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1.  INTRODUCTION 

Levine [15], Mashhour et al [18] and Njastad [21] introduced 

semi-open sets, preopen sets and  open sets respectively. 

Levine [16] introduced g-closed sets and studied their most 

fundamental properties. P.Bhattacharya and B.K.Lahiri [3], 

S.P.Arya and T.Nour [2], H.Maki et al [19] introduced sg-

closed sets, gs-closed sets,  g-closed sets and g -closed 

sets respectively. P.Sundaram and M.Sheik John [24] 

introduced and studied -closed sets. 

A characterization of semi-open sets in the digital line is 

given in this paper. Some separation properties of the digital 

line are also studied. 

2. SOME SEPARATION PROPERTIES 

OF (Z, ) 

The digital line or so called the Khalimsky line is the set of 

integers Z, equipped with the topology  generated by 

{{2m-1, 2m, 2m+1}/ mZ }. The concept of the digital line 

(Z, ) is initiated by Khalimsky [10],[11]. This topological 

space is denoted by (Z, ). In (Z, ) each singleton {2n} is 

closed and each singleton {2n+1} is open where nZ. If 

U(x) is the smallest open set containing x, then U(2m) = 

{2m-1, 2m, 2m+1} and U(2m+1) = {2m +1} where mZ. It 

is well known that (Z, ) is T1/2 and T3/4 but it is not T1. In 

the present section, the  semi-regulality and semi-normality 

of the digital line are proved and so an alternative proof of 

[8,Theorem B] is given. Theorem B [8] shows the digital line 

is s-normal. 

Lemma 2.1 ([14], lines 12-13 in page 175) 

For a subset A of (Z, ) to be open it is necessary and 

sufficient that 2m 1A whenever 2mA. 

Proof  Necessity. Let 2m  A. Since A is open, U(2m) = 

{2m-1, 2m, 2m+1}A. Sufficiency. To prove that A = 

int(A). Let x   A. Case 1. x = 2m. By the hypothesis 2m

 1  A and therefore U(2m) A. This implies x  

int(A). Case 2. 

 x = 2m+1. Since {2m + 1} is an open subset of Z, x   

int(A). 

Lemma 2.2 

A subset A of (Z, )  is not closed if and only if there exists 

2m+1A such that 2m or 2m+2A. 

Proof  Necessity. A is not closed implies Ac is not open. 

Therefore, by Lemma 2.1, there exists 2mAc such that 

2m+1 or 2m-1  Ac. Case 1. 2m+1  Ac. Then 2m+1A 

and 2mA. Case 2. 2m-1  Ac. Then 2m-1A and 2m
A. Thus there exists 2m+1A such that 2m or 2m+2A.  

Sufficiency. Let there exist 2m+1A such that 2m or 2m+2

A. Then 2m or 2m+2Ac and 2m+1Ac. Therefore by 

Lemma 2.1, Ac is not open and hence A is not closed. 

Theorem 2.3 

A subset A of (Z, ) is semi-closed if and only if 2n-1 or 

2n+1A whenever 2nA. 

Proof  Necessity. Let A Z be semi-closed and 2nA. 

Suppose 2n-1 and 2n+1A.  

Then  cl({2n-1, 2n + 1}) cl(A). This implies int(cl({2n-1, 

2n+1}))  int(cl((A)) A. That is {2n-1, 2n, 2n+1}A, 

which implies 2nA, a contradiction. Sufficiency. To 

prove that A int(cl(A)). Let x int(cl(A)). 

Case 1. x = 2m+1. x int(cl(A)) cl(A). Since {x} is open,  

xA.  

Case 2. x = 2m. x int(cl(A)) implies  

{2m-1, 2m, 2m+1}  cl(A). Since {2m-1}and {2m+1}are 

open, 2m-1 and 2m+1A. Then, by assumption  2mA. 
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Theorem 2.4 

A subset A of (Z, ) is semi-open if and only if 2n-1 or 

2n+1A whenever 2nA. 

Proof  Necessity. Let A Z be semi-open and 2nA. 

Suppose 2n-1 and 2n+1A. Then  

int(A)  {2n-1, 2n, 2n +1}=  . This implies int(A) Gc 

where G ={2n-1, 2n, 2n+1}is open. This implies cl(int(A)) 

Gc and therefore 2ncl(int(A)) or  

A  cl(int(A)), a contradiction.  

Sufficiency. To prove that A  cl(int(A)). Let x A. Case 

1. x = 2m+1. Then x int(A) and therefore xcl(int(A)). 

