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ABSTRACT 

This paper proposes an intelligent control approach towards 

Inverted Pendulum in mechanical engineering. Inverted 

Pendulum is a well known topic in process control and 

offering a diverse range of research in the area of the 

mechanical and control engineering. Fuzzy controller is an 

intelligent controller based on the model of fuzzy logic i.e. it 

does not require accurate mathematical modelling of the 

system nor complex computations and it can handle complex 

and non linear systems without linearization. Our objective is 

to implement a Fuzzy based controller and demonstrate its 

application to Inverted Pendulum. Model design and 

simulation are done in MATLAB SIMULINK® software. 
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1. INTRODUCTION 

The fact that fuzzy systems are universal approximators has 

been shown and proven by several sources [1, 2]. These 

proofs arise from the isomorphism between two algebras: an 

abstract algebra (one dealing with groups, fields, and rings) 

and a linear algebra (one dealing with vector spaces, state 

vectors, and transition matrices) and the structure of a fuzzy 

system which constitutes of an implication between actions 

and conclusions. This isomorphism is achieved because both 

entities involve a mapping between elements of two more 

domains. Like an algebraic function maps an input variable to 

an output variable, a fuzzy system maps an input group to an 

output group: in the latter these group can be linguistic 

assertions or forms of fuzzy information. The underlying 

principle on which fuzzy systems theory rests is a 

fundamental theorem from real analysis in algebra known as 

Stone – Weierstrass theorem, first developed in the late 

nineteenth century by Weierstrass[3], then simplified by 

Stone[4]. 

Although fuzzy systems are shown to be universal 

approximators to algebraic functions, it is not this attribute 

that actually makes them valuable to us in grasping new or 

evolving problems. Rather, the primary advantage of fuzzy 

systems theory is to approximate system behaviour where 

analytic functions or numerical relations are absent. 

Therefore, fuzzy systems have high potential to understand 

the very systems that lack analytic formulations: complex 

systems. 

Instead, fuzzy systems theory can be useful in assessing some 

of our more conventional, less complex systems. For example, 

suppose a controller is required to bring an aircraft out of a 

vertical dive. Conventional controllers, as they are restricted 

to linear ranges of variables, cannot handle this scenario; a 

dive situation is highly non-linear. Fuzzy controller can be 

used in this case, which is adept at handling non linear 

situation albeit in an imprecise fashion, to bring the plane out 

of the dive into a more linear range, then handoff the control 

to the aircraft to a conventional, linear, highly precise 

controller.  

As pointed out by Ben – Haim[5], this is a distinction between 

models of systems and models of uncertainty. A fuzzy system 

can be thought of as a collection of both because it attempts to 

understand a system for which no model exist, and it does so 

with information that can be uncertain in a sense of being 

vague, or fuzzy, or altogether lacking. Fuzzy systems are 

robust because the uncertainties contained in both the inputs 

and outputs of the system are used in formulating the system 

structure itself, unlike conventional system analysis which 

first poses a model, based on a collective set of assumptions 

needed to formulate a mathematical form, then uncertainties 

in each of the parameters of that mathematical abstractions are 

considered which could be misleading. 

2. INVERTED PENDULUM ON A 

CART 

A pendulum which has its center of mass above its pivot point 

is known as an Inverted Pendulum. It is usually implemented 

with the pivot point mounted on a cart that can move 

horizontally and may be called a cart and pole. Many 

applications limit the pendulum to 1 (single) degree of 

freedom by affixing the pole to an axis of rotation. While a 

normal pendulum is stable when hanging downwards, an 

inverted pendulum is inherently unstable, and must be aptly 

balanced in order to remain upright; this hasbeen done either 

by application of a torque at the pivot point, by moving the 

pivot point in horizontal motion as part of a feedback system, 

altering the rate of rotation of a mass mounted on the 

pendulum on an axis parallel to the pivot axis and thereby 

generating a net torque on the pendulum, or by oscillation of 

the pivot point vertically. A simple demonstration of moving 

the 

pivot point in a feedback system is achieved by balancing an 

upturned broomstick on the end of one's finger. The inverted 

pendulum is a standard problem in dynamics and control 

theory and is used as a benchmark for testing control 

strategies. 

