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ABSTRACT

Graph theory is one of the most flourishing branches of
modern mathematics and computer applications. Domination
in graphs has been studied extensively in recent years and it is
an important branch of graph theory. An introduction and an
extensive overview on domination in graphs and related topics
is surveyed and detailed in the two books by Haynes et al.
[ 6,7]. Recently dominating functions in domination theory
have received much attention. In this paper we present some
results on minimal signed dominating functions and minimal
total signed dominating functions of corona product graph of
a path with a star.
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1. INTRODUCTION

Domination Theory has a wide range of applications to many
fields like Engineering, Communication Networks, Social
sciences, linguistics, physical sciences and many others.
Allan, R.B. and Laskar, R.[1], Cockayne, E.J. and
Hedetniemi, S.T. [2] have studied various domination
parameters of graphs.

Recently, dominating functions in domination theory have
received much attention. The concepts of total dominating
functions and minimal total dominating functions are
introduced by Cockayne et al. [3]. Jeelani Begum, S. [8] has
studied some total dominating functions of Quadratic Residue
Cayley graphs.

Frucht and Harary [5] introduced a new product on two
graphs G1 and G2, called corona product denoted by G1©G2.
The object is to construct a new and simple operation on two
graphs G1 and G2 called their corona, with the property that
the group of the new graph is in general isomorphic with the
wreath product of the groups of G1 and of G2.

The authors have studied some dominating functions of
corona product graph of a cycle with a complete graph [9] and
published papers on minimal dominating functions, some
variations of Y — dominating functions and Y - total
dominating functions [10,11,12].

In this paper we study the concept of total dominating
functions of corona product graph of a path with a star and
some results on minimal total dominating functions are
obtained.
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2. CORONA PRODUCT OF P, AND K, ,

The corona product of a path B, with star & .., is a graph
obtained by taking one copy of a = — vertex path E, and n
copies of &, .. and then joining the " vertex of &, to every
vertex of i** copy of &, .. and it is denoted by B, @ &, ...

We require the following theorem whose proof can be found
in Siva Parvathi, M. [8].

Theorem 2.1: The degree of a vertex v; in G = B, @ &, ,,, is
given by

rom+3, if vyEPR, and 2=i=(n-1)
e m+2 if vi € B, and i=1 orm
GV =Y m+1 if v; EKy ., and v is infirst partition,

L 2 if v; EK g and v isinsecond partition.

3. TOTAL DOMINATING SETS AND
TOTAL DOMINATING FUNCTIONS

The concepts of total dominating functions and minimal total
dominating functions are introduced by Cockayne et al. [4]. In
this section we prove some results related to total dominating
functions of the graph & = B, &, ... First let us recall some

definitions.

Definition: Let &%, E} be a graph without isolated vertices.
A subset T of ¥ is called a total dominating set (TDS) if
every vertex in 7 is adjacent to at least one vertex in T.

If no proper subset of T is a total dominating set, then T is
called a minimal total dominating set (MTDS) of .

Definition: The minimum cardinality of a MTDS of & is
called a total domination number of & and is denoted by
7:(6).

Theorem 3.1: The total domination number of & = F, &k, ., is 7.

Proof: Let T denote a total dominating set of G. Let T
contain the vertices of the path £,.

By the definition of the graph G, every vertex in 7, is adjacent
to all vertices of associated copy of & ... That is the vertices
in F, dominate the vertices in all copies of X ... respectively.
Further these vertices being in F,, they dominate among

themselves. Thus T becomes a TDS of G. Obviously this set
is minimum.



Therefore  y:(G1=n

Theorem 3.2: Let T hea MTDS of & = E,i@ K, .. Thena
function f : " — [ 0.1 ] defined by

1, f veT,
:l"‘_,'l'l _

0

otherwize.

E

becomes a MTDF of & = B, & K. ...

Proof: Consider the graph & = B, X, .., with vertex set V.

Let T be a MTDS of & such that it contain all the vertices of
Pn.

The summation value taken over {1} of 1 € ¥ is as follows:
Case 1: Let v £ B, be such that d{v}) =m + 3 in&.

Then [V} contains #1 + 1 vertices of & ., and two vertices
of B, in&.

so » f(u)=1+1+|0+...+0|=2.

ueN(v) (m+1)—times
Case 2: Let v £ B, be such that d{v} =m + 2in&.

Then N1 contains m + 1 vertices of ¥, ... and one vertex of
E, inG.

so > f(u)=1+|0+....+0|=1.

ueN(v) (m-+1)—times
Case 3: Let v € K, ,,, besuchthat d{v) =m +1inG.

Then [V contains w1 vertices of &; ., and one vertex of E,
in G.

so Yy f(u):1+{0+ ....... +O}:1.

