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ABSTRACT

It has been shown that the problem of equivalent and minimiza-
tion of fuzzy Mealy machines can be resolved via their algebraic
study. However, no attention has paid to study fuzzy Mealy ma-
chines topologically. This paper introduces topology on the state
set of a fuzzy Mealy machine and study of various kinds of fuzzy
Mealy machines viz. cyclic, retrievable, strongly connected, with
exchange property and connected through this topology. In addi-
tion, various products of fuzzy Mealy machines and their relation-
ship in regards to aforementioned kinds of fuzzy Mealy machines
are also studied.
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1. INTRODUCTION

Recently, there has been tremendous growth in research on fuzzy
automata theory, theoretically[8-10,12] as well as practically
[5,7,10,13]. Fuzzy Mealy machine is a kind of fuzzy automaton
with outputs capabilities based on both the current state and the
current input on similar lines to fuzzy automaton, fuzzy Mealy
machine generalize classical Mealy machines, in the sense of
partial (degree of) transition of states and outputs.This makes
possible to tackled uncertainty in transition as well output. Sur-
prisingly, very little research has done in this area [2,4,11]. Al-
gebraic study of fuzzy Mealy machines has done mainly by
Mordeson et al. [11] and Jun Liu, Zhiwen Mo, Dong Qiu and
Yang Wang [4]. Both the treatments study internal working of
fuzzy Mealy machines such as equivalence and minimization.
This kind of study for finite state machines has been discussed
by Mordeson et. al. [8] and Kumbhojkar and Chaudhari[6]. In
[1,3] equivalence of fuzzy Mealy machine and fuzzy Moore ma-
chine is discussed. The aim of the present paper is to study fuzzy
Mealy machine with the help of the topology induced by the
successor operator defined on its state set. Here, submachines,
(strongly) connected, cyclic (singly generated) and retrievable
fuzzy Mealy machines with the help of this topology are stud-
ied. This study is analogous to that of topological study of fuzzy
finite state machines discussed in [9]. Also products of fuzzy
Mealy machines and their cyclicness, retrievablity, strongly con-
nectedness, exchange property and connectedness are discussed.
Precisely following results are obtained in this paper

(i) Fuzzy Mealy machine M is strongly connected if and only if
the topology generated by the successor function is a discrete
topology. (ii) Fuzzy Mealy machine M satisfies the exchange
property < it is union of its strongly connected submachines

& it is retrievable (iii) Fuzzy Mealy machine M is strongly con-
nected < it is connected and retrievable <> its every submachine
is strongly connected. It is also shown that the cartesian product
and full direct product of fuzzy Mealy machines preserved these
properties, where as the restricted direct product, cascade prod-
uct and wreath product preserve these properties under strongly
connectedness of individual fuzzy Mealy machine(s).

This paper consists of three sections. In section 2, successor
function for the set of states of fuzzy Mealy machine is intro-
duced. The concept of cyclic, retrievable, strongly connected,
connected fuzzy Mealy machines along with their relationships
are introduced. Sections 3, introduces various products of fuzzy
Mealy machines such as cartesian product, full direct product,
restricted direct product, cascade product, wreath product. The
cyclicness, retrievability, and connectedness of these product are
also discussed. The paper is concluded by giving future direction
of research and by posing an open problem relating to the notion
of topologies which are (always exists due to theorem (2.2)) for
all the product introduced in this paper.

2. FUZZY MEALY MACHINES

Recall that a fuzzy Mealy machine (fmm) was introduced
by Mordeson and Nair in [11] as a four tuple M =
(Q,X,Y, u),where Q is a finite non-empty set of states, X is
a finite non-empty set of inputs symbols, Y is a finite non-empty
set of output symbols and p is a fuzzy subset of @ x X x Q XY’
e p:Q@xXxQxY —[0,1].

The extension of p to Q x X* x @ x Y™ is defined by

1, ifg=0p
(g, \,p, \) =
(g, A p, A) {07 itq 4 p.

(g, A, p,b) = 0 and p*(q,za,p,yb) = V{p*(q,z,7y) A
p(r,a,p,b) | v € Q},Vg,p € Q,Vor € X*,Va € X,Vb €
Y,Vy € Y*, where A denotes the empty string.

Then Vq,p € Q,Vz,u € X*,Vy,v € Y* such that |z| = |y|
and Ju] = [v], we have (g, zu, p,yv) = V' (g, 2,7, ) A
/,L*(T, u7p7U) ‘ re Q}

Therefore, Vq,p € Q,Vx € X*,Vy € Y*, if |x| # |y| then
w*(q,z,p,y) = 0. Due to this property, for the rest of the pa-
per we shall assume that || = |y| in any expression of the form
(g, z,p,y) that may encounter.

We now introduce a topology on the state set of a given fuzzy
Mealy machine. We begin with the concept of successor.
Definition 2.1 Let M = (Q, X, Y, u) be a fmm. Let ¢,p € Q.
Then p is called an immediate successor of ¢ if 3 a € X and
b € Y such that (g, a,p,b) > 0 and p is called successor of g
if 3z € X*and y € Y* such that u*(q, z,p,y) > 0.



Notation 2.2 Let M = (Q, X,Y, ) be a fmm and ¢ € Q. We
shall denote S(q) the set of all successor of q.

Definition 2.3 Let M = (Q,X,Y,u) be a fmm and T C Q.
The set of all successor of T, denoted by S¢(T'), is defined to
be the set S (1) = U{S(q) | ¢ € T'}.

When no confusion arises, we shall write S(T") for Sq (T")
Theorem 2.1 Let M = (Q, X, Y, ) be a fmm. Define a relation
~on Q as p ~ ¢ if and only if g is successor of p. Then ~ is
reflexive and transitive.

