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ABSTRACT

The Aim of this paper is to introduce the new class
of function called 8g*-continuous function by using

89* -closed set and study their basic properties in topological

spaces. We also investigate its relationship with other types of
functions.
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1. INTRODUCTION

Different types of generalizations of continuous
maps were introduced and studied by various authors in the
recent development of topology. In 2011, Lellis Thivagar et.
al., [10] introduced the notion of 3§ -continuity in topological
spaces. A new weaker form of the closed sets called

Sg* -closed sets is introduced and investigated by Sudha

et. al., [17]. In this paper, we study Bg* -continuous maps as
a new generalization of &g-continuous and obtain their
characterizations, properties and discuss the relationships with
some other functions.

2. PRELIMINARIES

Throughout this paper (X,r) (or simple X) represents
topological space on which no separation axioms are assumed
unless otherwise mentioned. For a subset A of X, cl(A), int(A)
and A° denote the closure of A, the interior of A and the
complement of A respectively. Let us recall the following
definitions, which are useful in the sequel.

2.1 Definition

A subset A of a space (X,1) is called a

(i) semi-open set [11] if A < cl(int(A)).
(if) o-open set [16] if A < int(cl(int(A))).
(iii) regular open set [17] if A = int (cl(A)).

The complement of a semi open (resp. a-0pen, regular
open) set is called semi-closed (resp. a-closed, regular
closed). The semi-closure [5] (resp.a-closure [16]) of a subset
A of (X,1), denoted by scl(A) (resp. acl(A)) is defined to be
the intersection of all semi-closed (resp.a-closed) sets
containing A. It is known that scl(A) (resp. acl(A)) is a semi-
closed (resp.o-closed) set.

2.2 Definition [19]
The &-interior of a subset A of X is the union of all regular
open sets of X contained in A and is denoted by ints(A). The

subset A is called 5-open if A=ints(A). i.e., a set is 3-open
if it is the union of regular open set. The complement
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of a &6-open set is called 6-closed. Alternatively, a set
A c X is called &-closed if A=cls(A), where

cls(A) ={x e X;int (cl(U)) nA#¢,Uetand x € U}.

2.3 Definition

A subset A of (X, 1) is called
1) generalized closed (briefly g-closed) [12] if cl(A)c U

whenever A € U and U is open in (X, 1).

2) &-generalized closed (briefly d&g-closed) [7] if
cls(A)c U whenever A € U and U is open in
X, D).

3) &g - closed [18] if cls(A) < U whenever A € U and U
is a g-open set in (X, 1).

4)  3g -closed [8] if cls(A) < U whenever A € U and U is
g -openin (X, 7).

5) o-generalized closed (briefly og-closed) [14] if
acl(A)SU whenever ACU and U is open in (X, 7).

6) generalized o closed (briefly ga-closed) [13] if
acl(A) € U whenever A € U and U is a-open in (X, 7).

7) generalized closed (briefly g-closed) [12] if
cl(A) € U whenever A € U and U is open in (X, 1).

8) semi-generalized closed (briefly sg-closed) [4] if
scl(A)SU whenever ACU and U is semi-open in (X, 7).

9) generalized semi-closed (briefly gs-closed) [2] if scl(A)
€ U whenever A € U and U is open in (X, 1).

10) g -closed [1] if acl(A) € U whenever A € U and U is
g - open in (X, 1).

The complements of the above mentioned sets are

called their respective open sets.

2.4 Definition

Amapf: (X,1) (Y,o) iscalled

1) &g -continuous [8] if f~1(V)is &g -closed in (X, 1) for
every closed set V of (Y, o).

2)  og-continuous [9] if f7X(V)is ag-closed in (X, 1) for
every closed set V of (Y, o).

3) sg-continuous [12] if (V) is sg-closed in (X, 1) for
every closed set V of (Y, o).

4) gs-continuous [3] if f‘l(V) is gs-closed in (X, 1) for
every closed set V of (Y, o).

5) ag-continuous [6] if f1(V)is ag-closed in (X, 1) for
every closed set V of (Y, o).
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6) go-continuous [6] if f‘l(V) is ga-closed in (X, 1) for
every closed set V of (Y, o).

7) a-continuous [15] if f‘l(V) is a-closed in (X, 1) for
every closed set V of (Y, o).

8) g-continuous [12] if f‘l(V) is g-closed in (X, t) for
every closed set V of (Y, o).

