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ABSTRACT

In this paper we prove some common fixed point theorems for
a pair of self mappings which possess the common (E.A.) like
property and satisfy certain sufficient conditions in the fuzzy
metric space. Our result generalized the result of [2].
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1. INTRODUCTION

Zadeh [18], investigation of the notion of fuzzy set has laid to
the growth of fuzzy mathematics many authors have
expansively developed the theory of fuzzy sets and its
applications, e.g.see [8] [3] [16] [6] [7] [11] [13].

George and Veeramani [5] introduced the concept of fuzzy
metric spaces in different ways. Sushil Sharma [9] obtained
common fixed point theorems for for six self mappings
satisfying compatibility of type « conditions. Aamir and El
Moutawakil [1] further generalized the concept of non
compatibility by introducing the notion of E.A. In this paper
we prove some common fixed point theorems for a pair of self
mappings which possess the common (E.A.) like property and
satisfy certain sufficient conditions in the setting of a fuzzy
metric space. It was pointed out that common (E.A) like
property allows replacing the completeness requirement of the
space with a more natural condition of closeness of the range
as well as relaxing the completeness of the whole space,
continuity of one or more mappings and containment of the
range of one mapping into the range of other which is utilized
to construct the sequence of joint iterates, subsequently, there
are a number of results proved for contraction mapping
satisfying common (E.A) like Property in fuzzy metric spaces

We extend the concept of common (E.A) like property to
fuzzy metric space and obtain common fixed point theorems
for a pair of self mappings under sufficient contractive type
conditions. Our result generalized the result of [2].

2. PRELIMINARIES

Definition [17] A binary operation *: [0, 1] x [0, 1] —
[0, 1] is called a continuous t-norm if ([0, 1], *) is an abelian
topological monoid with 1 such that a*b <c*d

Whenevera<c, b<d for all a,b,c,de[0,1] examples
of t-norm are
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a*b=ab And a*b = min{a,b}

Definition [16] the 3-tuple (X, M, *) is called a fuzzy metric
space if X is an arbitrary set, * is a continuous t-norm and M

is a fuzzy set on X?x(0,00). Satisfying the following
conditions:

1 M(xyt)>0

2 M(xyt)=1Ifandonlyif X=y

@  MXxyt)=M(y,xt)

@) MYy D*M(y,z,5) <M(X,z,t+5)

G)  M(X,Y,.):(0,00) >[01] Is continuous, for all
X,¥,2e X and t,s>0

Let (X,d) be a metric space, and let a*b=ab or
a*b=min{a,b}.

Let M(X,y,t)=t forall X,y € X andt>0.

_t
+d(x,y)

Then (X, M,*) is a fuzzy metric space.

Definition [16] A sequence {X,} in a fuzzy metric space
(X, M,*) is said to be a Cauchy sequence if and only if for
eache> 0 ,t > 0 there exists X € N such that

M(X,,Xp,t) >1-€ Forall n,m2x,

The sequence {X,} is said to converge to a point X in X if

foreache> 0, t > 0 there exists X, € N such that
M(X,,X,t) >1-€ Forall X=X,
A fuzzy metric space (X,M,*) is said to be complete if

every Cauchy sequence in it converges to a point in it.

Definition [4] let A and B maps from a fuzzy metric space
(X, M,*) into itself the maps A and B are said to be
compatible (or asymptotically commuting) if forall t>o

lim, e M (ABX,, BAX,, t) =1
Whenever {x,} in a sequence in X such That

limp_,e AX, = limy e BX, =2 forsomez € X
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Definition [9] let A and B be maps from a fuzzy metric space
[fm-space] (X, M,*) into itself the maps are said to be weakly
compatible if they commute at their coincidence points.

Thatis Az=Bz = ABz=BAz

Definition [12] let A and B maps from a fuzzy metric space
(X, M,*) into itself a fuzzy metric space (X, M,*) into itself.
The maps A and B are said to be semi-compatible,

If forall t >0 lim,_, M (ABX,, Bz,t) =1

Whenever {x,} in a sequence in X such That lim,_, AX, =
lim,_. BXx,=zforsomez € X

Note: The semi compatibility of the pair (A, B) need not
imply the semi compatibility of (B, A).

Example [8]

Let (X, d) be a metric space define a * b = min {a, b} for all
{Xx, y} € X let,

M(x,y,t) =tit +d(x, y) forallt> 0
And M (x,y,0)=0

Than (X, M,*) is a fuzzy metric space it is called fuzzy metric
space induced by the metric space (X, d).

Lemma [16] M(x, y,) is non decreasing for all x, y in X.

Definition [16] Two self mappings S and T of a fuzzy metric
space (X, M,*) are said to be weakly commuting if
M (STx, TSx, t) > (STx, TSx, t) forall t >0 and for all xe X

Clearly two commuting mappings are weakly commuting.

