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ABSTRACT

Let G be a (p, q) graph. A one-one map f: V(G) — {#1, £2,
..., Tp} is said to be a pair sum labeling if the induced edge
function, f, : E(G) — Z — {0} defined by fe(uv) = f(u) + f(v) is
one-one and f(E(G)) is either of the form {=ky, £k, ..., 2Ky}
or {£kq, #ky, ..., Fkg1y2} U {K(gsy2} according as q is even
or odd. Recently, the pair sum labeling was introduced by
R.Ponraj, J. V. X. Parthipan [3]. In this paper we study about
the pair sum labeling of the coconut tree CT(m, n), the Y-tree
Y1, the Jelly fish graph J(m, n), the (m, 2)-kite, (m, 1)-kite,
the theta graph ©(I™), for m even and complete binary tree.
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1. INTRODUCTION

The graph considered here are all finite, undirected and
simple. V(G) and E(G) denote the vertex set and edge set of a
graph G. The pair sum labeling is introduced in [3] by R.
Ponraj and et al. In [3],[4] [5] and [6] they study the pair sum
labeling of cycle, path, star and some of their related graphs
like Bmn Kin Kim Pmu Kyn Cyu Cyete. In this paper
we prove that the pair sum labeling of coconut tree CT(m, n),
the Y-tree Y., Jelly fish J(m, n) , (m, 2)-kite, (m, 1)-kite and
the theta graph ©(I™ ), for m even and complete binary tree.
Let x be any real number, then [x] denotes the largest integer

less than or equal to x. Terms and terminology as in Harary

(2]

Definition 1.1[3]: Let G(V, E) be a (p, q) graph. A one-
one function f: V(G) — {#1, £2, ..., +p} is said to be a pair
sum labeling if the induced edge function f, : E(G) — Z — {0}
defined by fe(uv) = f(u) + f(v) is one-one and f,(E(G)) is either
of the form {xk;, £k, ..., TKgp} or {&ky, #K,, ..., TKg1y2} U
{k@+12} according as q is even or odd. A graph with a pair
sum labeling defined on it is called a pair sum graph.

Definition 1.2: A coconut Tree CT(m,n) is the graph
obtained from the path P, by appending n new pendent edges
at an end vertex of Py, .

Definition 1.3: A Y -tree Y,., is a graph obtained from
the path P, by appending an edge to a vertex of the path Py,
adjacent to an end point.

Definition 1.4: An (n, t)-kite is a cycle of length n with a
t-edge path (the tail) attached to one vertex. In particular, the
(n, 1)-kite is a cycle of length n with an edge attached to one
vertex. (n, 1)-kite is also known as flag F¢,,.
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Definition 1.5: The Jelly fish graph J(m, n) is obtained
from a 4- cycle v, vy, V3, V4 by joining v, and v, with an edge
and appending m pendent edges to v, and n pendent edges to
V.

Definition 1.6: Take k paths of length I l,, I5 Iy,
where k > 3 and |; =1 for at most one i. Identify their end
points to form a new graph. The new graph is called a
generalized theta graph, and is denoted by ©(l, I, I3, .. 1). In
other words, ©(l1 I, I3 . . Iy) consists k > 3 pair wise internally
disjoint paths of length Iyl,, 15 = I that share a pair of
common end points u and v. If each I; (i = 1,2, . . . k) is equal
to I, we will write (1 ().

Definition 1.7: A binary tree is defined as a tree in
which there is exactly one vertex (root vertex) of degree two
and each of the remaining vertices is of degree one or three. A
d- level complete binary tree (complete binary tree of depth d)
is a binary tree in which each internal vertex (non-pendent
vertex) other than the root is of degree three and all the
pendent vertices are at level d. (' In a binary tree a vertex v is
said to be at level |, if vis at a distance of | from the root).

In [3] and [2] R. Ponraj, J. V. X. Parthipan have proved the
following results which we will use in the proof of our
theorems.