2.5 Definition [18]
A space X is called

gg*T 5 -Space if every 89" -closed set in it is 5-
closed.
ung,g* -space if every ag-closed set in it is 5" -
closed.

3.89*-CONTINUOUS FUNCTIONS

In this section we introduce &g" -continuous map in
topological spaces and study some of their properties. We

prove that the composition of two Sg* -continuous maps need

not be 8g" -continuous.

3.1 Definition

Amap f: (X, 1) — (Y, o) is said to be 8g" -continuous if
the inverse image of every closed set in (Y, o) is 89 -
closed in (X, 7).

3.2 Theorem

Amap f: (X, 1) —»(Y, o) is 8g" -continuous if and only if
the inverse image of every open set in (Y, ) is 8g" -open in
X, 1).

Proof: (Necessity) Let f : (X, 1) — (Y, o) be &g -
continuous and U be an open set in (Y,5). Then Y — U is

closed in (Y,0). Since f is 6g*-continuous,

f'l(Y—U)=X—f'1(U) is Bg* -closed in (X,t) and hence
f=1(U) is 89" -open in (X, 7).

(Sufficiency) Assume that f~1(V)is &g" -open in (X, 1) for
each open set V in (Y, o). Let V be a closed set in (Y, o).
Then Y — V is open in (Y, o). By assumption,
1Y = V) =X =f7Y(V) is 89" -open in (X,t), which implies
that fX(V) is &g -close in (X,r). Hence f is &g -
continuous.

3.3 Proposition

Every §-continuous map is Sg* -continuous

Proof: Let f: (X, ) — (Y, o) be a 5-continuous map. Let
V be any closed set in (Y,s). Since fis a 8-continuous map,
f71(V) is 5-closed in (X,7). By Proposition 3.2.[18], every
5-closed set is 89" -closed, f™X(V) is &g -closed in (X,1).

Therefore fis 8g" -continuous.

The converse of the above Proposition need not be
true as seen from the following example.

3.4 Example
Let X =Y ={a, b, c} with t = {X, ¢, {a}, {a, b}} and o = {Y,
o, {a, b}}. Letf: (X, 1) (Y, o) be the identity map. Then
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fis 69* -continuous but not 8-continuous, since for the closed
set {c} in (Y,5), FX({c}) ={c}is 89" -closed but not -closed
in (X,1).

3.5 Proposition

Letf: (X, 71)—»(Y,oc) bea Sg* -continuous map and (X, t)
be a Sg*TS -space. The fis 8-continuous.
Proof: Let V be a closed set in (Y, o).
89" -continuous, f1(V)is &g -closed in (X, 7). Since
X 1isa Sg*TES -space, f‘l(V) is 8-closed in (X, t). Hence f
is 3-continuous.

3.6 Corollary

Every 6g* -continuous map is 8g-continuous.

Since f is

Proof: Follows from the fact that every &g -closed set is 8g-

closed.
The converse of the above Proposition need not be
true as seen from the following example.

3.7 Example
Let X =Y ={a, b, ¢, d} with t={X, ¢, {a, b}} and o = {Y,
¢, {a, b, c}}. Let f: (X, 1) —»(Y, o) be the identity map.

Then f is 8g-continuous but not Sg* -continuous, since for the
closed set {d} in (Y, o), f1({d}) ={d}is &g -closed in
X, 7).

3.8 Proposition

Every 8g” -continuous map is 5§ -continuous

Proof: Let f: (X, 1) —(Y, &) be a 8g" -continuous map.
Let V be any closed set in (Y,c). Since fis a Sg* continuous
map, f1(V)is 89" -closed in (X,t). By Proposition 3.20.
[18], every Sg* -closed set is 8§ -closed, f‘l(V) is 8§ -

closed in (X,t). Therefore fis 3§ -continuous.

The converse of the above Proposition need not be
true as seen from the following example.

3.9 Example
Let X =Y ={a, b, c} with t = {X, ¢, {a}} and o ={Y, ¢,
{a}, {a, b}}. Let f: (X, 1) —» (Y, o) be the identity map,

then fis ¢ -continuous but not 8g” -continuous, since for the
closed set {b, c} in (Y, o), ffl({b,c}) ={b,c}is 8§ -closed
but not &g” -closed in (X, 7).

3.10 Proposition

Every Sg* -continuous map is ag-continuous

Proof: Let f : (X, ©) —» (Y, o) be a 89" -continuous map.
Let V be any closed set in (Y,c). Since fis a 6g* -continuous

map, (V) is ag-closed in (X,t), as every 8g" -closed set is
ag-closed [Proposition 3.14, [18]].
continuous.

