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ABSTRACT
This paper introduces and study a class of function namely
weakly (mp, Hy) — continuous functions. Some

characterizations and properties concerning weakly (mp,
Hy) — continuous functions are obtained.
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1. INTRODUCTION AND

PRELIMINARIES

In 2002, A.Csaszar [5] introduced the notions of
generalized topology and many authors [9, 10] have
studied various types of continuity using weak forms of
open sets in generalized topological spaces.

In this paper the weakly (mp, p,) — continuous function is
introduced and studied. Moreover basic properties and
preservation theorems of weakly (mp,u,)- continuous
functions are investigated and the relationships between
weakly (mp, py) — continuous function and graphs are also
investigated.

We recall some basic concepts and results.

Let X be a nonempty set and let exp(X) be the power set of
X. pcexp(X) is called a generalized topology [5](briefly,
GT) on X, if @ €y and unions of elements of W belong to
M. The pair (X, W) is called a generalized topological space
(briefly, GTS). The elements of p are called p-open
subsets of X and the complements are called p-closed sets.
If (X, p) is a GTS and AcX, then the interior of (denoted
by i,(A)) is the union of all GEA, Gep and the closure of
A (denoted by c,(A)) is the intersection of all p-closed sets
containing A. Note that ¢, (A) = X-iy(X-A) and
iy(A) = X —c,(X—A) [5].

Definition 1.1[6] Let (X, W) be a generalized topological
space and Ac X. Then A is said to be

(i) p-semiopen if AS c (i, (A)).
(ii) p- pre open if ACiy(c,(A)).
(iii) p-a-open if AGi,(c,(iu(A))).
(iv) p-p-open if Acc, (i (c.(A))).
(v) p-r-open[11] if A =i (c.(A))

(vi) p-ra-open[2] if there is a p-r-open set U such
that UcAcc,(U).
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Definition 1.2 [2] Let (X, W) be a generalized topological
space and AC X. Then A is said to be p-mra closed set if
c(A) €U whenever ACU and U is p-ra-open set. The
complement of p-mra closed set is said to be p-nra open
set.

The complement of p-semi open ( p-pre open, p-a-open,
p-B-open, p-r-open, p-ra-open) set is called p- semi closed
( p- pre closed, p-a- closed, p-p- closed, p-r- closed,
p-ra-closed) set.

Let us denote the class of all p-semi open sets, p-pre open
sets, H-a-open sets, Y-B-open sets, and p-wra open sets on
X by o(uy) (o for short), m(uy) (m for short), a(yy) ( o for
short), B(uyx) (B for short) and mp(p,) (mp for short)
respectively. Let p be a generalized topology on a non
empty set X and ScX.

The p-a-closure (resp. p-semi closure, p-pre closure, p-p-
closure, p-nra-closure) of a subset S of X denoted by ¢,(S)
(resp. co(S), €x(S), c4(S), cp(S)) is the intersection of
p-a-closed( resp. p- semi closed, pi- pre closed, p-p-closed,
p-wra closed) sets including S.

The p-a-interior (resp. p-semi interior, p-pre interior,
p-B-interior, p-wra-interior) of a subset S of X denoted by
i(S) (resp. i5(S), ix(S), i§(S), i(S)) is the union of
p-a-open ( resp. Y- semi open, U- pre open, p-f3-open,
M-mra. open) sets contained in S.

Definition 1.3[2] A function f between the generalized
topological spaces (X, W) and (Y, py) is called (uy, py)-nro
continuous function if fX(A)Enp(u,) for each A€(Y, Hy).

2. WEAKLY (ITP, py) - CONTINUOUS
FUNCTIONS

Definition 2.1Let (X, w,) and (Y, py) be GTS’s. Then a
function f: (X, p)—(Y, W) is said to be weakly (mp, Wy)-
continuous function if for each x €X and each p-open set
V of Y containing f(x), there exists U €np(u,) such that

f(U)SCuy (V).
Remark 2.2 Every (U, Hy)-mra continuous function is
weakly (mp, py)- continuous function.