Definition [15] Let T and S be two self mappings of a fuzzy
metric space (X, M,*) then S and T are said to be compatible

if limM (STx,, TSx, t) =1whenever (x,) is a sequence in X

such that lim Sx, = limTx, = x,

n—oo n—oo

Definition [14] Two self mappings T and S of a fuzzy metric
space (X, M,*) are said to be weakly compatible if they
commute at their coincidence points (i.e.) if Tu=Su for some
u e X, then TSu= STu.

It is easy to see that two compatible maps are weakly
compatible.

Definition [12] Let Sand T be two self mappings of a fuzzy
metric space (X, M, *). We say that T and S satisfy E.A.
Property, if there exists a sequence {x,} such that

limTx, =1imSx, = x,, For some x, € X i.e.
n—o0

nN—o0
liMmM(TX,, X, t) =limM(Sx,, X,,t) =1 For all
t €[0, »0)

Notice that weak compatible and property (E.A) are
independent to each other.

t

Example: Let X =[0,). Let M (X, y, and t) =
t+x-y

Define T,S: X —[0,00) by T, :g and S, :% for all

xeX.
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limTx, =1im Sx, =0 When X, 1
n—o0 nN—o0 n
Definition [18] Let f and g be two self mappings of a fuzzy

metric space (X, M,*). We say that f and g satisfy the property
E.A. like, if there exists a sequence {x,} such that

lim fx, =limgx, =z, For some ze X for some
n—o0 nN—o0

zef(x)or zeg(x) ie. ze f(x)ug(x)

Definition [18] Let A, B, S, T: X — X where X is fuzzy
metric spaces then the pair {A ,S} and {B ,T } said to satisfy
common (E.A) property if there exists two sequences {x,} and
{yn} in X such that

lim,_, Ax, =lim_,_ Sx,

=lim _, Ty, =lim _,_ By,=z ForsomezeX

N—o

Definition [18] Let A, B, S, T: X — X where X is fuzzy
metric spaces then the pair {A, S} and {B, T} said to satisfy
"common (E.A) like property” if there exists two sequences
{xn} and {y,} in X such that

lim, _, Ax,=lim__ Sx, =lim__ Ty, =lim __By,=z2

For some z € S(X) n T(X) and z € A(X) N B(X)

If two mapping satisfy E.A likes property then they satisfies
E.A property also .but on the other hand, E.A like property
relaxes the condition of containment of ranges and closeness
of the range to prove common fixed point theorem.

Lemma [10] If for all X, y € X, to with positive number
g €(0, 1) and M(x, y, qt) >M(x,y, t) thenx =y
Example 2.1: Y(ty to taty) = t; — max{t, tsty}

3. MAIN RESULT

Aalam, Kumar S and Pant B.D. [2] proved the following fixed
point theorem in fuzzy metric space.

Theorem3.1: Let A, B, S and T be self maps of a fuzzy
metric space (X, M,*) satisfying the following conditions

BIMAX) c T(X),B(X) = S(X)
3.1(2)(A, S) and (B, T) are weakly Compatible pairs
3.1(3)(A, S) or (B, T) satisfy the property (E, A)
3.1(4)For same ¢ € Pand forall x,y € X, t>o0
¢ (M (AX, By, kt), M (Sx, Ty, t), M (Ax, Sx, t),

M (By, Ty, t)) =0

The range of one of the maps A,B,S or T is a complete sub
space of X, than A,B,S,T have a unique common fixed point
in X.

We suppose following implicit relations to established a new
fixed point the over in fuzzy metric space

A Class of implicit relation:-

Let ¥ be the set of all real and continuous function s.t
v:[0,1]* - R

Satisfying the following conditions:

(A-1) y is non-increasing in thirds argument.
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(A-2) (u,1,1,u) =0ory(u,1,u,1)=0o0r
v (u, U, u, 1) = 0 implies u > 1 for all u €[0, 1]

3.2 Theorem: Let A, B, S and T is self maps of a fuzzy
metric space (X, M, *) satisfying the conditions:

32(1)AX) c T(X),B(X) c S(X)
3.2(2) (A, S) and (B, T) are weakly Compatible pairs

3.2 (3) (A, S) or (B, T) satisfy the common (E.A) like
property and

3.2 (4) forsome ¢y € ¥ and forall x,y € X, t>0
M (Ax,By,t),M (Sx,Ty,t),

Wy M(By,Sx,t)Z M(By,Ty,t) ) M(SX, AX, t) >0

If the range of one of the maps A, B, S or T is a complete
subspace of X,

Than A, B, S and T have a unique common fixed point in X.

