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ABSTRACT

The most methods used for solving multi objective
optimization problems (MOPs) are based on the Pareto-
optimal frontier, but this approach will become questionable
when the number of objectives grows. This paper presents an
approach for solving MOPs using PROMETHEE method
(Preference Ranking Organization methods for Enrichment
Evaluation). In this paper the optimal solution of MOPs is
built base on minimizing the preference of positive ideal
solution and maximizing the preference over negative ideal
solution. Thus, a k-dimensional objective space is reduced to
a two-dimensional space. The concept of membership
function of fuzzy set theory is used to represent the
satisfaction level for both criteria and a max-min operator is
used for solving the transformed problem. Finally a numerical
example is illustrated.
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1. INTRODUCTION

Decision making is the process of selecting the best possible
alternatives among all alternatives and multi criteria decision
making is often related to ranking of many alternatives from
the best to the worst based on multiple conflicting criteria.
Multi objective optimization is the process of optimizing two
or more objects that are often conflicted to each other. The
choice of the final solution of MOP can be stated as a typical
multi criteria decision problem determining which is the best
among all possible efficient solutions, according to the
decision maker (DM) preferences, taking into account several
criteria [1].

In the literature there are several methods that combine
decision methods with optimization algorithms in order to
determining the final solution of MOPs [1, 2, 3]. Generally
these methods can be classified into three groups: the a priori,
a progressive and a posteriori decision making. In a priori
decision making, DM is consulted before the optimization
process only one time and the optimization process continue
until it reach to final optimum solution. In the progressive
decision making the DM’s preference is repeatedly used in the
course of the optimization process in order to guide the search
algorithm. Finally, a posterior decision making method starts
with the execution of a multi objective optimization algorithm
in order to find some acceptable solution and after that DM is
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consulted to compare the available alternatives and choose a
unique final solution.

PROMETHEE is one of the popular decision making methods
which has been successfully applied in the selection of the
final solution of convex MOPs [4]. This method was first
developed by Brans in 1982 [5]. PROMETHEE method
generates a ranking of available points according to the DM’s
preference and finally presents a unique final solution. This
method is based on a pair-wise comparison of alternatives
along each criterion. Alternatives are compared according to
different criteria after they will be ranked. There are many
papers that applied PROMETHEE methods in methodologies
and applications and the number of papers increases year by
year [5].

In the literature there are some articles that applied
PROMETHEE methods to find the most satisfactory optimal
solution of a multiobjective program [6, 7]. Application of
PROMETHEE method in these articles related to posteriori
methods in finding solution of MOPs. In [7] a posteriori
decision multiobjective optimization problems with smarts,
PROMETHEE Il and a fuzzy algorithm is investigated and
compared. In [6], R.O.Parreiras and J.A.Vasconcelos
presented a multiplicative version of PROMETHEE Il and
applied that in multi objective problems. In these two articles
after finding Pareto-optimal frontier, the PROMETHEE
method applied to finding the most satisfactory optimal
solution of MOPs. Also Martel and Aouni presented a method
to find the optimal solution of a goal programming model [8].
After that Diaby and Martel developed a new goal
programming approach combined with the PROMETHEE to
model the decision-maker preferences [9].

In the literature some methods are applied with
PROMETHEE method such as AHP, ELECTRE, and so on
[10, 11, 12, 13]. In many papers PROMETHEE method is
compared with other MCDM methods and in some articles
PROMETHEE methods and fuzzy set theory are applied
together [14, 15, 16]. For example [14] present an extension
of the PROMETHEE method for decision making in fuzzy
environment. In these articles input data in PROMETHEE
method are fuzzy numbers.

In the following section, the PROMETHEE approach is
presented. The proposed method is discussed in section 3, an
example of proposed method for the sake of illustration is
presented in section 4 and finally conclusion is stated in

section 5.
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2. PROMETHEE METHOD

PROMETHEE is a multi-criteria decision making method
developed by Brans in 1982. A few years later, several
versions of the PROMETHEE method developed. These
methods are:

e PROMETHEE Il for complete ranking of
alternatives,

e PROMETHEE IlI for ranking based on intervals,

e PROMETHEE IV for complete or partial ranking of
the alternatives,

e PROMETHEE V for problems with segmentation
constraints,

e PROMETHEE VI for the human brain
representation,

e PROMETHEE GDSS for group decision- making,

e PROMETHEE & GAIA for  graphical
representation,

e PROMETHEE TRI for dealing with sorting
problems and

e PROMETHEE
classification [5].