The converse of the above Proposition need not be
true as seen from the following example.

Therefore f is ag-

3.11 Example
Let X =Y ={a, b, c} with = = {X, ¢, {a}, {a, b}} and o = {Y,
¢, {b, c}}. Let f: (X, ©)—»(Y, o) be defined by f(a) = b,

fib) = a, flc) = c. Then f is ag-continuous but not &g -

22



continuous, since for the closed set {a} in (Y, o),
f1({a}) ={b} is ag-closed but not 5g” -closed in (X, 1).

3.12 Proposition
Let f: (X, ©) —»(Y, o) be a ag-continuous map and (X, t)

bea agTag* -space. Then fis 59" -continuous.
Proof: Let V be a closed set in (Y, o). Since
f: (X, 1) —» (Y, o) is ag-continuous, f‘l(V) is ag-closed

in (X, 7). Since (X, 1) is 44T g« -space, F(V) is 89" -

closed in (X, 7). Hence fis 6g* -continuous.

3.13 Proposition
Every 89" -continuous map is gs-continuous.

Proof: The proof follows from the fact that every Sg* -closed

set is gs-closed.
The converse of the above Proposition need not be
true as seen from the following example.

3.14 Example

Let X =Y = {a, b, c, d} with t = {X, ¢, {a}, {a, b}} and
o ={Y, ¢, {c, d}}. Letf: (X, ) —» (Y, o) be defined by
f(a) =a, f(b) =c, f(c) = d, f(d) = b. Then fis gs-continuous

but not ég* -continuous, since for the closed set {a, b} in
(Y, o), f‘l({a,b}) ={a,d}is gs-closed but not 6g* -closed in
X, 1).

3.15 Proposition
Every 8g" -continuous map is ag -continuous.
Proof: The proof follows from the fact that every 89" -closed

setis o -closed

The converse of the above Proposition need not be
true as seen from the following example.

3.16 Example

Let X =Y ={a, b, ¢, d} with = = {X, ¢, {a, b}} and o = {Y, ¢,
{b}, {b, a}}. Let f: (X, t)—» (Y, o) be defined by f(a) = a
, f(b) =d, f(c) = b, f(d) = c. Then fis ag-continuous but not

Sg* -continuous, since for the closed set {c, d} in (Y, o),
f1({c, d}) ={b, d} is of -closed but not 5g" -closed in
X, 7).

3.17 Remark

The following examples show that the notions of &g -
continuity and ga-continuity are independent.

3.18 Example

Let X =Y = {a b, ¢} with = = {X, ¢, {a}} and
o ={Y, ¢, {b, c}}. Letf: (X, 1) —» (Y, o) be defined by
f(a) = b, f(b) = a, f(c) = c. Then fis ga-continuous but not
Sg* -continuous, since for the closed set {a} in (Y, o),

f1({a}) ={b} is ga -closed but not 8g" -closed in (X, 7).

3.19 Example
Let X =Y = {a, b, c} with = = {X, ¢, {a}, {a, b}} and
o ={Y, ¢, {c}}. Letf: (X, 1) — (Y, o) be defined by

f(a) = b, f(b) = ¢, f(c) =a. Then fis 8g" -continuous but not
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ga -continuous, since for the closed set {a, b} in (Y, o),
f1({a, b)) ={a, c}is 59" -closed but not ga -closed in (X, ).

3.20 Remark

The following examples show that the notions of 8g*-
continuity and sg-continuity are independent.

3.21 Example
Let X =Y ={a, b, c} with t = {X, ¢, {a}, {b}, {a, b}} and &
={Y, ¢, {a}, {a, b}}. Letf: (X, 1) —»(Y, o) be the identity

map. Then f is sg-continuous but not Sg* -continuous, since
for the closed set {b} in (Y, o), f1({b}) ={b}is sg -closed
but not 8g” -closed in (X, 7).

3.22 Example
Let X =Y = {a, b, ¢} with = = {X, ¢, {a}, {a, b}} and
o ={Y, ¢, {c}}. Letf: (X, 1)— (Y, o) be defined by

f@ =b, f(b) =c, f(c) =a. Thenfis Sg* -continuous but not
sg-continuous, since for the closed set {a, b} in (Y, o),
f1({a, b}) ={a, c}is 89" -closed but not sg-closed in (X, 7).