Example 2.3 Let X = {a, b, ¢, d}. Consider GTS’s

w= {0, {a}, {a, b}, {b, c}, {a, b, c}} and p, = {9, {a, c},
{b, c}, {a, b, c}}. Define f. (X, p)—(Y, uy) as follows
f(a) = b, f(b) = f(c) =d and f(d) = c.

Then since Cu, ({a, c}) = Cuy ({b, c}) = Cuy, ({a, b, c}) = X.

It is obvious that f is weakly (np, py)- continuous. But f is
not (L, Hy)-7ra continuous.
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Theorem 2.4 Let (X, w,) and (Y, py) be GTS’s. Then for a
function f. (X, p)—(Y, u,) following statement are
equivalent.

(i) fis weakly (mp, py)- continuous function.

(ii) V) Sig(FH(Cuy(V))) for every Hy
open subset V of Y.

(iii) c,[p(f'l(i Ly (F)))SF(F) for every My
closed set F of Y.

(iv) Cap(F (11, (C1ty (B))))SF(Cy (B)) for every
setBofY.

(v) oI (V))SFH(Cuy (V) for every Hy-
open subset V of Y.

Proof: (i) =(ii). Let V be a p,-open subset of Y and
x€ (V). Then f(x) €V. There exists a U € mp(j,) such

that f(U)=Cp, (V). Thus obtain xeUSF*(Cp, (V).

This implies that X€ iy, (fl(Cuy(V)) and consequently
FHV)E iy (F1(Caty (V).

(ii)=(iii). Let F be any py-closed set of Y and
x¢ f*(F).Since Y\F is p,- open in Y and (ii),

xeX\ F1(F) € FY\F)S in(F(Cry (Y\F)))

= ig(F (N (F)))

= iy (XWF (Tt (F)))= X\ (P (1t (F))).
Then xgcq(F (i, (F))).
Hence C(F (11, (F)) SF(F).

(iii)=>(iv). Let B be any subset of Y. Then Cu,(B) is
closed in Y and by (iii), implies

Cp(F (11 (Crty (B)))) SF(Chay (B))-
(iv)=(v). Let V be any p,-open subset of Y.
BY (V) Cp(F'(V) = Cop(F (11, (V)
S Cop(FH(I1ty (Cuty (V)
SFH(Cuy (V).

(V)=(i). Let xeX and V be any py-open subset of Y
containing f(x).

Then by (v), x€ FY(V) SF(in, (Cuy, (V)
€ (inp (Caty(V)))
= X\ FH(Cp (Y\City (V)
EX\ g (FHY\Cy (V)))
= i (FY(Cpy (V).

Therefore, there  exists U€mp(p,) such  that

Uuc f'l(C,uy(V))‘This shows that f is weakly(mp , py) —
continuous.
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Theorem 2.5 Let (X, 1) and (Y, Hy) be GTS’s. Then for a
function f: (X, p)—(Y, uy) following statement are
equivalent.

(i) fis weakly (mp, ny)- continuous function.

(i) Cp(F(ity  (Cy (VEF(Cray (V) for
every Hy-mro. closed set V.

(iii) Cop(FH(V)) SFY(Cuy(V)) for every  py-pre
open subset V of Y.

(iv) (V)i (F(Cpy (V))) for every Hy-

pre open subset set V of Y.

Proof: (i)=(ii). It follows from Theorem 2.4.

(ii)=(iii). Let V be p,- pre open set. Since every - pre
open set is Yy-mro. open set and by (ii)

Cop(FH (V) SCop(FH iy (Cay (V))E F1(Cry (V))-
(iii)=(iv).Let V be p,- pre open set.

Then by (iii) F(V)f (i, (Ciy (V)))
Y\ (Cy (Y\Cry(V))))
=X\ F{(Cuy (Y\Cry(V)))
X\ c(FH(Y\ Cpty (V)))
= X\ Cip(X\ FH( Cpty (V)

= (1 City (V)))-

(iv)=(i).It follows from Theorem 2.4 since every {1~ open
set is [y~ pre open set.

We recall that a GTS (X, ) is said to be

(i) p-wrar T4[3] if for each pair of distinct points
x and y in X, there exist two disjoint p-nra
open sets U and V in X such that xeU, ygU
and yeV, x&V.