PROMETHEE method is a ranking method that is simple in
application compared to other MCDM methods. This method
is well adapted to problems which some alternatives are to be
ranked considering several criteria.

The implementation of PROMETHEE needs three types of
information:

CLUSTER for nominal

1- Evaluation table: the table of alternatives and criterions
such as follow:

Table 1 Evaluation table
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3- The preference function: the preference function (p;) is
defined for every criterion and is used to compare the
contribution of the alternatives in terms of each separate
criterion. It reflects the preference level of alternative “a” over
“b” in the interval [0 1].

Table 3 Preference function

p1(,-) p2(.-) pi(,-)

g1(.) g2(.) gx()

a g1() 82(.) gr()
a gi1(a1) g2(aq) gk(a)
az g1(az) g2(az) gr(az)
ap g1 (an) g2 (an) gk(an)
In this table a, ay, .., a, are alternatives

and g1(.), g2(.), ..., gk () are criterion and the goal is finding
the most satisfactory alternative according to criterions.

2- Weights (information on the relative importance of the
criteria): this method assumes that DM is able to weight the
criteria and doesn’t have specific guide for determining
weights. In the literature several methods for determining
weights are declared [17, 18].

Table 2 Weights

Wy Wy .es Wik

g1() 82(.) gx()

The steps of PROMETHEE method can be stated as follows:
1: determination of deviations based on pair-wise
comparisons of two alternatives:

dj(a,b) = g;(a) — g;(b)
Where d;(a, b) is the difference of the value of “a” and “b” in
each criterion.

2: application of preference function:
bj (a,b) = F; [dj (a,b)]

Where p;(a,b) denotes the preference of alternative “a” with
regard to alternative “b” in each criterion, as a function

of d;(a, b). In order to facilitate the selection of a specific
preference function, six basic types have been proposed [19].

3: calculation of global preference index:
VabeA m(ab)= };1 p;(a, b) w;
Where 1i(a, b) is defined as the weighted sum of p;(a, b) for

each criterion.

4: calculation of outranking flows as follow:
1
®*(a) = — Lxea T (a,X)

®~(a) = —Tyea T (x,2)

Where ®*(a) and ®~(a) are positive outranking flow and
negative outranking flow for each alternative.

This step is the final step of PROMETHEE 1. In this method
alternative “a” is superior to alternative “b” if the positive
flow of “a” is greater than the positive flow of “b” and the
negative flow of “a” is smaller than the negative flow of “b”.

3. PROPOSED METHOD

Consider a multi objective optimization problem (MOP) as
follow:

max (or min) FX) = {f;X), LX), ..., f,(X)}

subjectto S =

<
2] 0; i=1,2,..,m

X € EN

Where X = (x4, X5,...,Xy) and the objective functions and
the system of constraints are convex real valued functions
onR".
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Assume that foreachk = 1,2, ..., n, we have

ft = {max (or min) £ (X)| X € S} (2a)

fe = {min (ormax) f(X)|X €S} (2b)

Regarding above definition, two alternatives A* and A~ are
identified and optimal solution can be built in comparison
with them, as in PROMETHEE method. So the decision area
for PROMETHEE method is as follow:

Table 4 Decision area for PROMETHEE method
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£,X) £,(X) . f,X)
A* £} £} £
A- fr f; fn
Ay fix fax fox

In table 4, A, is the optimal solution which should be built
and now it is considered in parametric form.

As in PROMETHEE method d should be calculated according
to mentioned definition, in proposed method d which denotes
the difference between the evaluations of two alternatives on
each objective is defined as follows:

di (A%, Ay) = ff — fix (3
dg(Ax, A7) = fix — fi (3b)

The preference functions will be used to demonstrate the
preference of one alternative to another.

