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ABSTRACT

In the present paper the concept of relative domination power
of vertices for finite undirected graphs have been introduced.
An algorithm has been developed to obtain a minimum
dominating set of a graph. Some results related to domination
number y and other graph theoretic parameters for a tree also

obtained.
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1. INTRODUCTION

All graphs considered in this paper are undirected and finite.
Most of the graph theoretic notations have been borrowed
from the book by Harary [1]. A graph G = (V;, E;) consist a
finite set of vertices V;; together with an edge set E; such that
each edge is an unordered pair of vertices. A subset D of V; is
said to be dominating set of a graph G if every vertex which

is not in D is adjacent to at least one vertex in D. The

domination number 7 of G is the cardinality of smallest
dominating set of G. A dominating set D is said to be
connected dominating set if induced subgraph <D> s
connected [5]. D is called independent dominating set if
induced subgraph <D> 'is null graph. The connected

domination number 7¢ and the independent domination

number 7 of G are the cardinality of smallest connected
dominating set and smallest independent dominating set of G
respectively.

A vertex which is adjacent to pendent vertex is called support
of G [2]. All vertices of G except pendent vertices are internal
vertices. N(v) = {u € V; | uv € Eg} is called neighbourhood
of v in G and the closed neighbourhood of V is denoted by

N() and is defined as N(v) =N) w4} . A set of vertices
is said to be an independent set of vertices if no two vertices
in the set are adjacent and the number of vertices in the largest
independent set is called the independence number of a graph

[3].
The distance between two verticesY and V of a graph G is

denoted by d(u.v)
path between them.

2. SOME DEFINITIONS
2.1 Definition

A vertex V in G dominates another vertex U in G if
d(u,v) <1. Obviously d(u,u)=0<1, so u dominates
itself.

and is defined as the length of shortest

B. S. Rawat,
Department of Mathematics and Statistics,
Gurukula Kangri University, Haridwar (UK), India

2.2 Definition

A vertex v € V; dominates itself and all the vertices adjacent
to it, that is v dominates every vertex in its closed
neighborhood [4]. The number of vertices in G which are
dominated by v is known as domination power of v, it is

denoted by dp(v) so dp(v) =N (v)].

2.3 Definition
The relative domination power of a vertex v € V; with respect
to any vertex u € V; is denoted by dp,(v) and defined as

the number of vertices which are dominated by V but not by
u . Similarly the relative domination power of a vertex v € V;;
with respect to u;, u;, ..., uy in Vgis given by dpui,uj ,,,,, u (V) =
Number of vertices dominated by V but not by u;, u;, ..., uy .

2.4 On the Basis of Above Definition 2.3 We
Have the Following Observation
2.4.1 Observation

If G is a tree and d,,j(vi) = 0; v is an internal vertex and
adjacent to vertex v;, then v; is a pendent vertex.

2.4.2 Observation

If for a graph G, dp\,j (Vi) =0;Wv;,vj €Vg, then G is a
complete graph.

2.4.3 Observation

If for a graph G, vyvjeEg such that
dpy, (vi) =L Vv, vj eV and |Vg | >3, then G is a cycle.

2.4.4 Observation
If for a graph G, vjv; €Eg, then deJ (v;) <deg(v,) -1,

VVi,Vj GVG.

2.5 EXAMPLE
In the following graph dp(v,)=3, dp(v,)=4, dp(v,)=2,

dp(v,) =2, dp(v;) =4, dp, (v) =1 dp, (v)=1 dp, (v;)=2
dp, (v,)=2 dp, (v,)=2, dp, (v,)=0, dp,,(v,)=1
dpvlvgv4 (Vz):O etc.



Fig 1: Tree with seven vertices

3. AN ALGORITHM FOR FINDING A
MINIMUM DOMINATING SET OF A
GRAPH G BY USING RELATIVE
DOMINATION POWER OF VERTICES

Case | -When set of supports exist in G

1. Let G = (Vg, E;) be agraph of order n with t supports.

2. Let S={v,v,,v5,..,v,} be the set of supports such that
dp(Vl) = klv dpv1 (VZ) = k2 ’ dpvl,v2 (V3) = I(G;---vdpvl,vz,v3...v, 1 (Vt) = kt .

3. Ifky+ky +kg+..+k =nand dp, , , . ()=0;vy s then
D=51is @ minimum dominating set and domination number
=S|

4. If kg +ky +kg +....+k <n, then we take a set S; such
that S, =S uU{v,} ; where V, is an internal vertex except
support and having maximum relative domination power with
respect t0 v,,v,,v;,..v,. Let dpy v v, v (Vi) =kyg and
Sp={v1.V2, V3, VpiVi}

Again if kg +ky +kz+...+K +kyg =n and dpy, v, v, vy,
(vj)zo;ij ¢S,. Then D = S is a minimum dominating
set and domination number y = |S, |.

