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ABSTRACT 
Steady laminar magnetohydrodynamics flow and heat transfer  

of an electrically conducting fluid  in a rectangular duct  in the 

presence of oblique transverse magnetic field  is considered. 

The walls of the duct are electrically insulated and kept at 

constant temperature(  ). The fluid is kept in motion by a 

constant pressure gradient and the viscous and Joule 

dissipations are considered in the energy equation. The 

dimensionless coupled partial differential equations are solved 

numerically employing finite difference method for velocity, 

induced magnetic field and temperature distribution. The 

computed results for velocity, induced magnetic field and 

temperature are visualized in terms of graphics for different 

values of oblique angle( ), Hartmaan number   ,  Prandtl 

number     and the aspect ratio   , the ratio of the length to 

the breadth. 
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1. INTRODUCTION  
The MHD flow of an electrically conducting fluid  in a  

channel of duct has received great attention due to its 

applications in MHD power generators, pumps, nuclear fusion 

reactors, energy storage etc. The basic set of equations which 

describe MHD flow and heat transfer are the combination of 

the Navier-Stokes equations of fluid mechanics, Maxwell’s 

equations of electromagnetism and energy equation of 

thermodynamics. Hartmaan and Lazarus, 1937 [1] first 

studied the influence of transverse uniform magnetic field on 

the flow of an electrically conducting viscous incompressible 

fluid between two infinite parallel insulating plates. Umavathi 

et.al.[2] studied numerically the steady natural convection 

flow in a vertical rectangular duct with isothermal wall 

boundary conditions for non-magnetic case.  Umavathi et. al. 

[3] also investigated the MHD free convection flow in a 

vertical rectangular duct for laminar and fully developed 

regime taking into consideration the effect of Ohmic heating 

and viscous dissipation numerically using finite difference 

method of second order accuracy. Garner et. al. [4] had 

acquired some results for MFD flow of circular pipe in a 

transverse magnetic field with heat transfer experimentally. 

Morley et. al. [5] studied fully developed, gravity-driven flow 

in an open channel of arbitrary electrical conductance and 

orientation to an applied magnetic field numerically. Al-

Khawaja et al. [6] studied numerically the Magneto-Fluid-

Mechanics flow in a circular pipe with heat transfer and for 

the case of uniform wall heat flux with forced convection. Al-

Khawaja et al. [7] also obtained  the solution for MFD flow of  

square duct using spectral method for the case of uniform wall 

temperature. Ibrahim [8] studied numerically MHD flow 

equations in a rectangular duct in the    presence of transverse 

external oblique magnetic field for values of Hartmann 

number       . He employed Chebyshev collocation 

method to solve partial differential equations. Hosseinzadeh 

et.al.[9]  carried out a numerical study using boundary 

element method(BEMs) for steady MHD flow having 

arbitrary wall conductivity. Recently, Sarma et. al.[10] have 

investigated numerically steady MHD flow of liquid metal  

through a square duct under the action of strong transverse 

magnetic field. They have considered the wall of the duct are 

electrically insulated as well as isothermal. 

In this present work, the problem investigated is the steady 

laminar MHD flow of an electrically conducting viscous 

incompressible fluid through a rectangular duct with heat 

transfer under the action of oblique transverse magnetic field. 

The fluid is kept in motion by a constant pressure gradient and 

viscous and Joule dissipation are considered in the energy 

equation. The walls of the duct are kept at constant 

temperature(   ) and electrically insulated. The coupled 

equations of the momentum(motion), energy and magnetic 

induction equation are solved numerically using finite 

difference approximations to obtain the velocity, temperature 

and induced magnetic fields.  The results for velocity, induced 

magnetic field and temperature are visualized in terms of 

graphics for different values of the flow parameters. 

2. FORMULATION OF THE PROBLEM 
The steady laminar two dimensional motion of an electrically 

conducting fluid in a rectangular duct in the presence of 

oblique transverse magnetic field is considered. The length 

and breadth of the rectangular cross section of the duct are   

and  . It is assumed that all the plates of the duct are 

maintained at constant temperature    and electrically 

insulated. Two parallel walls of the duct are at     and at 

    and other parallel walls of the duct are at     and at 

    . A constant pressure gradient   
  

  
  is applied in the  -

direction, which supports the flow and the direction of the 

flow. The applied uniform magnetic field    acts in a 

direction lying in the    plane but makes an angle   with the 

 -axis, which induces a magnetic field        in the flow 

direction and     and     are the resolved part of   . In this 

investigation, we consider the following assumptions:  

(i) The flow is laminar, steady and fully developed. 

(ii) The fluid is finitely conducting. 

(iii) In the energy equation, we have considered viscous 

dissipation and Joule heating. 