Theorem 2.2 Let M = (Q, X,Y, u) be a fmm. Then the suc-
cessor function, S : p(Q) — p(Q), i.e. S(A) the set of all
successors of A C @, is a Kuratowski’s closure operator.

Proof. We prove idempotent property only. Clearly, S(A) C
S(S(A)). Let ¢ € S(S(A)). Then ¢ € S(p) for some p €
S(A). Thus, p € S(r) for some r € A. Now, g is successor
of p and p is successor . Thus, ¢ € S(r) C S(A), that is,
S(S(A)) C S(A). Hence S(S(A)) = S(A).

15mmTherefore, 7 = { A¢|S(A) C A} defines a topology on Q.
Thus, A subset A of Q is T-closed, if S(A) = A.

Clearly the set of all closed subset of Q is a poset under set inclu-
sion operation and it is also a complete lattice with AS(4;) =
Definition 2.4 Let M = (Q,X,Y,u) be a fmm. Then N =
(T, X,Y,v) is called a submachine of M, if (1) T is T-closed
subset of Q and (2) p|,, ..y = V- Itis said to be proper sub-
machine, if T is proper 7-closed subset of Q and ;. . =
v.

Clearly, if K is a submachine of IV and [V is a submachine of M,
then K is a submachine of M.

Definition 2.5 Let M = (Q, X,Y, u) be a fmm. Let ¢,p € Q
and T' C Q. Suppose that if p € S(T'U {q}),p & S(T), then
q € S(T U {p}). Then we say that M satisfies the exchange
property.

Theorem 2.3 Let M = (Q, X,Y, 1) be a fmm. Then M satis-

fies the exchange property if and only if Vp,q € Q,q € S(p) if

and only if p € S(q).

Proof. Let p,g € Q and p € S(q). Now, p & S(¢), therefore
g € S(p). On similar line ¢ € S(p) implies that p € S(q).
Conversely let T C Q,p,q € Q. Suppose p € S(T U {q}),p &
S(T). Then p € S(q). Hence, g € S(p) C S(T'U {p})
Definition 2.6 Let M = (Q, X,Y,u) be a fmm. Then M is
called strongly connected if Vp,q € Q,p € S(q)

Theorem 2.4 Let M = (Q,X,Y,u) be a fmm. Then M is
strongly connected if and only if 7 is the discrete topology on

Q.

Proof. Suppose M is strongly connected. Let N = (T, X, Y, v)

be a submachine of M such that T' # ¢. Then 3 ¢ € T. Let

p € Q. Since M is strongly connected, p € S(q). Hence, T = @

and so 7 is discrete topology on Q.

Conversely if p,g € Q and N = (S(¢),X,Y,v), where

Vo= g (gyxns(qny then N is a submachine of M. Since

S(q) # ¢ and 7 is discrete, we have S(¢) = Q. Thus, p € S(q).

Hence, M is strongly connected.

Theorem 2.5 Let M = (Q, X,Y, ) be a fmm. Then for each

R C @, S(R) is a T-closed set.

Proof. S(S(R)) = S(R) proves the theorem.

Thus, N = (S(R), X,Y, ug) is a submachine of M for each

R C Q, where pp = Hls(RyxxxS(R)xY

Definition 2.7 Let M = (Q, X,Y, ) be a fmm. Let R C Q.

The smallest submachine generated by R, i.e. < R >, is the

intersection of all submachines of M whose state sets are sub-

sets of Q containing R. Thus, < R >= (N Q;, X, Y, N i),
icl el

1€ 1€
where N; = (Q;,X,Y, ;) is a submachine of M such that
Note that the state set of < R > is the 7-closure of R.
Theorem 2.6 Let M = (Q,X,Y,u) be a fmm. Let R C Q.
Then < R >= (S(R), X,Y, ur).
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Proof. Now, < R >= ((1Q:, XY, ﬂuz) where N; =
el

(Q:, X, Y, u;) are submachines of M such that R C Q;. It suf-
fices to show that S(R) = ﬂ Q;. Since (S(R), X,Y, pug) is a

submachine of M such that R C S(R), we have that S(R) 2
N Q;:.Letp € S(R). Then 3r € Rand z € X*,y € Y* such
iel

that p*(r,z,p,y) > 0. Now r € [Q; and since < R > is
iel
a submachine of M, p € (Q;. Thus S(R) C () Q;. Hence
iel iel
S(R) = in-

iel
Definition 2.8 Let M = (Q, X,Y, u) be a fmm. M is called
singly generated or cyclic if 3 ¢ € ) such that {¢} is T-dense in
Q.i.e S({q}) = Q. In this case q is called a generator of M and
we say that M is generated by q.

Hence, M is singly generated by ¢ € @ if and only if M =
({a})-

Definition 2.9 A fmm M = (Q, X, Y, u) is said to be retriev-
able when Vg € Q,Vx € X*,y € Y* if 3p € @Q such
that p*(q,z,p,y) > 0, then Ju € X*,v € Y* such that
w(p,u,q,v) > 0.

