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ABSTRACT 

The present work consider a bidimensional flow with a free 

surface of an incompressible and inviscid fluid due to a curved 

nozzle, where the effect of surface tension is not neglected. The 

computed accurate numerical solution with surface tension 

    via a serie truncation.  However, there is a solution for 

each value of the Weber number     
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1. INTRODUCTION 

Free surface flows have been studied by many authors F.Dias & 

aL[1] B. Bouderah & aL [2] [4] [9],, H. Mekias & al [3] [5],. 

Analytical data for flows issuing from horizontal nozzle far 

upstream are rather common literature, Gurevich [6]. Most of 

this results come from earlier work by Von Mises [7], F. Toison 

[8]. 

2. NUMERICAL RESOLUTION 

2.1 Problem Statement and Solution Method 

 Let us consider a steady two-dimensional flow of an 

incompressible, irrotational and inviscid fluid issuing from a 

curved nozzle which forms an angle   
 

   
with the horizontal 

(see figure 1).  

 

Fig:1 The Z- plan. 

One takes because of symmetry of the flow field ,we need only 

consider the upper half of the flow region witch is between the 

x-axis and the streamline      (Figure.2).  

 

Fig 2: The upper half of the flow region Z-plan 

We note that the flow is uniform and the velocity is equal to U, 

and L as the unit length. We introduce the complex velocity 

potential        without loss of generality, we choose 

    on the streamline     ,                      and 

            .  In order to use the conformal mapping 

techniques; the upper half of the flow region in the Z- plane will 

be mapped via the potential function f onto the semi -infinite 

strip {-∞<φ<+∞  , -1<ψ<0}(see Figure 3) . 

 

 

Fig 3 : The f- Plan 

We map it into the fourth quarter unit disk of the auxiliary ω-

plan by the transformation. (see Figure 5) 

  
 

 
   

   

    
               

 

Fig 4 : The w- Plan 

 

On the free surface the pressure is constant and then the 

Bernoulli equation becomes 

   
 

 
 
 

 
                              

Where q is the flow speed, R the radius of curvature of the free 

surface. The complex velocity rewrite in new variables τ and θ 

as                  . In dimensionless variables and 

using τ and θ, (2) becomes 
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Where   is the Weber number and                     
 

 
 

    

Since   must have singularity at two points correspond 

respectively at the point           in  the    plan , local 

behaviors of : 

              Are: 

                
     

 
             

          
 

 
 

 
 
       

 
  

                      
  
               

         
 

 
 
  

 

 
       

  
 

   

Following            we seek      in the form :  

            
 
    

      
  
               

 

   

              

The coefficients     are to be found. The free surface CD is 

mapped by the transformation      into the fourth quarter unit 

circle. And we use the notation 

                   
 

 
     

In the relation (4), we obtain: 

                   
 

                      
      

          
  

 
                 

 

   

  

2.2 Computational Method 

Following Vanden-Broeck, Mekias and Bouderah ([1]- [4]), we 

solve the problem by truncating the infinite series in (4) after N 

terms. The N coefficients    are found by collocation.  

2.2.1 Computation  of  the coefficients  (ak)k=1,n of 
the series(4) 

The initial data A
(0)

, ε; kmax. 

1. Computing:              

 

   
   

         

   
 
      

        

 
 
              

  
 

                      

 

   

 

 
 

 
         

        
  

 
                   

 

   

  

    
 
 
 
 
 
 
 
 
 
 

 

        

 

 

2. Solve the linear system: 

    
   

    
   

 

   

   
 
             

 

3. Computing:  

   
     

   
   

     
   

           

4. If :  

 
      

                   

      
             

                                 

5. Stop 

Remark: using the algorithm of Jordan with total pivotation 

implied. 

Some coefficients (ak) of the series (4) for different values of 

number of  weber  Alpha 

Table 1.  Alpha=10+8
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Table 2. Alpha=100 

 

 

2.2.2 Calculate of the free surface 

On the interval 
  

 
   , we introduce (N+1) on mesh points, 

   
 

      
   

 

 
              

We obtain (N+1) nonlinear algebraic equations of (N+1) 

unknowns   , the shape of the free surface is determined by 

integrating numerically the relation : 

  

  
 

 

 
             

  
  
                     

 

   

 

        
  

 
  

                 

 

   

   

  

  
 

 

 
             

  
  
                     

 

   

 

        
  

 
  

                 

 

   

     

The Euler's method was sufficient to solve numerically the 

relation above. 

3. DISCUSSION AND REPRESENTATION 

OF RESULTS 

3.1  Solution without Surface Tension 

                         

When the effect of surface tension is neglected in the free 

surface condition [9], the number of Weber    , the equation 

(4) becomes : 

          
    

                            

  

Where the forces of gravity are not taken account; the exact and 

analytical solution is find via free stream line theory of 

Kirchhoff. Also, a numerical solutions were computed using the 

procedure described above for    
 

 
 , the solution is wrote 

like :       , it's the same obtained by Khrichoff (Batchelor 

1967). 

 In this case, the numerical computational shows that there is a 

critical value                  , when       , within 

the        error. We show in this case that the free surface 

flow for the Weber number        and the exact solution find 

analytically are the same. (see figure 5). 

 

Fig 5. The exact and numerical solutions 

3.2  Surface Tension Effect         

When the surface tension is included in the free surface 

conditions , the numerical procedure shows that there exists a 

solution for various        for the angle   
 

 
. As n 

increase the coefficients     decrease rapidly, it is also noted that 

the series 

      

  

   

 

Is absolutely convergent because we have: 

        

  

   

      

  

   

   
 

 
 

   

   

  

(see figure 6-10). 
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Fig 6: The coefficients       for        

 

Fig 7: The coefficients       for      

 

Fig 8: The coefficients       for       

 

Fig 9: The coefficients       for       

 

 

Fig 10: Comparison between the coefficients       for 

                

 

    The numerical scheme ceases to converge for all the values of 

the parameter     . It is noted that the convergence is faster 

when α→∞ and it is slower when      .  Finally, the form 

of the free surface is represented for various values of the Weber 

number α (See Figure.11.) 

 

Fig 11 : The free surface flow for various values of the 

Weber number   

4.  CONCLUSION 

In a forthcoming work, and after some research studies in this 

domain, we raise the interesting other work problem by adopting 

the method of the finite volume technique, to find the approach 

solution. 
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