﬁfy S, (F(y) ~hy (F OO

x(F(y))rdy + —2

(s—-r-1)
X[y My (F (y ) =y, (F OO (F(y )" (y )dy . (34)
Substituting (34) in (33), we get

Wﬂ YIIF OO (})gg F ()]

xhy, (F(y)) = hy (F OO [F(y)]* ™

x{F(y)+ ! f(y)}dydx =0. (35)
A(y)

Now applying a generalization of the Muntz-Szasz Theorm
[8] , we get

F(y)=-——2—f (y),y 20.
2 (y)

5.1 Special Cases
(1) Putting m =0, k =1 in (31), we obtain the recurrence
relations of reversed order statistics as follows:

a a i Xrn
lufzn _ﬂl('—)lzn = J E[ X ! 1]' (36)
n-s+1 1( )

(3) Setting m =—1, k =1 in (31), we get recurrence relation
for single moment of lower record values in the form:

EX'(r,n,m,k)X i(s,n,-1,1))

—E[X ' (r,n,m,k)X (s -1,n,-1,1)]

International Journal of Computer Applications (0975 — 8887)

Volume 91 — No.14, April 2014

= jE[ .X (r,n,-1,1)X 1*(s,n,-1,1)]. (37)
A(y)

6. THE INVERSE WEIBULL

DISTRIBUTION
The distribution function of the inverse Weibull dlStI’Ibtél:%n is
given by:

F(x|0)=exp[-(ax)"], x>0, (38
where 8= (a,f8), >0, >0 and

*/f

-B
20)=% 2 (x)= ’ioj“ . (39)

From Equations (14), (27) and (31), we have the following
relations:

i
—ax +
luf?r::m:k - zufaf)l;n:m:k =——E |:X r(?n:i):k :| (40)
By

E|:X i (s.m:nk) |X(r,n:m;k)): y]

E[Xi lmnk)lx(rvn:m:k)):y}

_—ad’ (a+5) -
- WE |:X (s.mmnk) | X (r,n:m:k)) =y :|

E(X'(r,n,m,k)X(s,n,m,k))

—E[X ' (r,n,m,k)X (s —=1,n,m,k)]

i+A(s,n,m, k)] (42)

S

7. CONCLUSION

The recurrence relations for single and product moments
based on moment generating function of dual generalized
order statistics from the inverse exponential-type distribution
are obtained. The recurrence relation for the single moments
is used to characterize the inverse exponential-type
distribution. Recurrence relations for single and product
moments of reversed order statistics and Power record values
are deduced as special cases. All results can be applied to
many inverse distribution such as inverse exponential, inverse
Rayleigh and inverse Weibull.
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