Theorem 2.7 Let M = (Q, X, Y, ) be a fmm. Then the follow-
ing statements are equivalent

1. M satisfies the exchange property
2. M is union of strongly connected submachines
3. M is retrievable

Proof. (1) = (2): Clearly M = .., < {@} >, where
SH{a1,q2, - qn}) = Q. Also S(qz) NS(q;) = ¢ifi # j. Let
p,q € S(g;). Then ¢; € S(p) and so ¢ € S(p). Thus < g; > is
strongly connected. (2) = (1): Now M = [JI_; M;, where each
= (@, X, Y, u;) strongly connected. Let p, ¢ € Q. Suppose
p 6 S(q)- Now i suchthat g € Q;. Thenp € S(q) C S(Q;) =
Q;. Thus p,q € Q;. Since M; is strongly connected,q € S(p).
Hence M satisfies the Exchange Property by theorem(2.3).
(2) = (3): Now M = J._,M;, where each M; =
(Qi, X, Y, u;) strongly connected. Let ¢ € Q,u € X*,v €
Y™ be such that u*(q,u,t,v) > 0 for some t € Q. Now
g € Q, for some i. Thus t € S(g) € S(Q;). Since M;
is strongly connected, ¢ S(t). Hence 3z € X*,y €
Y* such that ,u*(t,z,q,y) > 0. Thus M is retrievable. (3) =
(2): Let ¢ € Q and let r,t € S(g). Then Jz,u € X* and
Jy,v € Y* such that p* (g, z,r,u) > 0 and p*(q,u,r,v) > 0.
Since M is retrievable 3z € X* and w € Y™ such that
u*(r,z,q,w) > 0. Hence ¢ € S(r) and < g > is strongly
connected. So M = J o < ¢ >.
Definition 2.10 Let M = (Q, X, Y, u) be a fmm. A proper sub-
machine N = (T, X,Y,v) is said to be separated if Q-T is a
proper T-closed subset of Q.
Theorem 2.8 Let M = (Q,X,Y,u) be a fmm. Let N =
(T, X,Y,v) be a submachine of M. Then N is separated if and
only if S(Q —T)NT = ¢.
Proof. Suppose IV is separated. Then T is 7-closed subset of Q.
Thus, S(Q-T)=Q-T.Hence S(Q —T)NT =Q —-TNT = ¢.
Conversely,let g € S(Q—T). Then by assumption ¢ ¢ T'. Thus,
g € Q — T. Therefore, S(Q —T)=Q —T.ie.Q—Tisar-
closed subset of Q.
Theorem 2.9 Let M = (Q, X, Y, 1) be a cyclic then it has sep-
arated and strongly connected submachine.
Proof. Take T = {p € Q | S(p) = Q}. Then N =
(T, X,Y, 11 |s(q)) is the required submachine.
Definition 2.11 Let M = (Q, X,Y, ) be a fmm. Then M is
said to be connected if and only if () has no proper 7-open and
T-closed subset.
Theorem 2.10 Let M = (Q, X,Y,u) be a fmm. Then M is
connected if and only if M has no separated submachine.
Proof. Suppose M is connected. Let if possible M has a proper



separated submachine, say N = (7,X,Y,v). Then T is a
proper T-closed subset of (). Since, N is separated, we have
S(Q —T) = Q — T. Therefore, Q is T-closed. i.e. T is 7-
open subset of (). Therefore, T is proper 7-closed and T7—open
subset of ) which is contradiction to M is connected.
Conversely, if M is not connected then M has a proper sepa-
rated submachine, say N = (7, X,Y,v). Then clearly, T is a
proper T-open and 7-closed subset of Q, which is contradiction
to the hypothesis. Therefore, M is must not connected.

The difference between strongly connected and connected is de-
picted in the following example.

Example 2.11 Consider a Mealy machine M : u(p, z2,q,y2) =
0'37 ,LL(p, Z1,T, yl) = 0.7 and /‘l’(qv Z1,T, yl) =0.8.

Then M is connected but not strongly connected.

Theorem 2.12 Let M = (Q,X,Y,u) be a fmm. Then M
is connected if and only if for all proper submachines N =
(T,X,Y,v), 3s € Q—T and ¢t € T suchthat S(s)NS(t) # ¢.
Theorem 2.13 Let M be strongly connected fmm. Then M is
cyclic, retrievable, connected.

Theorem 2.14 Let M = (Q, X, Y, p) be a fmm. Then following
assertions are equivalent.

1. M is strongly connected.
2. M is connected and retrievable.
3. Every submachine of M is strongly connected.

Proof. (1) = (2): By theorem (2.4), M does not have any proper
submachine and so M has no proper separated submachines.
Thus M is connected. Now we show that M is retrievable. Let
¢,t € Qand z € X*,y € Y* be such that u*(q,z,t,y) > 0.
Since M is strongly connected g € S(t). ThenJu € X*,v € Y*
such that p*(¢,u, g, v) > 0. Hence M is retrievable.

(2) = (3): Let N = (T, X, Y, v) be a submachine of M. Sup-
pose p,q € T are such that p ¢ S(q). Then S(q) # Q and
so K = (5(9),X,Y, 1t |s(q)xxxS(q)xy) is a proper subma-
chine of M. Since M is connected, S(Q — S(q)) N S(q) # ¢.
Let r € S(Q — S(¢)) N S(q). Then r € S(t) for some
te€@—S(q) and r € S(q). Now Iz € X*andy € Y™ such
that p*(¢, z,7,y) > 0). Since M is retrievable, Ju € X* and
v € Y* such that p*(r,u,t,v) > 0). Thus ¢ € S(r). Hence
t € S(r) C S(q), a contradiction. Thus p € S(q)Vp,q € T.
Hence N is strongly connected.

(3) = (1): Obvious.

Theorem 2.15 If M iscyclicand T = {p € Q | S(p) = @}
then N = (T, X, Y, p 4 - ) has a retrievable and connected sub-
machine.

Proof. Follows by above theorem (2.13).

3. PRODUCTS OF FUZZY MEALY MACHINES

This section is an introduction of various products of fmms and
discussed their interrelationship in terms of cyclicness, retriev-
ability exchange property and connectedness.