%f—/
ueN(v) m—times

Case 4: Let v £ &, .., be such that d{v) = 2in &.

Then [7{1} contains one vertex of & ., and one vertex of F,

in &,

so » f(u)=1+0=1.
ueN(v)
Therefore for all possibilities,

we get Z f(u)21, v veV.

ueN(v)

This implies that f is a TDF.

Now we check for the minimality of f.

Define g :V — [01] by
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r, tor v=w, 7,
gri=41, for veT-{v,},
0

otherwise.

E

where 0 <r < 1.

Since strict inequality holds at the vertex V|, € T, it follows
that g < f.

Case (i): Let v & B, be such that &{v) =m +3inG.

Sub case 1: Let V, € N (V).

Then

> gu)=r+1+|0+....4+0[=r+1>1.

ueN(v) (m-+1)—times

Sub case 2: Let V, & N (V).

Th =1+1+|0+....... =2.

en > gUu)=1+1+[0+....+0|=2
ueN(v) (m+1)—times

Case (ii): Let v € B, be such that di{v) = m + 2 inG.

Sub case 1: Let V, € N(V).

Then > g(u)=r+[0+....+0|=r<L1.

ueN (v) L (m+l)-times

Sub case 2: Let V, & N(V).

Then > g(u)=1+|0+....+0|=1.

ueN(v) L (m+1)—times

Case (iii): Let v € &; ., be suchthat d{1} =m +11inG.

Sub case 1: Let V, € N(V).

Then g(u)=r+{0+ ....... +O}:r<l.

ueN (v)

Then " g(u):1+{0+ ....... +0}:1.
m—times

ueN(v)

Case (iv): Let v € K, .. be such that Z{v} = Zin G.
Sub case 1: Let V, € N(V).

Then > gu)=r+0=r<1.

ueN (v)
Sub case 2: Let V, & N(V).

Then > g(u)=1+0=L1.

ueN (v)



This implies that Z g(u)<l,f0rsome v V.
ueN (v)

So g is not a TDF.

Since g is taken arbitrarily, it follows that there exists no g < f
such that g is a TDF.

Therefore { isa MTDF. m

Theorem 3.3: A function f:¥" — [ 0, 1 ] defined by
7 reVis a TDF of 6= F,@ K, . if
g = Z Itisa MTDF if q=2.

£

£

Proof: Consider the graph & = B, & X, .., with vertex set V.
Let f be a function defined as in the hypothesis.

Case I: Suppose g < 2.

Case 1: Let v £ B, besuchthat d{1v) =m +3inG.
11 1 m+3
So Z fu)==+=4mt== >1
ueN(v) q q q q
(m+3)-times

sinceg == 2 and m = 2

Case 2: Let v £ B, besuchthat d{1v) =m +2inG.
1 1 1 m+2
So flu)==+=+... +—= >1,
ueN(v) q q q q
(m+2)-times

since q <2 and m > 2.

Case 3: Let v £ &, ,,, besuchthat d{v) =m +1inG.
11 1 m+1
So Z flU)==4+=Ht—=—=>1,
ueN(v) q q q q
(m+1)-times

since q <2 and m > 2.

Case 4: Let v £ K, ,,, be suchthat cdl{v] = 2in &,
1 1 2
So Z f(u):—+—:—>1, since g < 2.
ueN (v) q q q

Therefore for all possibilities,

we get Z f (u) >1, 7 veW
ueN (v)

This implies that § is a TDF.

Now we check for the minimality of f.
Define g :V — [0,1] by

for w=wv, €V,

glv)=
ALy

r
1 .
—., otherwise.
q
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where 0 = c*i

Since strict inequality holds at a vertex 1, of V, it follows that

g < f.

-
b=y &

Case (i): Let v £ B, be such that d{v} =m + 3 in G.

Sub case 1: Let V, € N(V).

Then 3 )=+t bt

ueN(v) q q q
(m+2)-times
1 m+2 m+3
<—+ = >1
q q q

since q <2 and m > 2.
Sub case 2: Let V|, & N (V).

11 1 m+3
Then glu)=—+—+....... +—= >1,
UENZ(V) () q q q q

(m+3)-times

since q <2 and m > 2.

Case (ii): Let v £ F, be such that d{v} = m + 2 in G.

Sub case 1: Let V, € N (V).

Then Z g(U)=r+%+%+ ....... +1

ueN (v) q
(m+1)-times
1 m+l1 m+2
<—4+—= >1,
q a q

since q <2 and m > 2.

Sub case 2: Let V|, & N (V).