3.23 Remark

The following examples show that the notions of
89" -continuity and a-continuity are independent.

3.24 Example

Let X =Y ={a, b, ¢, d} with t = {X, ¢, {a}} and o = {Y, o,
{a, b, d}}. Letf: (X, 1) —» (Y, o) be defined by f(a) =d,
f(b) = ¢, f(c) = b, f(d) = a. Then f is a-continuous but not

89" -continuous, since for the closed set {c} in (Y, o),
f1({c}) ={b}is o -closed but not 5g" -closed in (X, 1).

3.25 Example

Let X =Y = {a, b, ¢, d} with © = {X, ¢, {a, b}} and
o ={Y, ¢, {c}} Letf: (X, 1) —» (Y, o) be defined by
f@) =c, f(b) =d, f(c) =a, f(d) =b. Thenfis Sg* -continuous
but not o -continuous, since for the closed set {a, b, d} in
(Y, o), f{a bd})={b,c d}is &g -closed but not
a -closed in (X, 1).

3.26 Remark

The composition of two Sg* -continuous maps need not be
8g" -continuous as seen from the following example.

3.27 Example

Let X =Y = {a b, c} with = = {X, ¢, {a}, {b, c}},
o={Y, ¢, {a,b}} and n = {Z, ¢, {c}}. Letf: (X, 1) (Y, 0)

be defined by f(a) = c, f(b) = b, f(c) =aand g :(Y, o) ¥Z, n)
be defined by g(a) = a, g(b) = ¢, g(c) = b. Then the maps f

and g are Sg* -continuous but their composition
gof : (X, 1)—»(Z, 1) is not Sg* -continuous, since for the
closed set {a, b} in (Z, n), (g°f)"{a, b} = {a,c}is not 8g" -
closed in (X, 7).
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3.28 Proposition
Let f : (X, ) —» (Y, o) be any topological space and

(Y, o) be a sqel5-space. If f: (X, 1) —» (Y, o) and

g: (Y, c)—» (Zn) are Bg* -continuous maps, then their

composition gof: (X, 1) —»(Z, 1) is a g -continuous
maps.
Proof: Let V be a closed set in (Z, ). Since g: (Y, o)

(zZm) is 89" -continuous, g *(V)is &g -closed in (Y, o).
Since (Y, o) isa Bg*T‘s3 -space, g’l(V) is O -closed in (Y, o).

Now g‘l(V) is closed in (Y, 6). Sincef: (X, 1) (Y, o0)is
8g" -continuous, f1(g7 (V) = (g-f) (V) is 89" -closed in
(X, 7). Hence gof: (X, 1) —¥Z, ) is Sg* -continuous.
3.29 Proposition

Let f: (X, ©)— (Y, o) be a 89" -continuous map. Then for
every subset A of (X, 1) f(8gcl(A)) = scl(f (A)).

Proof: Let f : (X, ©)— (Y, ) be a 89" -continuous map and
A be any subset of (X,t). Then 3cl(f(A)) is a closed set in
(Y, o). Since fis 8g" -continuous, we have f *(5cl(f(A))) is
59 -closed in  (X,r). Hence &g cl(f (5cl(f(A))))
:f*1(6cl(f (A)) by  Proposition  3.3. Since
f(A) ccl(f(A), Acf(f(A)cf(S(F(A). Hence
£71(5cl(f(A))) is 89" -closed set containing A. By definition
of 8g” -closure, we have &gcl(A) < f1(5cl(f(A))) which
implies that f(8gcl(A)) = scl(f(A)).

3.30 Proposition
Let f: (X, ©) —»(Y, o) be a map. If for each point x € X
and each open set V in (Y, o) containing f(x), there exists

adg open set U in (X, t) containing x such that f(U) < V,
then for every subset A of (X, 1), f(8gcl(A)) < cl(f(A)).

Proof: Let yef(Sg*cI(A)). Therefore y = f(x) for some
x €89 cl(A) = X. Let V be any open set in (Y, &) containing

f(x). Then by hypothesis, there exists a Sg* open set U in

(X, 1) containing x such that f(U) < V. This implies that
UnA=d. Then f(UNA)=¢which implies that

Vnf(A) = ¢ Hence yecl(f(A)).
4, CONCLUSION
We have introduced and studied the concept of Sg*-

continuous functions using g -closed sets. The same can be

extended to Bitopological spaces, Fuzzy topological spaces in
the Future.
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