Definition 3.1 Let M; = (Q;, X;,Y;, ;) be a fmms,i = 1,2.
Then the machine M; ©® My = (Q, X, Y, u1 © pz) is called

1) the cartesian product of fmms of M; and M, with X; N
X2 = ¢anleﬂY2 =5 (z),lfQ = Ql XQQ,X = X1UX2,Y B
Y1 UYz and (u1 © p2)((q1,92), a, (p1,p2),b) =

Hl(qhaaphb) ifanlvbeYI andq2:p2
= < p2(gz, a,p2,b) ifa € X3,b€Yoandq; =p; (D
0 otherwise

V(p1,p2),(q1,q2) € Q1 X Q2,0 € X1 UX5,be Y1 UYs.

2) the full direct product of fmms of M; and M,
if Q = Ql X QQ,X = Xl X XQ,Y = Y1 X Y2
and (1 © p2)*((q1,92), (T1,22), (P1,p2), (¥1,%2)) =
M;(Q17$17p17y1) A N;(Q27$2>p27y2)7 V(Qlﬂlz%(}h»?z) S
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Q1 X Q2,V(z1,22) € X1 X Xo,¥(y1,y2) € Y1 X Ys.

3) the restricted direct product of fmms of M; and Mo,
lfQ = Ql XQQ,X = X1 = XQ,Y = Yl = Y2 and
(/j“l O] H?)*((Q1zq2)7$7 (p17p2)7y) = :uyi(qhxypl,y) A
w5 (g2, %, p2,Y), Y(q1,q2), (P1,p2) € Q1 X Q2,Vx € X,Vy €
Y

4)the cascade product of fmms of M; and
M2’ if Q = Ql X Q27X = X27Y = )/2
and (ki ©  p2)"((q1,92), 72, (p1,p2), Y2) =
M*l(Q1awz(Q271’2)71717“111(‘127?12)) /\ME(Q27$27P2792)7
V(q1,q2), (P1,p2) € Q1 X Q2,Vza € Xy and Vy € Y3
andwy : Q2 X Xo = Xy and wy : Q2 x Yo = V7.

5) the wreath product of fmms of M; and M, if
Q = Q1 X Q2,X = X2 x X5V = Y2 x Y, and
(11 © p2)*((q1, 42), (f, 2), (P1,P2), (& ¥2)) = 11 (q1,/(q2),
P1,8(q2)) Ay (g2, T2, D2, Y2), V(q1, q2), (P1,D2) €
Q1 X Q,Vzy € X, and Yy, € Yy and X92 = {f :
QQ — Xl} and Y1Q2 = {g : Q2 — Yl}

Remark 3.1 i) The restricted direct product of M; and M is a
special case of their cascade product, X; = Xo,Y; = Y5 and
Wyt Q2 X X9 = Xq,wy 1 Q2 X Yo — Y both are projection
functions.

ii) The cascade product of M; and M is a special case of their
wreath product, when X©2 = {w, } and ;%2 = {w, }.
Theorem 3.2 Let M; = (Q;,X;,Y;,n;) be a fmms,
© = 1,2and let X; N Xo = ¢ and Y7 NYs = ¢. Let
M, © My = (Q1 x Q2, X1 UXs5, Y1 UYa, 1 © o)

be the cartesian product of M; and M,. Then Vx €
XjUXS,a#AVye YUY y# A

(N/l © Mz)*((th QZ)»% (p17p2)7y) =

wilgr,z,p1,y) ifx € Xi,y €Y and g2 = p2
= u5(g2,2,p2,y) ifze€ X5 yeYyandgr=p1 (2
0 otherwise

V(p1,p2),(q1,q2) € Q1 X Q2

Proof. Let x € X7 U X5,z # A,y € YUYy, y # X and let
| © |=| y |= n. Suppose that z € X; and y € Y}*. Clearly
the result is true if n = 1. Suppose the result is true Yu € X7, |
ul=n—1n>1landVv € Y, | v |=n—1,n > 1. Let
z = au wherea € Xj andu € X] and y = bv where b € ¥
and v € Y7 Now, (1 © p2)*((p1,p2), au, (q1, g2), bv) =

=V {(pt1 © p2)((p1,p2); @, (11,72),b)
A (p1 © p2) ((r1,72), u, (g1, 92),v) |
(r1,7m2) € Q1 X Q2}

=V {u1(p1,a,r1,0) A (p1 © p2)*((r1,p2), u, (g1, G2)5 v)
|1 € @1}

_ V{p1(p1,a,r1,b) A pi(r,u,q1,v) |11 € Q1) ifpe = qo
0 otherwise

— M;(plaauv Q1zb'U) 1fp2 = Q2
0 otherwise

3)
The result is now follows by induction. Similarly, if x € X; and
y € Y5 one can prove the other case.
Theorem 3.3 Let M; = (Q;,X;,Y;,u;) be a fmms,
i = 1,2and let X; N Xo = ¢ and Y1 NYs = ¢. Let
M, © My = (Q1 x Q2, X1 UXs, Y1 UYa, 11 © o)
be the cartesian product of M; and Ms,. Then
Y, € X,z € Xo,ym € Y,y € Y
(11 © p2)*((q1, q2), w122, (P1,P2), Y1Y2) =
wi(aqrs z1, 1, y1) A ps (g2, T2, P2, Yo)
= (11 © p2)*((q1,92), 21, (P1,D2), Y2y1)



Proof. Let 1 € X{,zo € X;,y1 € Y{,yo € Y5 and
(q1,42), (P1,P2) € Q1 X Q2.