(i) p-nrar T,[3] if for each pair of distinct points
x and y in X, there exist two disjoint p-nra
open sets U and V containing x and y
respectively.

(iii) Hausdorff space [7] if for each distinct
points x and y of X, there exist disjoint p-
open sets U and V containing x and y
respectively.

(iv) p-Urysohn space [3] if for each pair of
distinct points x and y of X, there exist p-
open sets U and V containing xeU, yeV
and cy(U)nc,(V) = @.

For a map f :( X, p)—(Y, W), the subset {(x, f(x));
XeX}cXxY is called the graph of f [3] and is denoted by
Gu().

Theorem 2.6 Let (X, W) and (Y, py) be two GTS’s. If a
function f:( X, p)—(Y, Wy) is weakly ( mp, Hy)- continuous
injection function. Then the following hold:

Q) If Y is Urysohn then X is p-nroT,.
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(i) If Y is Hausdorff then X is p-mroT;.

Proof: (i) Let x; and x, be any distinct points in X. Then
f(x;) # f(x2) and there exists p,- open sets U; and U, of Y
containing f(xy) and f(x,) respectively such that
City (Uy) NCaty (Uy) = .

Since f is weakly (mp, py)- continuous, there exist Vi, V,
€np(y,) such that f(V;)E Cu,(U,) and f(V2)ESCuy,(Uy).
Since  f'(Cuy(Uy) and fY(Cuy(Uy)) are disjoint,
V1NV, = @. Hence X is p-nraT,.

(ii)Let x; and x, be any distinct points in X. Since f is
injective f(x,) # f(x,).Since Y is Hausdorff there exists
disjoint p,- open sets U; and U, of Y such that f(x;)eU;
and f(x,) € Uy. Since U;nU;, = @ then Cp, (U)NU, = @
and Uin Cuy(Uy)= @.Then obtain f(x;)¢ Cu,(Uy) and

f(x))€Cpy(U,).Since f is weakly (mp, u,)- continuous,
there exist  V; €Emp(uy) containing X; such that

f(Vi) € Cu,, (Uj), i = 1,2. Thus x;€U; and X, €U;.
Hence p-mroT;.
Definition 2.7 [3]

The graph G,(f) of a map f :( X, p)—(Y, y,) between
GTS’s is said to be contra(mp, py)- closed if for each
(X, YYE(X XYN\G(f), there exist an p-mra open set U in X
containing x and a p-closed set V in Y containing y such
that (UxV)NG(f) = @.

Proposition 2.8 [3] The following properties are
equivalent for the graph G,(f) of a map fin GTS’s.

0] Gu(f) is contra (mp, p)- closed.

(i) For each (x, Y)E(XXY)\G(f), there
exist an p-mro open set U in X
containing x and a p-closed V in Y
containing y such that f(U)nV = @.

Theorem 2.9 Let (X, py) and (Y, py) be two GTS’s. If a
function f:( X, w)—(Y, W) is weakly ( mp, py)- continuous
function and (Y, ) is a Hausdorff space, then the graph
Gy(f) is a contra (mp, py)-closed set of XX,

Proof: Let (x, y) €(X XY)\ G,(f).Then, we have y=f(x).
Since (Y, Wy) is Hausdorff, there exist disjoint p,- open
sets W and V such that f(x)eW and y€eV. Since f is weakly
(mp, py)- continuous function, there exist a p-mra. open set
U containing x such that f(U)< Cu,, (W). Since W and V

are disjoint subsets of Y, then Vn Cu,(W) = @. This
shows that (UxV) NG(f) = @ and G(f) is contra (zp, p)-
closed set.

Definition 2.10 A generalized topological space (X, L) is
called p,- connected [1] if X is not the union of two
disjoint non empty p-open subsets of X.

Definition 2.11A generalized topological space (X, ) is
called mp- connected [2] if (X, mp(p)) is connected.

Theorem 2.12 Let (X, p,) and (Y, Hy) be two GTS’s. If a
function f : ( X, w)—=(Y, Wy is a weakly (mp, py)-
continuous surjective function and (X, Yy is a
mp-connected space, then Y is a connected space.