1 m+2
Then Y. g(u)== 1L Z= 1,
ueN(v) q q q q
(m+2)~times
since q <2 and m > 2.
Case (iii): Let v € &, ,,, besuchthat d{1) =m +1inG.

Sub case 1: Let V, € N(V).

1 1 1
Then gu)=r+—+—+....... +—
ueNz(v) () q q q

since q <2 and m > 2.

Sub case 2: Let V, & N (V).

10



1 1
So glu)==+=+...... +
Y o=t

ueN(v)

(m+1)-times
since q <2 and m > 2.

Case (iv): Let v € K, .. be such that d{v) = Zin G.

Sub case 1: Let V,, € N (V).

Then g(u)=r+%<§.

ueN (v)

. . 2
Since q < 2, it follows that — > 1.

q
Subcase 2: Let V, & N(V).

1 1 2
Then glu)=—+—=—>1 sinceq<2.
UENZ(V) () q q q

Hence, it follows that Z g(u) >1, v veV

ueN(v)
Thus g isa TDF.
This implies that j is not a MTDF.

Case I1: Suppose q = 2.

Case 5: Let v £ B, besuchthat d{v) =m +3inG.
So
flu)= 1.1, yi_mes_mes g mel
w0 q q qg q 2 2
(m+3)-times
Case 6: Let v £ B, be such that d{v} =m +2inG.
So
fu)= 1,1, yl_mez me2 . moy
uéN) q q qg q 2
(m+2)-times
Case 7: Let v £ &, .., besuchthat d{v] =m +11inG.
So
11 1 m+1 m+l
DA () U SR |
ueN(v) qg q q q
%/—J
(m+1)-times
since m > 2.
Case 8: Let v £ &, ,,, be such that d{v) = 2in G.
1 1 2 2
So flu)==+=
ueN(v) qa q q 2

Therefore for all possibilities,

we get Z f(u)Zl, v oveV

ueN (v)
This implies that f is a TDF.

Now we check for the minimality of f.
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Define g1V — [0,1] b
for w=w, €V,

r
1 .
—., otherwise.
q

where 0 = c:

-

Since strict inequality holds at a vertex 1;, of V, it follows that
g < f.

Then as in case (i), for
get

1 € F, be such that d{1) =m + 3, we

ueN (v) q
(m+2)~times
it v, € N|[v]
And
g(u):1+—+ ....... +1:m+3:m+3:1+m+1>1’
ueN(v) q q q q 2 2
(m+3)-times
it v, & N[v].
Again as in case (ii), for v £ B, be such that v} =m + Z,
1
Wehave " g(u)=r+=+=+...+=>1
ueN(v) q q q
| S —
(m-+1)~times
if v, e N[v].
And
glu)= 1l ptme2 me2 , moy
ueN (v) q q q q 2 2
(m+2)~times
if v, & N[v].

Again we can see as in case (iii) that for v £ &, ,, be such
that div) =m + 1.

ueN (v) M
m—times
if v, € N[v].
11 1 m+l1 m+1
z g =—+—+..... +to=—=—">1
ueN(v) q q q q 2
it v, & N[v].

Similarly we can show as in case (iv) that 1 € & ... be such
that div) = 2.

11



1 2 2
1.2_2_5irv, eN|]
ue%(:v)g q q 2 “
11 2 2 ;
and W=—42=S_L_1ifV eEN[V].
ue%(v)g() q+q q 2 “

This implies that z g(u)<1,forsome veV.

ueN(v)
So g isnota TDF.

Since g is defined arbitrarily, it follows that there exists no
5 = jsuchthat g isa TDF.

Thus f isaMTDF. m

Theorem 3.4: A functionf: V— [0, 1] defined by

e r
flvi==

R

T v sV where P = min{mn) and
g = mex(mmn)isaTDF of G = B,® K, .., if

Otherwise it is not a TDF. Also it becomes a MTDF

£ g

= 2

Proof: Consider the graph & = B, & X, .., with vertex set V.

-:
"!

Let f+V —[0.1] be defined by fivi=

R

where p =min{ m.n) and g =max {mnh
7.
Clearly ==10.

Case 1: Let v £ B, besuchthat d{1v) =m +3inG.

So p.p p p
flu=—+—+.... +—=(m+3)—.
ug(:v) () q q q ( )q

(m+3)-times
Case 2: Let v € F, be such that d{v}) =m + 2 in G,
> Z f(u):£+£+ ....... +£:(m+2)£.
ueN(v) q q q q

(m-+2)-times
Case 3: Let v € &, ,,, besuchthat d{v) =m +1inG.
S0 > fu) =P+ Py Pomr)R

q q q

ueN (v) q
(m-+1)-times

Case 4: Let v £ K, .., be suchthat cdl{v] = 2in &,

-z, 033

ueN (v) q q q
From the above four cases, we observe that j is a TDF if
il 1

-_E_.