Theorem 1.1[3]: (3, 1) - kite is not a pair sum graph.
Theorem 1.2[2]: The complete bipartite graphs K , and
K n are pair sum graphs.

2. MAIN RESULTS

Theorem 2.1: The (m, 2)-kite is a pair sum graph for all
m=> 3.

Proof: Let Vv be the vertex set and E be the edge set of (m,
2)-kite. Then |V| = |E| = m + 2. Consider the following two
cases.

Case 1: miseven. Let m=2r.

LetV={u; vi/1<i<r}u{w;,w,}and

E = {ullisy, ViVisr / L <i<r- 1} o { Uy, ViUg, U Wy, WiW, 3.
Defineamap f: V — {#1, £2, ..., £(2r+2) } as follows:
fu)=2i ; 1<i<r1

fvi)=—f(u) ;1<i<r1

f(u) = 1, f(v) = -1, f(wy) = — (r+1), f(w,) = (2r+1).

Then f is a pair sum labeling.

Case2: mis odd.

Subcase 2.1: m> 9

Letm=2r+1,r> 4.

LetV={u /1<i<r}u{vi/1<i<r+l}u{w;,w,}and
E={ulis /1 <i<r-1} U{vivir /1 <i<r} U {uvy, Vily,
Vr Wi, WiWa 3.
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Define f: V — {1, £2, ..., £(2r+3) } as follows:

fu)=2i ; 1<i<r-1

fvi)=—f(u) ;1<i<r2

f(up) = 2r-1, f(v,.1) = 2r-3, f(v,) = —(2r-2), f(v;+1) = —(2r-1)
f(wy) = — (2r-5), f(w,) = 2r+3.

Then f is a pair sum labeling.

Subcase 2.2: form= 3,5and 7, a pair sum labeling of
(m,2)-kite is given in Figure 1.

(3,2)-kite

Figure 1

Hence the (m, 2)-kite is a pair sum graph for all m > 3.

Corollary 2.2: By deleting the pendant vertex in the
(m,2)-kite of the proof of the Theorem 2.1 and by Theorem
1.1, the (m, 1)-kite is a pair sum graph except for m = 3.

Example 2.1: In Figure 2, pair sum labeling of (16,2)-
kite and (17,2)-kite are illustrated.

2 4 6 8
L
(16,2)-kite:
-1 -14 12 710
2 4 6 8

19

(17,2)-kite:
-14 13 -12 -10

(5,2)-kite

International Journal of Computer Applications (0975 — 8887)
Volume 69— No.8, May 2013

Subcase 1.1: miseven. Let m = 2r.Then V(G) = {u;, v;/ 1
<i<rju{w/1<i<n}and

E(G) = {uvy, Uilljpg, ViVir /1 <i<r-1}u{w;/ 1 <i<n}.
Define f: V — {#1, £2, ..., £(2r+n) } as follows:

fu) =-3,f(u) =1, f(v)=-1

f(u)=2i ; 2<i<r-1

flvi) =—f(u)) ;1<i<r1

(7,2)-kite
7 D=1
f(w;)=1-(2i+3) 2<i<n&ieven
(2i+3) 3<i<n&iodd

Subcase 1.2: misodd. Let m = 2r+1.

Then V(G) = {Up1, Ui, vi/ 1 <i<r}u{w;/1<i<n}and
E(G) = {Uili+1, UVy, VVpe1 , ViV 1 1< <=1 U {vpqw; /1 <
i<n}

10 12 14 1

17

Figure 2: Pair sum labeling of (16,2)-kite and (17,2)-kite

Theorem 2.3: The coconut tree CT(m, n) is a pair sum
graph.

Proof: Let G(V,E) = CT(m, n). then [V(G)| = m + n and
E(G)|=m+n-1

Casel: m>5

Define f: V(G) — {#1, +2, ..., +(2r+n+1) } as follows:
2(i+1) ; 1<i<r-1

f(ui) :{ ( ) .
1 ;oi=r.
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—-2i ; 1<iZ<r
f(Vi): .