Py (A%, Ayx) = F(dg (A", Ax)) (49)

Py (Ax, A7) = Fr(dx(Ax, A7) (4b)
A

P

. d

Fig 1: Gaussian preference functions

Then the overall preference of one alternative over another
will be calculated. wy, will be determined by DMs.

n(AY, Ax) = Xy wi Px (AT, Ax) (52)
m(Ayx, A7) = Xg=1 wi P (Ax, A7) (5b)

As described in part 2, there are two different outranking
flows, positive and negative. For each x€S andk =
1,2, ...,n, the value of f," is preferred to the value of fi,. So,
the positive outranking flow in this problem will calculate
from the next equation.

" (Ax) = m(Ax, AD) (62)
the same as positive outranking flow, for each x € S andk =
1,2,...,n, the value of fy, is preferred to the value of f,
therefore the following equation will represent the value of
negative outranking flow.
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D~ (Ax) = (AT, Ay) (6b)

Following the PROMETHEE | method, the larger value for
@*(A,) and the smaller value for ®~ (A, )are preferred, so, the
MOP can be replaced by the following formulation:

min ® (Ay)

max ®t(Ay)

subjecttoX € S (7a)
Or

min w(A*, Ay)

max m(Ax, A7)

subjectto X € S (7b)

or

n
min Z Wy Pk(A+, Ax)
k=1

n
max Z wi Pr(Ax, A7)
k=1
subjectto X € S (7c)

Thus, by the previous formulation, a k-dimensional objective
space is reduced to a two-dimensional space.

These two objectives are usually conflicting to each other. In
order to solve this problem membership functions can be used
which represent these two objectives individual optima.
Assume that the membership functions p (X) and p,(X) of
two objective functions are linear between (®)*and
(d), which are:

(®7)* = {min ®~ (Ay)| X € S} and the soloution is X~ (8a)
(®*)* = {max ®*(Ay)| X € S} and the soloution is X* (8b)
(@) = o™ (Ax+) (8c)

@) = 0¥ (Ax-) (8d)
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1, (X)

The max-min solution

v

@) (%)

Fig 2: Membership functions p4(X) and p, (X)

Then, as shown in Figure 2, p; (X) and p, (X) can be obtained
as follow:

1 if ®(Ay) < ()

w0 ={1-228 0 i (@) < 0 (A < (@) (%)
0 if (7)) <@ (Ay)
(0 if ®*(Ay) < (@1

1, (X) ={1—% if (@9 < o'(A) < (@) (9b)
(1 if (@*)" < O*(Ay)

Now, by applying the max-min decision model which is
proposed by Bellman and Zadeh and extended by
Zimmermann [20], the transformed problem can be resolved.
Assume that the satisfying decision may be obtained from the
following problem:

H(X") = maxyes{min(py (X), p2(X))} (10)

If 8§ = minffyy (X), u, (X)), then the model will be
transformed to the following model:

max §
subjectto (X) =8 and p,(X) =8 (11)
XeS  &€[0,1]

It is well known that the optimal solution of this problem is
the answer of MOP.

4. AN EXAMPLE

Step0. Consider the following multi objective optimization
problem

max f; = x4 (12a)

(@) (@) )
max f, =x, (12b)
max fz =x;3 (12c)

subjectto  5x; + 3%, + 2x3 < 240
3x3 + x; < 320 (12d)
2%, + 3%, + 4x3 < 180
X=0
Stepl. Calculation of ffand f,_as shown in table 5 and 6.

Table 5 Calculation of f;"

f f2 f3 X1 X2 X3
max f; 48* 0 0 48 0 0
max f, 0 60* 0 0 60 0
max f3 0 0 45* 0 0 45

f+ = {48,60,45}

Table 6 Calculation of f,

fy f, f3 X1 X2 X3
min f; O 0 0 o 0 0
min f, 0 0* 0 0 0 0
min f; 0 0 0* 0 0 0
f~ =1{0,0,0}
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Step2. Calculation of d by using table 7. In this table three
alternatives A, A~ and A, are obtained.