case(i) If x1 = xo = y1 = yo = Athen x172 = y1y2 = \.
case(ii) Suppose, (g1,92) = (p1,p2), then q; = p; or g2 = pa.
Hence, (1 ©p2)((q1,G2), @12, (p1,p2), y1y2) =1 =1A1 =
wi(qr, 1, p1,91) A p3(g, T2, P2, Y2)-

suppose,(q1,92) # (p1,p2), then either ¢; # p; and
g2 # po. Thus, pi(qr,z1,p1,y1) A p3(q2, T2,p2,y2) =
Hence (w1 © p2)((q1,92), 2122, (P1,p2),11y2) = O
wi(qr, x1,p1,91) A p3(g, T2, D2, Y2)-

case(iii) If 1 = Ay1 = Aand 3 # A\y2 # A or
1 # A\, y1 # Aand z2 = A, yo = A.Then by theorem 3.2 result
holds.

case(iv) Suppose, 1 # A\, y1 # A and z2 # A, y2 # A. Now
(11 © p2)*((q1, g2), T1%2, (P1,P2), Y1Y2) =

=\/{(11 © p2)"((q1, 2), 1, (r1,72), 31)

A (,LL1 © ,LLQ)*((Tl,T2):x2: (p17P2),y2) |
(r1,7m2) € Q1 X Q2}

=V © p2) (a1, a2), w1, (r1,72),51)

A (p1 © p2) ((r1,72), T2, (P1,P2),Y2) | T2 € Q2} ‘ )
1€ Q1}

:v{(ﬂl © p2)"((q1592), 21, (11, 92), Y1)

A (:ul © /1’2)*((7117Q2)ax23 (pl,pQ)ny) | T € Ql}
=p1(q1,T1,P1, Y1) A p5(q2, T2, P2, Ya)

Similarly,(u1 ©  p2)*((q1, g2), x2%1, (P1,P2), Y2v1) =
pi(q, 1,1, 91) A 13(q2, T2, P2, Y2).

Theorem 3.4 Let M; = (Q;,X;,Y:,n;) be a fmms,
i = 1,2and let X; N Xy = ¢pand Y7 NYy, = ¢. Let
My O My =(Q1 x Q2,X1UX>2,Y1 UYs, 11 © o)

be the cartesian product of M; and M,. Then Vx €
(Xl (@] Xz)*ﬂml € XI,:L'Q € X; and Vy S (Yl U Yg)*ﬂyl S
Yy, yo € Y5 such that (11 © p2)*((q1,92), @, (p1,p2),y) =
(11 © p2)*((q1, g2), T172, (P1,P2), Y1Y2)

V(p1,p2), (q1,492) € Q1 X Q2.

Proof. Let z € (X; U Xo),y € (Y1 U Y3)* and
(P1,p2),(q1,92) € Q1 X Q2. If z = X = y, then we
can choose x1 = a2 = y; = ¥y = A. In this case the
result is trivially true. Suppose x # A,y # A\ If x € X7 or
x € X5,y € Y ory € Y5, then again the result is trivially true.
Suppose v & Xjx & Xsandy € Y ory & Y5

case(l) If x = x120,21 € X7 — N z2 € X5 — X and
Y = y1y2, Y1 € Y7 — A\, y2 € Y5 — A. Then result follows by
Theorem (3.3)

case(Il) Suppose * = xi11221x12 Where x11,212 €
Xi,xy1 € X35 and y = yi11Y21¥12, Where 11,512 €
Yi,y21 € Y5, %1;,T21,Y14,Y21 are non-empty strings,
T = 1,2 Let X = I11T12 € XI and o = T21
and y1 = yuyi2 € Y and y» = y21. Then
(,LL1 ®© ,LLQ)*((Q17QQ),€E11$21$127(P1,p2)ay11y21y12) =
Vil  ©  p2)*((q1,q2), %11, (11, 72), Y11) ANpr O
p2) ((r1,7m2), Ta1%12, (P1,P2), Y21y12)|(r1,72) € Q1 X Qa}
= V{(m © p2)"((q1,92), 211, (r1,72), y11) Al ©
p2) ((r1,m2), T12%a1, (P1,P2), Y12y21 )|(r1,72) € Q1 X Qa}
= (M1 © M2)*(((117 CI2), T11 T12%21, (p17p2)7 y11y12yz1)
case(Ill) Suppose © = x31211T22 Where xo1, T2y € X5, 211 €
X7 and y = y21y11Y22 Where ya1,920 € Y5, y11 € Y7,
To1, T2, Yo21,Y2; are non-empty strings ¢ = 1,2. Let
To = T21T22 € X; and r1 = x1; and Y2 = Y21Y22 € Y2* and
y1 = y11. The proof of this case is similar to case(II)

case(IV) Suppose z = 1121212222, Where x11,212 €
X7, 21,222 € X5 and y = y11Y21Y12Y22, Where
Y11, Y12 € Y7, Y21,¥22 € Y5, T1i, T2, Y14, Y2 are non-empty
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strings, ¢ = 1,2. Let 1 = z11212 € X{ XTo = T21T22 € X;
and y1 = Y1112 € Y| Yo = Yo1y22 € Y5

Then (11 Op2)*((q1, g2)s T11T21T12T22, (P1, P2), Y11Y21Y12Y22) =

Viler  ©  w2)((q1,q2), 211, (r1,72),  y11) Al ©
M2)*((T17T2),$21$121’22’ (p1,p2)7y21y12y22)|(7”177“2) €
Q1 % Q2}=V{(p1 © p2)*((q1,92), 211, (11, 72), y11) A(p1 ©
M2)*((T177“2),3612$2196’22’(p17p2)7y12y21y22)|(7”177”2) €
Q1 x Q2} (by case (WD) = (w1 © p2)*((q1,42),
T11L1221L22, (p1,p2)7 y11y12y21y22).

case(V)Suppose & = T21X11T22%12, Where x11,T12 €
X{,®21,T22 € X5 and y = Y21Y11Y22y12, Where
Y11, Y12 € Y7, Y21,Y22 € Y5, T14, T2i, Y14, Y2 are non-empty
strings, it =1,2. Letx;y = T11212 € XI To = T21T29 € X;
and y1 = yuyi2 € Yy y2 = ya1y22 € Yy The proof of
this case is similar to case(IV). The theorem now follows by
induction.