5. If kg +ky +kg +...+ki +Kkiyq <n, then the process as
given in step 4 is continued in similar manner until

Case Il -When set of supports does not

existin G

If a graph does not have any support then in order to find a
minimum dominating set for a graph; first we select a vertex
v; Vg of maximum domination power among all the
vertices of G .

Now if dp(v;)=n, then the set D={v;} is a minimum
dominating set but if dp(v;)<n, then the process as given

above in step 3 and 4 is continued in similar manner until to
get a dominating set.
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3.1 Example
Viz Vi
Vlz V15
Vs Vv,
v, Ve
Viy Vv, Vio Vg Vg Vs v,

Fig 2: Graph with six supports and fifteen vertices

1. Let us consider the Fig.-o of the graph G = (V;, E) of
ordern=15.
2. Let s={v,v,,v3,v,,vs,vs} De the set containing all the

supports therefore |sj=t=6 and dp(v;) =3, dp, (v2)=3, dp,,,,
(v3) =2, dpy, v, v, (Va) =2 dPy, v, v, v, (V5) =3, dBy, v, vy, 06 (V6) =1
that is k =3k, =3ky =2,ky =2,ks =3,k =1.

3. Kk +ky+kg+..+ks =14<n . At this stage we have only
three internal vertices except supports vg,Vg,Vyq sucht that
APy, v, v w4050 (V8) =10 APy, v, v v v (Vo) =1 APy vy v v, v v (Vi0) =1
and we see thatvg,Vvgand vyg have same relative domination
power with respect to vq,V,,V3,V4,V5,Vg SO We can take
anyone vertex out of vg,vgandvyy. Suppose we select vq
thenk; =1. Hence s =su{v,} ={v,Vs,V3,V4,Vs5,Vg, Vo } -

4.  Now ky +Ky +kg+...+kg +ky =15=n and

(vj)=0; Wv; ¢S;. Therefore p-s is

APy, vy V5, VeV Ve

minimum dominating set and y =|S, |=7 .

3.2 Example

Fig 3: Graph without any support

1. LetG = (V4 E;) be the graph as given Fig. 3 such that
n=7and t=0.

2. Since there is no support in G therefore we construct
the set S by taking the vertex having maximum domination
power.

Now dp(v)=4, dp(vz)=5 dp(v3)=5 dp(vs)=5
dp(vs) =4, dp(ve) =4, dp(v7) =4.

Since the vertex v,,vzand v, have maximum domination
power, therefore we can take any vertex out of v,,v; andv,
asan element of S .

3. Letustake v, in Sthatis S={v,}and dp(v,)="5 that
isk; =5.
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4.  Since kg =5<n so we construct another set S; by
extending set S .

Now dp,, (v{) =0, dp,,(v3) =1 dp,,(v4) =1 dpy,(v5)=2,
dpv2 (Vo) =2, dpv2 (v7)=2.

Since the vertex vs,Vgand v; have same maximum relative
domination power with respect to v, therefore we can take
anyone out of vg,vgand v, insets; .

5. Suppose we take vg in S; that is S ={v,,vs} and
dp,, (vs) =2, 50k, =2.

6. Now ki +ky=7=n, and dp,,, (v;)=0;Vv; &S;.
Therefore D=8, ={v,,v5}is a minimum dominating set and
y=|S|=2.

4. MAIN RESULTS

4.1 Theorem

If S be the set of all supports of a connected graph G, then
domination number y > |S]|.

Proof: Let G be a connected graph of order n and S be the
set of all supports in G such that|S|=k. Then there are at-

least k pendent vertices inG. Pendent vertices are dominated
by either support or by itself. Therefore either each support or
corresponding pendent vertex must be in dominating set
D>k.Thusy > k=|S|.

4.2Theorem

If | be the set of all internal vertices of a tree T then
connected domination number . =|1].

Proof: Let T be a tree of order nand let |1 |= m that is
there are m internal vertices in T. Obviously <1 > is a sub
tree of T and |_N(I)| = n.Hence | is a connected dominating
setofatreeT.

I is the smallest connected dominating set of tree T . If it is
not so, let | 'be another connected dominating set of tree T

such that I'c 1. Clearly 3 at least one v; el such that
Vi € |,

Now two cases arise:

(i) When v; el andv; is a support of T such that v; ¢1".1In
this case |_N(I )l <n,so |"isnotadominating set of tree T.

