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ABSTRACT

In the present paper, the authors have obtained a unique fixed
point theorem for four maps using generalized altering
distance function in four variables by considering a refined
form of weak contraction than the form used in Theorem 2.1
of [17] which reduces the computational part quite
significantly.
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1. INTRODUCTION

Banach contraction principle has been widely studied by
many mathematicians during the last decades (cf. [2], [3], [4].
[5], [8], [9], [10], [11], [13], [14] etc.). By considering the
weak form of contractive maps, a fixed point problem was
initiated by Khan in (cf. [12]). It may be noted that the
concept of altering distance function was first introduction by
Khan (cf. [12]).

Recently, the concept of altering distance function has
become more popular and by using this concept many
mathematicians tackled the fixed point problem with the aid
of this new concept (cf. [1], [7], [17], [19], [20], [21]).
Choudhary (cf. [7]) introduced a generalized distance function
in three variables. Rao, K.P.R. et al. in 2007 (cf. [17]) have
proved an interesting result by considering generalized
altering distance functions of four variables and concluded
that the four continuous maps have a unique common fixed
point.

In the present paper, the authors have noticed that the
condition (i) of Theorem 2.1 of [17] can be replaced by
another general condition which significantly reduces the
computational part of the proof and established the same
conclusion as given in Theorem 2.1 of [17]. In particular,
condition (i) of Theorem 2.1 of [17] would be a special case
of the main result of this paper. It may be further noted that by
choosing suitable values of the variables the result covers
several other important theorems also.

2. PRELIMINARIES

In order to establish the main result, the following
definitions are required:
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Definition 2.1 Let (X, d) be a metric space. A mapping
T: X—> X is said to be weakly contractive if

d(Tx,Ty)<d(x,y)- ¢d(x,y) V x,yeX
where ¢:[0,00) — [0, o0) is an altering distance function.

Definition 2.2 Let S and T be two self maps on a metric
space (X, d). The pair (S, T) is said to be compatible of type

) or (), if |imd(82xn,T2xn): 0, whenever {x.} is a

sequence in X such that lim Sx, = lim Tx,=t for some
te X. Itis clear that STx = TSx, whenever Sx=Tx for any
xeX.

Definition 2.3 Let i, denote the set of all functions
w :[0,00)" ——[0,0) such that

0] Y is continuous
(i) / is monotonic increasing.
(iii) VLt . t)=0 t=t=...=t,=0

The functions in /, are called generalized altering
distance functions.

3. RESULTS ALREADY PROVED

Theorem 3.1 (cf. [7]) Let S and T be self mappings of a
complete metric space (X, d) satisfying

4,(d(SxTy)) < w,(d(x,y).d(x,Sx),d(y,Ty))
—y, (d(x, y),d(x,Sx).d(y, Ty))

for all x, y e X, where I/, and ¥/, are generalized altering
distance functions and

¢(a)=w,(a,a,a) vae[0,).
Then S and T have a unique common fixed point in X.

Theorem 3.2 (cf. [17]) Let P, Q, S and T be self
mappings of a complete metric space (X, d) satisfying
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0]

4 (d(PrQy)) < wl[d(Sx,Ty),d(Sx, Px),d(Ty,Qy), %[d(SX,Qy)m(Ty, Px)}j

—w, [d (Sx,Ty),d (Sx, Px),d(Ty,Qy), % [d(Sx,Qy)+d(Ty, Px)])

for all x, yeX, where v, VY,€ew, and
¢.(a)=w,(a,a,aa), vae[0,x).

(ii) Either Sand T or P and T or Q and S are continuous.

(iii) (P, S) and (Q, T) are compatible pairs of type (B).

(iv) PT(X) U QS(X) < ST(X) and ST = TS.

Then P, Q, S and T have a unique common fixed point in X.

4. MAIN RESULT

Theorem 4.1 Let P, Q, S and T be self-mappings of a
complete metric space (X, d) satisfying

(i) ¢1(d(PX’Qy)) < Wl(d(SXva)' M, rz’rs)*r

for all x, yeX, where v, ey,, r 2 0,
0<r < d(PxQy), i=1 2, 3.

and ¢(a)=y,(a,a,aa), VYae[0,x)

(ii) Either Sand T or P and T or Q and S are continuous.
(iii) (P, S) and (Q, T) are compatible pairs of type (j3).

(iv) PT(X) U QS(X) < ST(X)and ST=TS.

Then P, Q, Sand T have a unique common fixed point in X.

Proof. Let z be any arbitrary point of X. From (iv)
construct the sequences {x,} and {y,} of point of X such that

PTXon = STXons1 = Yom, QSXone1 = STXone2 = Yoneo,
¥V n=012,...

Let an =d (Yn, Yner) Putting X = TXz,, Y = SXonur
in (i) leads to
¢1(a2n+1) < Wl(azrwrl ,I’Z,I’B)—r (4.1)

If a,3<ap.g then

¢1(azn+1) = Wl(a2n+l’ Ani10 Aopins a2n+l) -r

< l/ll(a2n+1’ Aniar Aonias a2n+l) =@ (a2n+1)

which is a contradiction. Hence ayne; < @, V n=0,1,2...
Similarly, by putting X =TXp, Y = SXpn1, in (i) it has been
obtained that &,, < @,,,, Vn=1,2,...

Thus, a,,, <a,, V n=1 2 ..., so that {a}is

monotonically decreasing sequence of non-negative real
numbers and hence converges to a pointae R.