Otherwise [ isnota TDF.
Case 5: Suppose % b —
Clearly [ isaTDF.

Now we check for the minimality of f.
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Define g :V — [0,1] by
r, fv=v ¥,

otheraise.

E

B
q

where 0 = # = -

£ g

Since strict inequality holds at a vertex 1, of V, it follows that
g = f.

Case (i): Let v £ B, be such that d{v} =m + 3 inG.

Subcase 1: Let V, € N(V).

Then _ p p
glu)=r+— L +—
ue%(:v) q q q

(m+2)-times

Y Y p
<=+M+2)==(M+3)=>1
gt =m+3)

= gndm= I

since

£ |

Sub case 2: Let V|, & N (V).

Then g(u) p p+ ....... +£:(m+3)£>1,
ueN(v) q q q q
(m+3)~times
since 252 andmz 2.

Case (ii): Let v € B, be such that di{v) = m +2inG.

Subcase 1: Let V, € N(V).

Then P, P p

gu)=r+—+—+....... +—

ueNZ(v) ( ) q q q
(m+1)-times

p p p
<=—+M+l)==m+2)=>1
gt =me2)

= gndm= 2,

since

|

Sub case 2: Let V|, & N (V).

Then Z g(u)=£+£+ ....... +£:(m+2)£>1,

ueN(v) q q q q
\—ﬂ_—d
(m+2)-times
. p. 1 ; -
since =x- andmz I,

Case (iii): Let v € &; ., be suchthat d{1) = m +11inG.

Subcase 1: Let V, € N(V).

Then p. P P
glu)=r+=—+-—+....... +=
ue%(:v) ( ) q q q

m-times

12



<PimPomin Py
q q

q

== ogndm= 2,

since

EN ]

Sub case 2: Let V|, & N (V).

Then 3 g(U):B+Ep+ ....... +Ep=(m+1)§>1,

ueN(v) q
(m+1)-times
since % - agndmz 2
Case (iv): Let v € K, .. be such that d{v) = Zin G.

Sub case 1: Let V, € N(V).

Then 3" g(u)=r+2 < z(p}

ueN (v) q

.op o1 . .
Since= »= agndm = 2, it

Sub case 2: Let v, ¢ N(v).

Then z g(u):£+£ — 2£pj >l’ Since%.:E

ueN(v) q q q
Hence it follows that z g(u) >1 7 veV
ueN(v)

Thus for all possibilities, we get that g is a TDF.
This implies that  is not a MTDF.

Case 6: Suppose % ==
As in case 1 and 2, we have that

fu)=L+ Py . +p—(m+3)[pJ>1,
ue%(:v) q q q q
(m+3)-times

. - n 1
sincem = Zand = ==,

And

Z f(u):£+£+ ....... +p:(m+2)(pj>1’

ueN(v) g q q q
(m-+2)-times

. - o)
sincem = Zand = ==

Again as in case 3 and 4, we have that

ueN(v) q
(m+1)~times
sincem = Zand= ==,

£

And 3 f(u):£+£:2§:2 11

ui q q 2
Therefore for all possibilities,
we get z f (U) >1, v =V,

ueN (v)
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This implies that  is a TDF.

Now we check for the minimality of f.
Define g :V — [0,1] by

I

E

fv=v el

atherrise.

E

B
q

1=

where 0 =¥ ==,

£y |

Since strict inequality holds at a vertex 1;, of V, it follows that
g = f.
Then we can show as in case (i) and (ii) of case 5 that
3 glu)>1, ifveBand Vv, € N(V)or v, & N(V).

ueN(v)
Again as in case (iii) of case 5, we can show that

3 g(u)>1, ifv ek, . and v, e N(V)or V, & N (V).
ueN(v)

As in case (iv) of case 5, we can show that

p p 1
glu)=r+— <2 ==2 — =1,
UENZ(V) () q q 2
if vei, . and V, € N(V).
And _Pp,P_,P_51_
glu)=—+—=2 ==2 = =1,
ue%(:v) () q q q 2

if vek, and V, & N(V).

This implies that Z g(u) <1, for some veV.
ueN(v)

So g isnota TDF.

Since g is defined arbitrarily, it follows that there exists no
g = fsuchthat g isa TDF.

Thus f isa MTDF.

4. CONCLUSION

It is interesting to study the total dominating functions of the
corona product graph of a path with a star. This work gives
the scope for the study of convexity of these minimal total
dominating functions and the authors have also studied this
concept.
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5. ILLUSTRATION

The function f takes the value 1 for the vertices of P,
and the value 0 for the vertices in each copy of K, 5.
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