Proof: If the pair (A, S) an (B, T) satisfies the common (E.A)
like property therefore there exist two sequences {x,} and

{yn} in X such that

lim,_ Ax,=lim__Sx, =lim__ Ty, =lim __ By

n—o0 =7

For some z € S(X) N T(X) and z € A(X) N B(X)

Suppose that z € S(X) N T(X) then z = Su, for some u € X.
now we claim that Au =Su

We have from Contradiction condition,
M (Au,Bxp,,t),M(Su,Txp t),

M(Bxp,Su,t)+M(Bxp Txp,t)

> ,M(Su,Au,t) > 0

Letting limitas n — oo are get

M (Au,Su,t),M(Su,Su,t),
M(Su,Su,t)+M(Su,Su,t)'M(Su'Au't)

2 >0

Y (M(Au,Su,t),M(Su,Su,t),M(Su,Su,t), M(Su,Au,t)) = 0
= ¥ (M(Au,Su,t),1,1,M(Su,Au,t)) = 0
By the first property of implicit relation we get

M (Au, Su, t) =1
Therefore we get

Au=Su
The weak compatibility of A and S implies ASu = SAu.
Andthen AAu=ASu=SSu

On the other hand since A (X) < T(X) and Therefore these
existv € Xst. Au=Tv.

Again lim,_,_ By, =z € T (X) then z = T(X) for some
v €X

By contractive condition we get

M (Bv, Su, t)+ M (Bv, Ty, t)
2 "1>0

v M (Au, By, t), M (Su, Tv, t),
M (Su, Au, t)
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M (Bv, Tv, t) + M(Bv, Tv, t)
2 "|=0
M (Av, Av, t)

M (Tv,Bv,t), M (Tv, Ty, t),
74

Y (M(Tv, By, t),1, M(Tv,Bv,t),1) = 0

Therefore by the property of implicit relation we get
M (Tv,Bv,t) =1

Therefore we get Tv =Bv this implies that
Au=Su=Tv=Bv

The weak compatibility of B and T implies that
BTv =TBv and TBv = BTv = BBv

Let us show that Au is a common fixed point of A, B, Sand T
In view of 3.1 (4) contradictive condition,

Putting x = Au, y = u follows

(//[M (AAU, AUD + M (AAU, AULD), M (Au,AAu,t)2+ M (Au, Au,t) ] D

M (AAu, AAu,t)

M (AAu, Au,t), M (AAu, Au,t),
7 M (Au, AAu,t) + M (Au, Au,t) 1 >0
> )

W(M (AAU, Au,t) + M (AAU, Au,t)w ,1] >0

Since w is non increasing in third argument

And so M(AAu, Au,t) >1 [By using implicit relation]

AAuU = Au Therefore Au= AAu = SAu. So Au is Common
fixed point of A and S.

Similarly we prove that Bv is a common fixed point of B and
T.

Since Au = Bv we conclude that Au is common fixed point
of A,B,Sand T

The proof is similar when z € S(X) N T(X) .
For uniqueness:
Au=Bu=Tu=Su=Pland Av=Bv=Tv=Sv=P2

Then from contradictive condition 3.1(4)

M (Bv, Su,t) + M (Bv,Tv,t)
2 "1>0
M (Su, Au,t)

v M (Au, Bv,t), M (Su,Tw,t),

M (P, R, t)+ M (P,,P,,t)

l// M(PUPZYI)YM(P:UPZII)V 2 ZO

M(R,P.1)

l//(M (P, P,,t), M(P, Pz,t),w,lj >0

2

Since ¥ is non increasing in third argument
v(M(P, P, ), M(P, P, )M (R, P,,1).1)> 0

Therefore using the property of implicit we get
M(P,R,,t)2>1
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Therefore we get P1 = P2
Therefore common fixed point is unique.

Remark 3.1: By choosing A, B, S, and T suitably, one can
derive corollaries involving two or more mapping. As a
sample, we deduce the following natural result for a pair of
self mappings by setting B=A and T = S in above theorem:

Corollary3.1: Let A and S be self mappings of a fuzzy
metric space (X, M, *) satisfying the conditions:

(5) (A, S) satisfy the common (E.A) like property and
(6) For some y € Yyrand forall x,y € X, t>0

M (Ax,By,t),M (Sx,Ty,t),

Yy —M(By‘sx't)zM(By’Ty‘t),M(SX,AX,t) >0

If pair (A, S) is weakly compatible then A and S have unique
common fixed point.

4. CONCLUSION

We establish A Common Fixed Point Theorem in Fuzzy
Metric Spaces satisfying common (E.A.) like property
implicit relations. There are some possible application in real
application engineering, economics in dealing with problems
which arising in approximation theory, information system,
computer science in future scope we can obtain new implicit
relation as well as new contradiction to relax conditions.
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