Theorem 3.5 Let M; = (Q;, X;,Y:, 1;) be a fmms, ¢ = 1,2.
Then fmms M; ® M, is cyclic if and only if M; and M, are
cyclic, where © is cartesian product and full direct product.
Proof. 1) When ® is cartesian product. Suppose M; and
M, are cyclic, say Q1 = S(¢1) and Q2 = S(g2) for
some ¢ € Q1 and qu € Q. Let (p1,p2) € Q1 X Qa.
Then Jz; € Xj, 20 € X3,yn € Yi,yo € Y5 such
that 1} (g1, z1,p1,91) > 0 and p5(qe, w2, p2,y2) > O.
Thus (1 ©  p2)*((q1,92), 122, (P1,D2), Y1Y2) =
wi(q1,x1,p1,91) A p5(ge, T2, p2,92) > 0. That is,
(p1,p2) € S(q1,q2). Thus, Q1 x Q2 = S((qu1, g2)).-Hence
M; ® Ms is cyclic.

Conversely, Suppose M; © M, is cyclic. Let Q1 X Q2 =
S((q1,¢2)), for some (q1,q92) € Q1 X Q2. Let p; € Q1 and
p2 € Q2. Then 3z € (X; U X3)* and Jy € (Y7 U Y2)* such
that (;ul © /142)*(((]17(12)71;7(p17p2)7y) > 0. Then by the-
orem 3.3 Jdz; € Xj,ze € X; and Jy; € Y, y2 € Y5
such that (g1, z1,p1,91) A pd(qe, T2, P2, y2) =
(1 © p2)"((q1,92), 2, (p1,p2),y) > 0. That s
Jz; € X{,zo € X; and Jy; € Y,y € Y5 such that
pilgr,z1,p1,91) > 0 and pi5(g2, 2,p2,y2) > 0. That
is p1 € S(q1) and p; € S(gz). Thatis @1 = S(g1) and
Q2 = S(gz2). Thus M; and M, are cyclic.

2)When © is full direct product. Suppose M; and M,
are cyclic, say Q1 = S(¢1) and Q2 = S(g2) for some
@1 € Q1 and g2 € Q2. Let (p1,p2) € Q1 x Q2.
Then M;(qlvwlvplvyl) > 0 and N;(QQ,$2,p2,y2) > 0.
Thus (1 © p2)*((q1,92), (1, 22), (P1,P2), (Y1,2)) =
wi(q, z1,p1,91) A ps(qe,®2,p2,¥2) > 0. That is,
(p1,p2) € S((q1,4q2)). Thus, Q1 © Q2 = S(q1,¢2).Hence
M; ® M, is cyclic.

Conversely, Suppose M; @ M, is cyclic. Let Q1 ® Q2 =
S((q17q2)), for some (ql,QQ) S Q1®Q2.Letp1 < Ql andpg S
Q2. Then (11 © p2)*((q1,G2), (T1,22), (P1,P2), (Y1,92)) =
wi(qr, @1, p1,y1) A ps(gqe, 2,p2,¥2) > 0. This implies
pi(qi,z1,p1,91) > 0 and pi5(gz, T2, p2, y2) > 0. Therefore,
p1 € S(q1) and ps € S(g2).Thatis Q1 = S(q1), for some
q1 € Q1 and Q2 = S(q2), for some g € Q2. Hence, M; and
M, are cyclic.

Theorem 3.6 Let M; = (Q;, X, Y;, p;) be afmms, : = 1,2 If
fmms M; ® M, is cyclic then M; and M, are cyclic, where ®
is restricted direct product, cascade product and wreath product.
Proof. 1) When © is restricted direct product. Sup-
pose M; ® M, is cyclic. Let Q1 X Q2 = S((q1,92)),
for some (q1,q2) € Q1 X Q2. Let p; € @Q; and
p2 € Q2. Then (Nl © Mz)*(((h,lh)ﬂfy (p17p2)7y) =
wilq, x,p1,y) © ps(ge,x,p2,y) > 0. This implies
pi(q,@,p1,y) > 0 and p5(ge,@,p2,y) > 0. Therefore,
p1 € S(q1) and p2 € S(g2). Thatis Q1 = S(q1), for some
1 € @1 and Q2 = S(¢2), for some g2 € Q2. Hence, M7 and
M, are cyclic.