Proof: Assume that (Y, py) is not connected. Then there
exist non empty p-open sets V, and V, such that
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VanZ =@and V]_UVZ =Y.

Hence fY(V)NFY(V,) = @ and £V )UF'(V,) = X. Since
f is surjective £1(V,) and f(V,) are non empty subsets of
X.

By Theorem 2.4 (V) i (f(Cuy(VY))), i = 1, 2. Since
V; is 4- open and p- closed and every p-closed set is p-mro
closed, (V)< i,(F'(V}) and hence f(V;) is p-nro. open
for i =1, 2. Therefore (X, I is not wp-connected. This is
contradiction and hence (Y, W) is connected.

Definition 2.13 A GTS (X, W) is called

(i) np-compact [4] if each cover of X
composed of elements of p-nra open
sets admits a finite subcover.

(i) np-closed space if every cover of X by
M-mra open sets has a finite sub cover
whose p-mra closure (C,)cover X.

Definition 2.14 A subset A of a GTS (X, W) is said to be
np-closed relative to X if for every cover {V,: a€A} of A
by p-mra open sets of X, there exists a finite subset Aq of A
such that A cu{c,,(V,)/ a€Ag}.

Theorem 2.15 Let (X, p,) and (Y, Hy) be two GTS’s. If a
function f : ( X, w)—=(Y, W) is a weakly (mp, H)-
continuous function and A is a =mp-compact subset of
(X, 1), then f(A) is p- closed relative to (Y, py).

Proof: Let (Vi: iEA} be any cover of f(K) by p- open sets
of Y.For each x €X , there exists a(x)€ A such that
f(X)E V- Since f is weakly (mp, py)- continuous, there

exists UyEnp(u,) containing x such that f(U)S Cuy, (V)
The family {U, / xeA}is a cover of A by p-nra open sets
of X. Since A is mp-compact, there exists a finite number
of points, say, Xi, Xa, eeene... X, in A such that
AcU{Ux,/ X €A, 1< k < n}.

Therefore, f(A) CU{f(Ux;)/xeEN 1<k <n}
€ U{Cr (Vo) XEALS k < n}.
This shows that f(A) is wp-closed relative to (Y, py).

Corollary 2.16 Let (X, py) and (Y, L) be two GTS’s. If a
function f : ( X, pw)—(Y, Wy is a weakly (mp, py)-
continuous surjective function and the space (X, W) is
np-compact, then (Y, L) is a mp- closed space.

Definition 2.17 [8] If X is a generalized topological space
and BSX, the frontier of B is denoted by Fry(B) is defined
as Frx(B) = cu(B)nc,(X\ B).

Definition 2.18 Let A be a subset of a GTS (X, [). Then
the np- frontier of A , denoted by np-Fr(A) is defined as
mp-Fr(A) = c,(A)NCc,(X\ A).

Theorem 2.19 Let (X, y,) and (Y, Yy) be two GTS’s and
the set of all points xeX at which a function
(X, m)—(Y, W) is not weakly (mp, p)- continuous if
and only if the union of np-frontier of the inverse images
of the closure of p-open sets containing f(x).

Proof: Suppose that f is not weakly (zp. p)- continuous at
X€eX. Then there exists an p-open set V of Y containing
f(x) such that f(U) is not contained in cy(V) for each
Usemp(p,). Hence UN(X \ f(c,(V)) =+ @,for each
UxEmp(1y). SO XEC,(X\F(cy(V))).

On the other hand, X€f {(V)Sc,(f*(c (V).
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Hence xenp-Fr(f*(c,(V))).

Conversely, suppose that f is weakly (mp, py)- continuous
at xeX and let V be any p-open set of Y containing f(x),
then there exists U,Emp(j1,) such that USF(c,(V)).

Hence by Theorem 2.4, x€ f*(V)Ci,(f'(c,(V))) and hence
XEnp-Fr(f'l(cu(V))), for each p-open set V of Y containing
f(x).

3. CONCLUSION

The study of this concept has led to certain findings and
conclusions and constitutes a fundamental tool in the study
of generalized topological spaces.
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