Table 7 Decision area

International Journal of Computer Applications (0975 — 8887)

f1(X) f,(X) £:X)
A" 48 60 45
A~ 0 0 0
Ay X1 X2 X3
dl(A+, Ax) =48 — X1 (133)
d, (AT, Ay) =60 —x, (13b)
d3(A+, Ax) =45 - X3 (13(:)
dl(AX ) Ai) =X (14a)
dy(Ax, A7) =x; (14b)
d3(Ax, A7) =x3 (14c)

Step3. Next, preferences will be calculated for each d. The
preference functions for f; (X), f,(X) and f3(X) are assumed as
follows:

Preferences function for f; (X):

Py 5
|
]
|
)
2 10
Fig3: Preference function for f;(X)
0 d<2
P, (d) = 1‘10;_22 2<d<10 (15)
1 d>10
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Preference function for f,(X):

Py a

v

5 15

Fig 4: Preference function for f,(X)

0 d<s
P(d) = {2 5<d<15 (16)
1 d> 15

Preference function for f3(X):

Py
|
]
|
)
2 10
Fig 5: Preference function for f3(X)
0 d<2
Pi(d) ={ = 2<d<10 17
1 d>10

In order to insert these formulas to the optimization problem,
it is needed to transform them to the following formulas:

Transformed forms of preference function for f; (X):
1
1_6(|d1 —2|—1d; — 10/ +8)

subjectto 0 <d; (18)

Transformed form of preference function for f,(X)
1
ﬁ(ldz — 5| —d; — 15| + 10)

subjectto 0<d, (19)
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Transformed form of preference function for f3(X)
1
Rﬂds —2|—d3—10[+8)

subjectto 0 <dj (20)

Step4. In this step, preference functions should be placed in
equation (7c¢) to make the transformed form of MOP. w; will
be determine by DMs. Then the value of (®7)* , (®7),
(@*)* and (@7)* are obtained by solving this problem.

These values are illustrated in table 8.

min w; (5 () (A%, A = 2] = |y (A%, A = 10] +

8)) +w; (55 (1o (A%, A) = 51 = dy (A%, Ay) — 151 +

10)) + ws (55 (1d5 (A%, Ax) — 2] = [d5 (A%, Ax) = 10] +
8)) (21 a)

max wy (3 (s (A, A0 = 2] -
lds (Ax , A7) = 101+ 8)) + w, (55 (dx(Ax , A7) =51 -
A (A, A7) = 151 +10)) + ws (35 (ds (Ax, A7) = 21 -
lds(Ax , A7) — 101 +8)) (21b)
subjectto X€S
w = (0.3,0.2,0.5)

Table 8 Calculation of ¢
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(0 o* X1 X2 X3
min ¢~ 0.5* 0.5 0 0 43
max ¢+ 1 1* 10 15 10

Step5. In order to solve the problem by means of max-min
operator, p, (X) and p, (X) are calculated as explained. Finally
the solution of MOP is found by computing (11) which is the
fuzzy form of the previous problem.

1 if @ (Ay) <05
e =1{1 —%&;“5 if 0.5 < O (Ay) < 1 (22a)
0 if 1< 0 (4y)
(0 if ®T(Ay) <0.5
LK) = i 1 —% if05< o*(A) <1 (22b)
1 if 1< ®(Ay)
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max &
d (Ay) — 0.5
subjectto 1-— % =96
G R
1-0.5
XeS  8€[0,1] (23)

The maximum satisfactory level is achieved for the
solution X = (44,0, 10).

5. CONCLUSION

In this paper, a PROMETHEE approach has been extended to
solve multi objective optimization problems. This approach
provides a way to find the satisfactory solution of MOP. It
transfers k-objectives optimization problem, into two
objectives optimization problem by minimizing the preference
of positive ideal solution and maximizing the preference over
negative ideal solution, which will be practical when the
number of objectives increases. Also, by using Piecewise
linear segmentation, the preference functions can be entered
into the model thus, multi objective nonlinear optimization
problems can be solved. Other fuzzy operators can be used for
solving the transformed bi-objective optimization problem.
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