Case 2. x = 2m. Then 2m-1 or 2m+1A. This implies 2m-1 

or 2m+1 int(A) and therefore 2mcl({2m-1})
cl(int(A))  or 2mcl({2m+1}) cl(int(A)). 

Using the characterization of the semi-closed subsets of (Z,

 ), it can be proved that (Z, ) is semi-regular and semi-

normal. 

Theorem 2.5 

(Z, ) is semi-regular. 

Proof Let A be a semi-closed subset of (Z, ) and xA. 

Case 1. x = 2n. Since x = 2nA, by Theorem 2.3, 2n-1 or 

2n+1A. Let U ={2n-1,2n} if  2n-1A and U = {2n, 2n + 

1}if 2n+1A. Let V = Z - U. Case 2. x = 2n+1. Let U ={2n 

+ 1} and V = Z - U. In each case U and V are disjoint semi-

open sets such that xU and AV . Hence (Z, ) is 

semi-regular. 

Theorem 2.6 

 (Z, ) is semi-normal. 

Proof  Let A and B be disjoint semi-closed subsets of (Z,

 ). Let A = O1 E1 and B = O2 E2 where O1 and O2 are 

subsets of 2Z + 1 and E1 and E2 are subsets of 2Z. Let us 

form the semi-open sets U and V as follows. Let 2n E1. 

Then 2nE2 and therefore 2n B. Since B is semi-closed 

2n-1 or 2n+1B. Let D1 = 

12 , 2 1,

{2 , }
n E x n x B

n x
   
 and U 

= O1D1. Similarly let V = O2D2 where  

D2 = 

22 , 2 1,

{2 , }
m E x m x A

m x
   
 . Then U and V are semi-

open subsets of (Z, ) containing A and B respectively. 

Also UV =  . 

Now some more separation properties of (Z, ). 

Let us recall the following definitions. 

Definition 2.7  

A subset A of a topological space (X, ) is called 

i. generalized closed (briefly g-closed) [16] if  

   cl(A) U whenever AU and U is open in X. 

ii. semi-generalized closed (briefly sg-closed) [3] if scl(A)U 

whenever AU and U is semi-open in X. 

iii. generalized semi-closed (briefly gs-closed) [3] if scl(A) 
U whenever AU  and U is open in X. 

iv.  -generalized closed (briefly  g-closed) [19] if  cl(A) 

U whenever AU and U is open in X. 

v. generalized -closed (briefly g -closed) [19] if  cl(A) 

U whenever AU and U is  -open in X. 

vi.  -closed or ĝ -closed [24] if cl(A) U whenever AU 

and U is semi-open in  X. 

Since any singleton subset of (Z, ) is open or closed, (Z,

 ) is T1/2 [7]. Therefore the class of g-open sets = the class 

of open sets in (Z, ). Hence from Definition 3.1, it follows 

that, the class of  -closed sets = the class of closed sets. 

Since (Z, ) is T3/4 and T3/4 = Tgs + semi T1 [4], (Z, ) is 

also Tgs. Hence in (Z, ), the class of gs-open sets = the 

class of sg-open sets = the class of semi-open sets since (Z,

 ) is semi-T1/2. 

Definition 2.8  

A subset A of a topological space (X, ) is called  - ĝ -

closed (briefly  ĝ -closed) [1], if  cl(A)U whenever 

AU and U is ĝ -open Since ĝ -open sets in (Z, ) are 

open sets, a subset A of Z is  ĝ -closed if  cl(A)U 

whenever AU and U is open in Z. That is the class of  

ĝ -closed sets in (Z, ) = the class of  g-closed sets in 

(Z, ). In (Z, ),  

PO(Z, ) =   =  O(Z, ). 

Hence the class of  ĝ -closed sets in (Z, )  

= the class of  g-closed sets in (Z, )  

= the class of g-closed sets in (Z, ) 

= the class of closed sets in (Z, ), 

    since (Z, ) is T1/2. 

  Also the class of g -closed sets in (Z, ) 

   = the class of closed sets in (Z, ). 

Definition 2.9  

A topological space (X, ) is called ĝT -space if every 

ĝ -closed set is  -closed. 

Since  -closed sets in (Z, ) are the closed sets in (Z, ), 

(Z, ) is a ĝT -space. 

Definition 2.10  

A topological space (X, ) is called a Tb-space if every gs-

closed set in X is closed. 
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(Z, ) is not a Tb-space. The set A = {2n-1, 2n} is semi-

closed and therefore gs-closed in (Z, ). But A is not closed 

in (Z, ). 

Definition 2.11  

A topological space (X, ) is called a  Tb-space if every 

 g-closed set in X is closed. 

(Z, ) is a  Tb-space. 
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