Now, letting N —> 00 (4.1) reduces to

n+1
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¢1(a) U4 (a’ 0,0, O)_ r

<w,/(aaa a)-r=¢(@), if a>0
Thus, ¢1(a) < ¢1(a) , which is a contradiction, therefore a=0

Hence, limd (y,, Yne1) =lima, =0 4.2)

To show that the sequence {y,} is a Cauchy sequence, it is
sufficient to show that the subsequence {y,.} of {y.} is a
Cauchy sequence in view of (4.2).

Suppose, if possible, the sequence {y,.} is not a Cauchy

sequence. Then, there exists an €> 0 and monotonically
increasing sequences of natural numbers {2m(k)} and {2n(k)}
such that n(k) > m(k),

d(Yamgor Yanu) = € - and  d(Yamgs Yango-1) <€ (4.3)
e<d (yZm(k)’ y2n(k))

<d (yZm(k)’ y2n(k)fl)+d (yZn(k)—l’ y2n(k))

<e+d (yZn(k)—ll y2n(k)) (using (4.3))
Letting N —>o0 and using (4.2), it may be noted that
limd (an(k), yzm(k))=E (44)
Letting N —> o0, using (4.2) and (4.4) in

‘ d(yZn(k)H.’ y2m(k))_ d(yzn(k)’ yzm(k))‘
<d (an(k)’ an(k)+1)

we have, limd (yZn(kM, yZm(k))= € (4.5)

Similarly letting N —> o0 and using (4.2) and (4.4) in

‘d (y2n(k) » Yam(k)1 )_ d (y2n(k) ' y2m(k))
<d (yZm(k)1 y2m(k)—1)

it has been obtained that,

im d(Yan), Yomor 1) =€ (4.6)

Puttlng X= TX2n(k), y= SXZm(k)—l in (l), leads to

¢1 (d(yZn(k)+l’ y2m(k)))
Sy (d(yZn(k)1y2m(k)—l)1 IFRPY rs)—r

Letting kK — o0 and using (4.4) and (4.6), it may be noted
that

¢1(e) <y, (e, 0, 0, O)—r
<y (E’ SRS e):¢1 (E)

Which is a contradiction. Therefore, {y,.} is a Cauchy
sequence and hence {y,} is a Cauchy sequence. Since X is
complete, there exists z € X such thaty,—>z asn—» o0,

Let TXon=Vn SXope1 =Wpes, VN

Then, Pv,— 2z, Sv,—> z, QW1 —> Z and Twy —> Z.
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Case I. Suppose S and T are continuous.

Step 1. Since S is continuous, SPv,—> Sz, Szvn—>Sz.
Since (P,S) is compatible of type (B), hence P?v, —>Sz.

Suppose Sz # z.
Putting X=Pv,, y=W, in (i), yields

4. (d (P?v,.Qw,.,)
< v, (d (SPan TWn+1)’ rl’ rZ’ r3) -r

Letting N —> 00, it may be noted

$,(d(Sz,2)) < w, (d(Sz,2),0,0,0)—r

<y, (d(Sz,2), d(Sz,z), d(Sz,z), d(Sz,2))
= ¢, (d(Sz,2))

It is a contradiction, hence Sz = z.

Putting X =z, y = wpy in (i) and letting N —> 00  gives,
Pz=z

Step 2. Since T is continuous, we have  TQWwp,; —> Tz,
T?Wp.y —> Tz. Since (Q,T) is compatible of type (B), leads to
have Q?W,,; —> Tz. Putting X = v,, ¥y = QW in (i) and
letting N —> o0 = Tz =1z. Again substitutingx=v,, y=
z in (i) and letting N —> 0 = Qz =z

Thus, Pz=Qz=Sz=Tz=z

Case Il. Suppose P and T are continuous. From step 2, it may
be observed that Tz = Qz = z.

Step 3. Since P is continuous, implies PSv, — Pz and
P2v,—>Pz. Since (P,S) is compatible of type (B), we get
S?v,—>Pz. Putting X = SV, ¥ = Wgq in (i) and letting
N —> 00, yields Pz =z.

Step 4. Now PTz =Pz = z. Since PT(X) C ST(X), there

exists ue X suchthat PTz=STu. Let Tu=v sothat
z=PTz=STu=Sv.

Suppose PvZ#z

Putting x=v, y=zin (i), leadsto

) (d (PV’ Z)): ¢1(d(PV’ QZ))
<y, (d(Sv, Tz), 1,1, 1) -1

=y (O’ IFRPY |’3)7r
<y, (d(Pv, 2), d(Pv, 2),d(Pv, 2), d(Pv, 2)) -

<y, (d(Pv, z), d(Pv, z),d(Pv, z), d(Pv, 2))

= ¢ (d (PV' Z))

It is a contradiction. Hence Pv=z. Since Pv=Sv =2z and
(P,S) is compatible of type (), gives Pz = Sz.

Thus, Pz=Qz=Tz=Sz=z.

Case I1l. Suppose Q and S are continuous. From step 1, it
implies Sz =Pz =z. Asin step 3, it may be concluded that Qz
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=z. Since QS(X) < ST(X), asin step 4, leads to Qz = Tz.
Thus, Pz=Qz=Sz=Tz=z.

Uniqueness of the common fixed point follows easily from (i).

5. CONCLUSION
Considering, r,=d(Sx, Px), r,=d(Ty, Qy)

r,= %[d (Sx,Qy)+d(Ty,Px)] and

r= Wz(d(Sx,Ty),d(Sx, Px),d(Ty,Qy), %[d(Sx, Qy)+d(Ty, Px)})

The result of Rao K.P.R. et. al. [17] may be obtained.

Since, the parameters ry, I, 3 and r are left arbitrary, one may
select these according to the demand of applications, for
example; in the solution of differential equations.
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