(iv) The duct is to be infinite so that all the fluid 

properties except pressure gradient, are independent 

of variable  .   
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Fig.1 Physical configuration of rectangular  duct      

flow 

Under above assumptions, the velocity     and magnetic field     
will be the following form 

                       

                     

                                

Where       . 

3.  GOVERNING EQUATIONS 

The governing equations of MHD flow with energy equation 

are:- 

                                                                              (1)                                                                                                                                                                                                                                                                                                          

                                                                              (2)                                                                                                                                                                                                                                                                                                                   

  
     

  
                                              (3)                                                                                                                                                                                                            

    

  
                                                            (4)                                                                                                                         

    
  

  
                        

  

 
                (5) 

                                                                       (6)                                        

                                                                          (7)  

Where     is the current density due to the magnetic field,   is 

the viscous dissipation function,     is the electric field 

intensity,   is the temperature, ρ  is density of the fluid,  σ is 

the electrical conductivity,      , is the co-efficient  of 

viscosity,    is the kinematic viscosity,     is magnetic 

permeability and   is the magnetic diffusivity. 

Using  (1) and (2) in equation (4), we get 

    

  
                                                             (8)                                                                                                 

In steady case, and using velocity and magnetic field 

distribution stated as above, equations (3), (5) and (8) become 
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The corresponding boundary conditions are as follows:  

  

                                      
                                      
                                      
                                      

  (12)  

The above equations (9), (10) and (11) can be transformed 

into dimensionless form using the following dimensionless 

quantities as  
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, is the aspect ratio of the duct.   

Using dimensionless quantities (10) in equations (9), (10) and 

(11) and dropping asterisks, we   obtain 
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Where,       
 

  
 
 
  
  , is the Hartmaan number 

                 
   

 
 ,     is the Prandtl number 

                         ,  is the magnetic Reynolds number     

The corresponding boundary condition (12) become 
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The dimensionless coupled linear partial differential equations 

(14), (15) and (16) associated with the boundary conditions 

(17) are solved numerically using finite difference  scheme 

and Matlab programming. In this numerical technique we 

have descrretized governing equations (14), (15) and (16) 

along with the boundary conditions (17). Computational 

domain is divided into a uniform grid system. We have 

descretized both the second derivative and first derivative 

which appearing in the governing equations using the central 

difference of second order accuracy followed by 

Schmidit[11]. Therefore the resultant difference equations for 

equations (14), (15) and (16) are as follows 
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Where,    
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are constants and      and     . 

The corresponding descretized boundary conditions are 

 

                                                       

                                                

                                                       

                                            
 
 

 
 

    

                                                                                      (21)                        

Where    refers to   and    refers to  ,       and       
denote the number of grids inside the computational domain 

in the direction of    and   respectively. The values      ,      

and      in the equations (18), (19) and (20) with the 

parameters  ,    ,    and   have been iterated using 

boundary conditions (21). We repeat the process, till the 

converged solution for       ,       and        in the grid system 

are obtained. 

4. RESULT AND DISCUSSIONS   
In this study a numerical investigation on MHD flow and heat 

transfer in a rectangular duct under the action of strong 

oblique transverse magnetic field is considered. Strong 

imposed magnetic field creates a Lorentz force        , which 

retards the flow and produces a pressure drop in addition to 

viscous pressure drop. So we have considered electrically 

insulating walls to reduce the pressure drop phenomena in the 

duct. 

The basic coupled linear partial differential equations are 

solved using finite difference method. Numerical 

investigations are carried out in the spatial domain       

and       using Matlab. During numerical computation,  

we have considered         , so that the stability 

condition is fulfilled. It is observed that the Prandtl number 

   gives no effect to the velocity and induced magnetic field, 

as can be seen from Eqn. (14) and (16). The results are drawn 

and shown graphically for the fixed aspect ratio     and 

different values of  parameters inclination angle( ), Hartmaan 

number    ,  Prandtl number     and aspect ratio    on  

velocity , temperature and induced  magnetic field.  

If we consider        , then applied magnetic field    is 

parallel to  -axis and orthogonal to the  -axis. The walls 

normal to the applied magnetic field are called Hartmaan 

walls and the boundary layers adjacent to these walls are 

called Hartmaan layers. In Hartmaan layers, the velocity 

profile is basically determined from the balance between 

Lorentz and viscous forces, and the thickness of these layers 

scales as        , where   is the Hartmaan number. The 

walls parallel to the magnetic field direction are called side 

walls, and boundary layers adjacent to these walls are called 

side walls, whose thickness scales as        . The 

thickness of side layers are larger than Hartmaan layers. 