2) When © is cascade product. Suppose M; ® M, is cyclic. Let
Q1 x Q2 = S((q1,42)), for some (g1, g2) € Q1 X Q2. Letp; €



Q1 and py € Qo. Then (11 © p2)*((q1,92), T2, (P1,P2), Y2) =
w1 (g1, we (g2, ®2), p1,wy (q2,y2)) A u5(qa, T2, p2,y2) > 0.
This lmphes M’{(qhwx(qQ?xQ)aphwy (q27y2)) > 0 and
w5 (g2, 2, p2,42) > 0. Therefore, py € S(q1) and
p2 € S(g2).That is Q1 = S(q1), for some ¢; € Q; and
Q2 = S(g2), for some g5 € Q». Hence, M; and M, are cyclic.
3) When © is wreath product. Suppose M; ® M is cyclic. Let
Q1 % Q2 = S((q1,q2)). for some (g1,q2) € Q1 x Q2. Letp; €
Q1 and py € Qa. Then (11 © p2)*((q1, q2), (f ¥2), (P1,P2), (g
2y2)) = wi(q1,/(q2), p1,8(q2)) N p5(q2, T2, p2,y2) > 0. This
implies 111 (q1,/(g2), p1,8(g2)) > 0 and i3(qz, T2, p2, y2) > 0.
Therefore, p; € S(q1) and po € S(g2).Thatis Q, = S(q1), for
some ¢; € Q1 and Q2 = S(g2), for some g2 € Q2. Hence, M,
and M5 are cyclic.

The converse of the above theorem is true when individual fmms
are strongly connected.

Theorem 3.7 Let M; = (Q;, X;,Y;, ;) be a strongly con-
nected fmms, ¢+ = 1,2. Then My ® M, is cyclic , where © is
restricted direct product, cascade product and wreath product.
Proof. 1) When © is restricted direct product. By theo-
rem (3.1) M; and M, are cyclic, one has @; = S(q1)
and Q2 = S(g2) for some ¢; € Q1 and g2 € Q2. Let
(p1,p2) € Q1 x Q2. Then wj(qi,x,p1,y) > 0 and
15(q2, x,p2,y) > 0. Thus (11 ©p2)*((q1, 92), =, (p1,p2),y) =
wila, z,p1,y) A ps(ge,®,p2,y) > 0. That is,
(p1,p2) € S((q1,42)). Thus, Q1 x Q2 = S(q1,¢2).-Hence
M; ® M, is cyclic.

2) When © is cascade product. Since M; and M, are cyclic, one
has Q1 = S(q1) and Q2 = S(g2) for some g; € Q; and g2 €
QQ' Let (p17p2) € Ql X QQ- Then Mi(Q17wz(Q2>$2)aP17wy
(g2,92)) > 0 and p3(ge,x2,p2,y2) > 0. Thus
(1 © w2)*((q1,92), T2, (P1,P2),Y2) = #1(q1, W
(q27w2)7p17 wy(Q27y2)) A H;(Q27$2apz’y2) > 0. That iS7
(p1,p2) € S((q1,92))- Thus, Q1 x Q2 = S(q1,q2)-Hence
M; ® M, is cyclic.

3) When © is wreath product. Since M; and M, are
cyclic, one has @1 = S(q1) and Q2 = S(g2) for some
@1 € @ and g2 € Q. Let (p1,p2) € Q1 X Q2. Then
wi(q1,f(q2),p1,8(q2)) > 0 and p5(qz,w2,p2,42) > O.
Thus (1 © p2)'((q1,92), (fi@2), (p1,p2), (8,%2)) =
i (q1,/(q2),p1,8 (q2)) A p5(qe, x2,p2,y2) > 0. That is,
(p17p2) € S((q17q2)) Thus, Ql X Q? = S(ql7q2)' Hence
M, ® M, is cyclic.

Theorem 3.8 Let M; = (Q;, X;,Y;, p;) be a fmms, ¢ = 1, 2.
Then fmms M; ® M, is retrievable if and only if M; and M
are retrievable, where ©® is cartesian product and full direct
product.

Proof. 1) When ® is cartesian product.Suppose M; and
My are retrievable. Let (q1,q2),(p1, P2) € Q1 X Q2
and z € (X7 U Xo)y € (Y1 U Ya)* be such
that(u1 © p2)*((q1,q2), %, (p1,p2),y) > 0. Let 2] = z129
be the standard form of =, ;1 € X; and zo € X, and
Y] = y1y2 be the standard form of y, y; € Y; and
Y2 € Y'Q Then (lu‘l © “2)*((q17q2)7x7 (plap2)7y) = (lul ©
p2) ((q1, q2), 122, (p1,p2), Y1y2) = mi(q, =1, p1,91) A
M;(q27"c27p27y2)' Thus N;(qhxl?playl) > 0 and
wh(q2, T2, P2, ya) > 0. Since M; and M, are
retrievable,Ju; € Xj,us € X;,v1 € Y{,v2 € Y5 such
that l’q(phuhql,vl) > 0 and M;(p2:u27Q2,U2) > 0.
Thus (p1 © p2)"((p1,Pp2), urus, (¢1,42),v1ve) > 0. That is
(111 © p2)*((p1,p2), 4, (q1,92),v) > 0. Hence, My © M, is
retrievable.

Conversely, suppose M; ® M, is retrievable. Let g1, p1 € Q1,
x € Xjand y € Yy be such that pi(q1,21,p1,41) > 0.
Then Vg2 € Q2, (11 © p2)*((q1,42), 21, (P1,92),91) > 0
Thus Ju € (X3 U X3)* and Jv € (Y7 U Y3)* such that
(,ull O] Mz)*(((hyfh)ﬂh (p1»Q2)7U) > 0. Let u = U U2
be the standard form of w and v respectively where
up € X, up € X;and v; € Y, vo € Yy Then 0 <
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(10p2)*((q1, G2), wru2, (P1, q2), v1v2) = p1(qr, vy, P1, v1)A
12(qz, U2, g2, v2). Thus pq (g1, ur, p1,v1) > 0. Hence M, is
retrievable. Similarly M5 is retrievable.