 

http://en.wikipedia.org/wiki/Pendulum
http://en.wikipedia.org/wiki/Center_of_mass
http://en.wikipedia.org/wiki/Degree_of_freedom
http://en.wikipedia.org/wiki/Degree_of_freedom
http://en.wikipedia.org/wiki/Degree_of_freedom
http://en.wikipedia.org/wiki/Axis_of_rotation
http://en.wikipedia.org/wiki/Torque
http://en.wikipedia.org/wiki/Feedback
http://en.wikipedia.org/wiki/Dynamics_%28mechanics%29
http://en.wikipedia.org/wiki/Control_theory
http://en.wikipedia.org/wiki/Control_theory
http://en.wikipedia.org/wiki/Control_theory
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The inverted pendulum is among the most difficult systems 

being an inherently unstable system, is a common control 

problem, and so being one of the most significant classical 

problems, the control of inverted pendulum has been a 

research interest in the field of control engineering. Due to its 

importance this is a choice of dynamic system to analyze its 

dynamic model. The aim of this case study is to stabilize the 

Inverted Pendulum (IP) such that the position of the cart on 

the track is controlled rapidly and accurately so that the 

pendulum is always in erected in its inverted position during 

such movements even the system is affected with disturbance 

input such as wind force or due to others cause. Realistically, 

this mechanical system is representative of a class of altitude 

control problems whose aim is to maintain the desired 

vertically oriented position at all times [6-9]. 

 

In general, the control problem consists of obtaining dynamic 

models of systems, and using these models to determine 

control laws or strategies to achieve the desired system 

response and performance. Keeping the control algorithm 

simple as well as guaranteeing the stability and robustness in 

the closed-loop system is a challenging task in real situations. 

Most of the dynamical systems such as power systems, 

robotic systems, inverted pendulum, industrial processes, 

chaotic circuits etc. are highly nonlinear in nature. The control 

of such systems is a challenging task.  

 

Development in the area of artificial intelligence (AI), such as 

artificial neural network (ANN), fuzzy logic theory (FL), and 

evolutionary computational techniques such as genetic 

algorithm (GA), and particle swarm optimization (PSO) etc., 

commonly all these are known as intelligent computational 

techniques[10-12]. Intelligent control is a feasible recent 

approach which has been emerged from the integration of 

control methodologies with intelligent computational 

techniques.  

 

Due to the simple approach fuzzy control provides the use of 

heuristic control knowledge for nonlinear control problems. 

The past few years have witnessed a speedy growth in the 

number and various applications of fuzzy logic [13-19]. 

 

a. MATHEMATICAL MODELLING 
 

 
Figure1: Pendulum-cart system 

 
M = mass of cart 

m = mass of pendulum 

l = length of rod 

g = acceleration due to gravity 

An inverted pendulum on a cart consists of having a 

horizontally moving base as shown in the image to the right. 

The cart is restricted to linear motion and is subjected to 

forces resulting in or hindering motion. The equations of 

motion can be derived using Lagrange's equations. We refer to 

the drawing to the right where 𝜃(t) is the angle of the 

pendulum of length l with respect to the vertical direction and 

the acting forces are gravity and an external force F in the x-

direction. Define x(t) to be the position of the cart.  

 𝑀 + 𝑚 𝑥 − 𝑚𝑙𝜃 cos 𝜃 + 𝑚𝑙𝜃2 sin 𝜃 = 𝐹 

𝑙𝜃 − 𝑔 sin 𝜃 = 𝑥 cos 𝜃 [20-21] 

State Space Analysis: 

𝑋 = 𝐴𝑥 + 𝐵𝑦 

𝑌 = 𝐶𝑥 + 𝐷𝑦 

 

𝑋1

𝑋2

𝑋3

𝑋4

 =  

0 0
0 0

1 0
0 1

0 −𝛼
0 ᵞ

0 0
0 0

   

𝑥1

𝑥2

𝑥3

𝑥4

 +  

0
0
𝛽𝑙
−𝛽

 u 

 
𝑌1

𝑌2
 =   

1 0 0
0 1 0

    
0
0

        

𝑥1

𝑥2

𝑥3

𝑥4

   

Y =  0 1 0 0  
𝑥1

⋮
𝑥𝑛

  

𝛼 =
𝑔

𝑙 𝑀+𝑚 − 1
 ;   𝛽 =  

1

𝑙 𝑀+𝑚 − 1
 

𝛾 =  
 𝑀+𝑚 𝑔

𝑙 𝑀+𝑚 −1
 [22] 

These equations are nonlinear, but since the goal of a control 

system would be to keep the pendulum upright the equations 

can be linearized around 𝜃 = 0.  

i. PARAMETERS 
 
The table below shows the parameters that have been taken 

during the study.  