Fig.2  Induced magnetic field   at      ,    , 

    ,         and      . 
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Fig.3  Velocity distribution   along  - axis at various   

for    ,     ,         and       

In figures from 2 to 8, we have shown the velocity, induced 

magnetic field and temperature at fixed value of      .  

 

Fig.4  Velocity distribution   along  - axis at various   

for    ,     ,         and      . 

Figure 2 is plotted for induced magnetic field, which are lines 

of current density at       and    , keeping other 

parameters constant, the induced magnetic field is symmetric 

with respect to   - axis for        Figure 2 establishes the 

results of [8].  Figures 3 and 4 show the velocity profiles 

along Hartmaan and side walls respectively, from these  

 

 

Fig.5  Temperature    along  - axis at various   for 

   ,     ,         and      . 

figures, we have noticed that velocity profile along Hartmaan 

layers become more flatten than side layers due to increasing 

values of  , i.e. Hartmaan layers are thinner than side layers. 

 

Fig.6  Temperature    along  - axis at various   for  

   ,     ,         and      . 

The influence of flow parameters on temperature are shown in 

figures from 5 to 8. In figures 5 and 6 temperature distribution 

are visualized at various Hartmann numbers   along   and  -

axes respectively. We have observed that temperature 

distribution increases in both axes as Hartmaan number    
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Fig.7  Temperature    along  - axis at various    for 

   ,     ,      and      . 

 

Fig.8  Temperature    along  - axis at various    for 

   ,     ,      and      . 

increases, along   -axis temperature distributions are 

parabolic in nature, but along  -axis its profiles are      shape. 

Figures 7 and 8 are plotted for temperature at various    

along   and  -axes respectively, it is noticed that temperature 

increases along both axes with the increasing values of   .  

               

 

         Fig.9  Velocity distribution   along  - axis at various 

  for    ,     ,         and     . 

 

Fig.10  Temperature    along  - axis at various   for 

   ,     ,         and     . 

Figure 9 presents the effect of   on velocity  , it can be seen 

that the velocity increases from      to    , then decreases 

from       to    . It establishes the result of [9]. Figure 10  
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shows temperature   at various   for    ,     , 

 

Fig.11  Induced magnetic field   at      for            , 

    ,         and      . 

        and     . Temperature is found to increase as   

increases and the temperature gradient is greater at the 

Hartmaan layers than in core region of the duct.  

 

Fig.12  Induced magnetic field   at       for    , 

    ,         and      . 

In figures from 11 to 14, we have plotted the current density 

lines for                  at       ,    ,         , 

    . In figure 11, we have noticed that the induced 

magnetic field (lines of current density) is symmetric with 

 

Fig.13  Induced magnetic field   at       for    , 

    ,         and      . 

respect to  -axis for     . It can be seen that the boundary 

layers are concentrated near boundary walls along parallel to 

both   and  -axes for     . Figure 12 presents the induced 

 

Fig.14  Induced magnetic field   at          , 

    ,         and      . 

magnetic field for      , it is symmetric with respect to the 
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Fig.15  Velocity distribution   along  - axis at various   

for     ,     ,         and      . 

to the  -axis and line     for      and       

respectively.  

The influence of aspect ratio   on velocity and temperature 

distribution are drawn in figures 15 and 16 respectively. 

Induced magnetic fields are presented for different values of   

in figures 17, 18 and 19.  It can be seen that the velocity, 

 

Fig.16  Temperature distribution   along  - axis at 

various   for     ,     ,         and      . 

 

Fig.17  Induced magnetic field   at     for     , 

    ,         and      . 

temperature and induced magnetic field increase as   

increases and they are looked more flat for large value of  . 

The effect flow parameters on velocity, magnetic field and 

temperature showing in terms graphics are well known 

characteristic of MHD flow with heat transfer in duct. 

This paper establishes the characteristic features of MHD duct 

flow. The effect of variation of aspect ratio, heat transfer 

effect, wall conductivity, strength of applied magnetic field 

and direction of applied magnetic field are studied 

numerically. Desired accuracy may be achieved with more 

appropriate meshing. Wall conductance ratio may be 

considered in such problems, which may considerably change 

the results in MHD duct flow for very high Hartmaan number.   

In such situation extra complexities may appear in the 

dynamics and more appropriate algorithm may be required to 

obtain the solution.  

 

Fig.18  Induced magnetic field   at       for     , 

    ,         and      . 
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Fig.19  Induced magnetic field   at     for     , 

    ,         and      . 

Further, we can  extend this research work to include the 

buoyancy force by considering the duct aligned to the vertical 

direction. In such cases a dimensionless independent 

parameter Grashof number    will appear in the governing 

equations besides Hartmaan number   , oblique angle  , 

Prandtl number     and aspect ratio  . This will create an 

extra complexity to the problem.  
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