-1 : 1=r+l1

2 ci=1
f(w,) =47 ;o 1=2

-(2i+1) ; 3<i<n
Case 2: m< 4.

Subcase 2.1: m =1, then G = CT(1,n) is the star K, . By
Theorem 1.2 [2], G is a pair sum graph.
Subcase 2.2: m =2, then G = CT(2,n) is the star Ky ;.3. By
Theorem 1.2 [2], it is a pair sum graph.
Subcase 2.3: m =3, then G = CT(3,n).
Let V(G) = {vi;1 <i<3}u{w;/ 1 <i<n}and E(G) ={v,V,,
Vova} U {vaw; /1< i <n}.
Label the vertices v; v,and v3 by -3, 2 and -1 respectively.
For1<i<n, define fw,) :{‘_(' +1) !Odd

(i+2) ; ieven
Subcase 2.4: m=4then G = CT(4,n).
VG)={vi/1<i<4}u{w;/1<i<n}and E(G) = {v1v,,
VoV3, V3Vt U {vaw; / 1 < i < n}. Label the vertices vy v, v3
and v, by -2,-4, 1 and 2 respectively.
For 1 <i<n, define

4 =1
-1 =2
f(w;)=<-3 ;=3

i-1 [4<i<n&ieven
—(i+2);5<i<n&iodd

Then f is a pair sum labeling.
Hence the coconut tree CT(m, n) is a pair sum graph.

Example 2.2: In Figure 3, the pair sum labeling for
CT(4,7) is exhibited.

-1
®
4 -3
[ @ @ —@ 3
-2 —4 1
_9 ® _7
5

Figure. 3: Pair sum labeling CT(4,7)

Corollary 2. 4: Forr > 3, the Y —tree Y,., is a pair sum
graph.

Proof: itis easily observed that Y,,; = CT(r-1,2) forr > 3.
Hence by Theorem 2.1, Y, is a pair sum graph.

Example 2.3: In Figure 4 a pair sum labeling of Y., and
Y54 are illustrated.
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Yot

1 -1
° °
2 -3
_1 1
Ys,
- ° -1 3 ® -3 ® -6 °
-3 2 1 -4 -2

Figure 4: pair sum labeling of Yg,;, Y4.1 and Y5,

Theorem 2.5: For m, n >1, Jelly fish graph J(m, n) is a
pair sum graph.

Proof: Let G(V,E) = J(m, n). Then G has (m+n+4) vertices
and (m+n+5) edges. Let n > m. Let V(G) = V; U V, where
Vi={xuy viVe={u,vj;1<i<m,l<i<n}andE=
E; w E; ,where E; = {xu, uy, yv, vx, xy } , Eo = { uuj, w;; 1 <
i<m,1<j<n}

Define f: V — {#1, £2, ..., (m+n+4) } as follows:

Label the vertices x, u, y, v by -5, =1, 3 and 1 respectively.
Define

5 D=1
f(v,)=42@(i-1) ; 2<i<4
(i+2) ; 5<i<m+1

For 2<j<n-m
m+3+(j/2)
f(vm+j) = -
—(Mm+5+(j-1)/2)
f(u) = — f(Virp) ; 1<i<m.
Then f is a pair sum labeling. Hence the Jelly fish graph J(m,
n) is a pair sum graph.

2<j<m-n&jeven
3<j<m-n&jodd

Example 2.4: in Figure 5, the pair sum labeling for the
Jelly fish graph J(4, 7) is exhibited.

Figure 5: pair sum labeling for the Jelly fish J(4, 7)

Next we will prove that the theta graph 8(/ ™) is a pair
sum graph, for m even.