TABLE 1 

M 0.5 Kg 

M 0.2 Kg 

L 0.3m 

G 9.8 m/s^2 

 

 

3. FUZZY LOGIC CONTROLLER 

Fuzzy Logic Controller is one of the utmost thriving 

applications of fuzzy set theory. This control technique banks 

upon the human bility to understand the system’s behaviour 

and it comprises of a set of qualitative control laws.[23] 

http://en.wikipedia.org/wiki/Linear_motion
http://en.wikipedia.org/wiki/Lagrangian_mechanics
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3.1.Membership Functions 

Primarily, 3 membership functions have been made use of, 
namely: 

𝜗 = 𝑃𝑒𝑛𝑑𝑢𝑙𝑢𝑚 𝐴𝑛𝑔𝑙𝑒 

𝜃 = 𝐴𝑛𝑔𝑢𝑙𝑎𝑟 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 

𝐹 = 𝐹𝑜𝑟𝑐𝑒 

Figure2: Membership Function of Pendulum Angle 

 
Figure 3: Membership Function of Angular Velocity  

 
Figure 4: Membership Function of Force 

Rule Base for pendulum system is shown below: 

Figure5: Rule base for Pendulum Angle using Mamdani 

Type Fuzzy Inference System 

4. RESULTS AND CONCLUSION 

In this paper, application of Fuzzy controller to inverted 

pendulum has been presented. The main issue that arises while 

applying the Fuzzy model to an application is defining the rule 

base in such a way so as to approximately represent the state 

and objective of the system.  

 

The model was tested on Inverted Pendulum in the presence 

and absence of noise. Formulations are made in the following 

way: 
 

 Figure 6: Fuzzy System with noise 

 

 

Figure 7: Single pulse disturbance input 
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 Figure 8: Output Response with single impulse 

 

Figure 9: Pulse disturbance input 

 

Figure 10: Output Response of System in absence of noise 

 

 Figure 11: Output Response of System in presence of 

noise 

 

Figure 12: Pendulum’s Angle Response of reference 

paper[23] 

 

The above figure (figure 9) represents a pulse disturbance 

input, to which impulses have been applied, first in the 

positive direction, then in the negative and again in the 

positive direction. Theses impulses have been deliberately 

applied to the pendulum in order to check the stability, 

erectness and validation of performance indices of the 

pendulum.  

Figure 6 affirms the output response of the fuzzy based 

inverted pendulum system which can be comprehended by 

viewing that initially when impulses were applied, both in the 

positive and negative direction, the pendulum retains its 

steady state position within a small lapse in time and proves 

the detergency of the fuzzy logic controller. 

 

4.1.Performance Indices 

TABLE 2 

 Without 

Noise 

With Noise 

ISE  0.0003186 0.000328 

ITSE 0.001318 0.001381 

IAE 0.02756                  0.03279 

IATE  0.1193   0.1971 

 

The paper essentially encompasses in it the basics and work 

on an intelligent controller named “Fuzzy Logic Controller”. 

It primarily includes the study of fuzzy logic and then its 

application on non linear Inverted Pendulum. Predominantly, 

corroboration on the steadiness, erectness and validation of 

the performance indices for an inverted pendulum has been 

performed, both in the presence and absence of noise. The 

results drawn have been shown in Figure 6 and in Table 2.   
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The simulation results indicate the relative vantages of fuzzy 

control methods. The pendulum stabilizes in upright position 

with bankable oscillations. The analysis of the system with the 

proposed control scheme gives the error parameter values: ISE 

= 0.0003186, ITSE = 0.001318, IAE = 0.02756 and IATE = 

0.1193. The settling time for the system with proposed 

controller comes out to be 4.9 seconds, which has been 

ascertained with a pronounced research paper [23], with their 

value of settling time being 6.2 seconds. 
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