(if) When v; el and v; is not a support of T such that
v ¢ |". Clearly in this case < 1'> is not connected.

Thus there exist no proper subset of | which is connected
dominating set for T. Hence | is the smallest connected

dominating set forT and y, = |1].

4.3 Example
Consider the Fig. 4 of labelled tree with13 vertices as given
below:
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V, Vs Vs,
® V5
vV,
® ° > ° ®
V- Vg Vs Vg Vio Vi1
) Vi3
Vg

Fig 4: Labelled tree with six internal vertices and seven
pendent vertices

Here |:{Vl,VG,Vs,Vg,Vlo,Vll}and 7 =6= || |

In the next lemma a relation between
connected domination number and
domination number for a tree has been
established.

4.4 Lemma
If domination number y of a tree T is equal to number of
support, then

7. =r+k,
where K is the number of internal vertices which are not
support.
Proof: Lets be the set of all support of a tree T such that
domination number » =|S|. Let k be the number of internal
vertices of T which are not support then
7. = number of internal vertices
7. = number of support + number of internal vertices which
are not support.

7. =S|+ Kk
e =y k. (vy =
IS1])

4.5 Example

In the following tree y =3, y, =4, and v, is only internal

vertex which is not support that is k =1 which verify the above
result

.=y +K.

11



\V4
Vg N2 S Va4

Fig 5: Tree with one internal vertex without support

4.6 Corollary

If every internal vertex of a tree is support, then domination
number and connected domination number of the tree are
same.

Proof: Consider a tree T with domination number » and
connected domination number y,. Let k be the internal
vertices but not support then y, =y +k.

Since every internal vertex of T is support that is there is no
internal vertex which is not support therefore k=0 =y, =7.

Note: This corollary is also proved by Arumugam et al [2] as
a theorem.

4.7 Example

Consider the tree in Fig.-6 as given below:

Vg

Fig 6: Tree with all internal vertices are support

Here vy,v, and vg are three internal vertices which all are

support and
y=3=7..

4.8 Theorem

If T be a tree with m pendent vertices then independence
number B of T ism+1, where | is maximum number of
internal vertices such that Vv;,vjel —Sand v;and v; are
not adjacent.

Proof: LetE be the largest set of independent vertices of a
tree T such that py, ps, P3,.., Pm are m pendent vertices,
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$1,8,83,..., S are t supports and iy, iy, iz..., i are k internal
vertices except support of T, then m > t. Since each pendent
vertex is adjacent only support and m =t. Therefore
vpi €E; 1<i<mand Vs; ¢E; 1<i<t

Now out of k internal vertices which are not support let
maximum | internal vertices are independent to each other.
Suppose that these vertices are ij,is,iz,... i then
vijeE; 1<j<l So

E ={P1, P2: Paseens Pty i lguer it} i the largest set of
independent vertices for T and hence
B=|E|=m+l.

4.9 Example
In Fig. 4; v5,V3,V4,V7,Vg,Vyp,Vygare pendent vertices that is
m =7 and vg,Vqgare two internal vertices except support but
these two vertices are adjacent sol = land

L=8=m+l.

4.10 Corollary
If every internal vertex is support in a tree T, then
independence number g of T is equal to number of pendent
verticesinT .
Proof: Let T be a tree with m pendent vertices then
independence number of T is given by

L=m+I,
where | is maximum number of internal vertices such that
WVvi,vj el —Sand v; and v are not adjacent. Since every
internal vertex is support therefore 1=0 that is f=m=
number of pendent vertices.

4.11 Example

Consider the tree in Fig.-6.Here v;,v, and vz are three
internal vertices which all are support and vy, v,, vg, V7 and vg
are 5 pendent vertices that ism =5 and  =5=m which verify
the result.

In the next theorem, a relation among
domination number, connected domination
number and independence number for a
tree has been established.

4.12 Theorem
If in a tree T, every internal vertex except support are
independent to each other then
Bry=y.+m
Proof: Let T be a tree such that every internal vertex

except support are independent to each other than by result of
corollary 4.6,
ve= v +k,
1
where k is the number of internal vertices which are not
support. By result of theorem 4.8,
p=m+l,
)
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where | is maximum number of internal vertices such that
wi,vjel =38 and v; and vj are not adjacent. Since every
internal vertex except support are independent to each other
therefore k =1, using in equation (2) gives

p=m+k=k=F-m

3)
using equation (3) in equation (1) gives

Ye=r+pf-m= B+y=y.+m.
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