Theorem 2.6: For m even, the theta graph (/™) is a
pair sum graph.
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Proof: Let G(V,E) =o(/ ™). Then [V(G)| = m(/ - 1) +2
and |E(G)|=m /. Let V(G) = V,; U V, where

\A :{ui,j Vi l1<i<m/2 and 1<j</- }

V, ={u, v} and E(G) = E; U E, where

E = {ui,j Uija ’Vi,jvi,j+1/1£ i<m/2,1<] sé-Z},

E,= {uui,l,u Vi WiV U, /1<i<m/2 }

Define a map f : V(G) — {&1, +2, ..., £ m(/ - 1) +2} as
follows:

fu) =1, f(v)=—1,

fu) = 2(Li-i+j— (+1);1<i<mR2&1<j< (-1

f(vi) =f(ui)));1<i<m2&1<j< (-1

Clearly f is a pair sum labeling.Hence the theta graph (£ ™)
is a pair sum graph for m even.

Example 2.5: In Figure 6, a pair sum labeling for the
theta graph (7™®) is exhibited.
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Proof: Construct the m-level complete binary tree as shown
in figure 2.6. Let the vertex set V and the edge set E be
defined as V = {xo} U {xij/1<i<m,1<j<2'}and E =
{XOXl,lv Xolez} U {Xi,jxi+l,2j-ll Xi,in+1,2j/ 1<i<m-1,1 Sj <2
}.Then [V|=2™-1 and |E| = 2™1-2.

Consider the following two cases.

Case 1: m>2.

Definef:V —» {+1,+2, ..., + (2™ -1} as follows:

f(xo) = 1, f(x11) = 3, f(x12) = =3, f(X21) = =2, f(xz2) = -7,
f(X23) = 2, f(X24) =5.

Forl<i<m,1<j<2

Subcase 1.1: iis odd.

-36 -34 -32
° °
-24 -22 -20
° °
-12 -10 -8
°
1 2 4 6
° °
14 16 18
—e .
26 28 30
*—o

Figure 6: pair sum labeling for the theta graph 9(7[5])

Next we will prove that a complete binary tree is a pair sum
graph. In a binary tree a vertex v is said to be at level d, if v is
at a distance of d from the root. The number of vertices at
levels 0,1,2,...,m in a m-level complete binary tree are 20 2t
220 respectively. Thus the total number of vertices in m-
level complete binary tree is 2™ — 1.

Example 2.6: A 3-level complete binary tree is shown in
Figure 7.

Xo & Level 0

Level 3
X3,1 X32 X33 X34 Xzs %36  X37 X3 8

Figure 7 : 3-level complete binary tree

Theorem 2.7: For all m > 1, the m-level complete binary
tree is a pair sum graph.

-30 -28 -26
L 4 \ 4
-18 -16 -14
\ 4 L 4
_6 _4 -2
L 4 \ 4
8 10 12 -1
@ @
20 22 24
L 2 —
32 34 36
—0— @
—2'—j+1 ; 1<j<=2
f(x,;)=42"+j-1 ; %2'+1sjs—2'
274+l %2i+1sj32'
Subcase 1.2: iis even.
-2 - j+1 ;1sj332i
4
)= {-@+j+D) ; 324122
274 j-1 ;%2‘+1gjgzi

Then it is clearly observed that f is a pair sum labeling.

Ca.se 2 Letm=1.ThenV = { Xoy X1,1y X1,2 } and E = {XOXM,
XoX12}. Define f:V — {£1, £ 2, + 3} by f(xp) = -2, f(X11) =
3, f(X12) = 1. Clearly f is a pair sum labeling.

Hence for all m >1, the m-level complete binary tree admits a
pair sum labeling.

Example 2.7: In Figure 8, pair sum labeling of four-
level complete binary tree is illustrated.
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18 19 90 21 22 23

Figure 8: pair sum labeling of four level complete binary tree

3. CONCLUSION

In this paper we investigated some graphs like the coconut
tree CT(m, n), the Y-tree Yn+1, Jelly fish graph J(m, n), the
(m,2)-kite, (m,1)-kite, the theta graph 6(I[m] ), for m even
and complete binary tree are pair sum graphs. For the graphs
like trees, (m, n)-kites for all n >2 this labeling can be
verified.
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