2)When © is full direct product. Suppose M; and Mo,
are retrievable. Let (q1,¢2),(p1,p2) € @1 X @2 and
(.Tl,.l‘g) € (Xl X Xg)*,(yl,yg) S (Yi X Yz)* be such
that (u1 © w2)*((q1,q2), (w1,22), (P1,p2), (y1,42)) =
/I”;(qlaxlvphyl) A HE(QQ:J?Q:I?Q»Z/Q) > 0. Since, Ml
and M, are retrievable. Ju; € Xj,v; € Y and
Juy € Xj,ve € Yy, such that uf(p1,u1,q1,v1) > 0
and :u‘;(pQ’UQ?qQa’UQ) > 0. Now lu’ji(plvuhqlavl) A
Mé(pmumlh,?&) = (Ml X M2)*((p17p2)7 (U1,u2)7
(¢1,92), (v1,v2)) > 0. Therefore,M; © My is retriev-
able.

Conversely, suppose M; © DM, is retrievable. Let
(g1,92) € Q1 x Qa,(z1,22) € (X1 x X3)* and
(y1,92) € (Y1 x Y2)*3(p1,p2) € Q1 X Q2 such that
(i1 © p2)*((q1,q2), (x1,%2), (P1,P2), (Y1,92)) > O then
H(Ul,UQ) S (Xl X XQ)*,(’UI,’UQ) S (Yl X YQ)* such
that (u1 © p2)*((p1,p2); (u1,u2),(q1,q2), (vi,v2)) =
w3 (p1s w1, q1,v1) A (P2, 2, g2, v2) > 0. Hence, My and M,
are retrievable.

Theorem 3.9 Let M; = (Q;, X;,Y:, p;) be afmms, ¢ = 1,2 If
fmms M; ® M, is retrievable then M; and M, are retrievable,
where © is restricted direct product, cascade product and wreath
product.

Proof. 1) When ® is restricted direct product. Suppose M7 ® Mo
is retrievable. Let (g1,¢2), (p1,p2) € Q1 X Q2,2 € X
and y € Y such that (u1 x p2)*((q1,q2), %, (p1,
p2),y) > 0 then Ju € X* v € Y* such that
(lul X HZ)*((pl7p2)7u7 (q17q2)7v) = /"q(pl7u7q17’v)
Aps(p2,u,qe,v) > 0. Hence, My and M, are retriev-
able.

2) When © is cascade product. Suppose M7 ® M is retrievable.
Let (q1,42), (P1,p2) € Q1 X Q2,72 € X3 and yo € Y3 such
that (1 © p2)*((q1,42), T2, (P1,02),y2) > 0 then Juy, €
X3, vg € Y5 such that (p1 © p2)*((p1,p2), u2, (91, ¢2),v2) =
Mﬁi(p17wu(p27u2)7Q17wv(p27 ’02)) A NE(Pz’Um q27’l)2) > 0.
Hence, M, and M, are retrievable.

3) When © is wreath product. Suppose M; ® M, is retrievable.
Let (q1,92), (P1,p2) € @1 X Q2,22 € X5 and yo € Y5 such
that (p1 © p2)*((q1,q2), (f,@2), (P1,p2), (8,92)) > 0
then Juy, € Xive € Yy such that (u; ©
p2)*((p1,p2), (fuz), (q1,92), (8, v2)) = pi(p1,flp2), a1,
g(p2)) A w3(p2,u2,q2,v2) > 0. Hence, M; and M are
retrievable.

The converse of the above theorem is true when individual fmms
are strongly connected.

Theorem 3.10 Let M; = (Q;, X;,Y;, u;) be a strongly con-
nected fmms, ¢ = 1, 2. Then M; ® M5 is retrievable , where ©®
is restricted direct product, cascade product and wreath product.
Proof. 1) When © is restricted direct product.
By theorem (3.1) M; and M, are retrievable. Let
(q1,92), (p1,p2) € Q1 X Q2 and z € X'y € Y~
be such that (u1 © p2)((¢1,42), 7, (P1,p2),y) =
wi(qr, x,p1,y)Aps (g2, x, p2,y) > 0. Since, M7 and M, are re-
trievable. Ju € X*,v € Y*, such that y} (p1,u,q1,v) > 0 and
/’Lg(an U, g2, U) > 0. Now /[{(pl, U, q1, U) A ,LLE(pg, U, q2, 'U) =
(/'1’1 O] NQ)*((p17p2)7u7 (Q17 CI2)»’U) > 0. Thereforele © M2 is
retrievable.

2) When © is cascade product. Suppose M; and M, are retriev-
able. Let (g1, q2), (p1,p2) € Q1 X Q2 and z2 € X3,y € Y5 be
such that (p1 © p2)* ((q1, G2), T2, (P1,P2), Y2) = K7(q1, wa (g2,
T2),p1,wy(q2, Y2)) A pi(q2,T2,p2,y2) > 0. Since,
M, and M, are retrievable. Jus, € Xj;,vo € Y,
such that ,LL; (plawu (q2a u2)7 q1, Wy (q27 v2)) > 0
and Mz(p27u27Q2:U2) > 0. Now Mi(p17®u(q27u2)7
a1, Ou(q2,v2)) A p3(p2, uz, g2, v2) = (1 ©
p2)*((p1,p2), uz2, (q1,92),v2) > 0. Therefore,M; © M



is retrievable.

3) When © is wreath product. Suppose M; and M, are retriev-
able. Let (ql,qg), (pl,pg) € Q1 X Qs and x5 € X;,yz S YQ*
be such that (u1 © p2)"((q1,4q2), (f, z2), (P1,p2), (8, 92)) =
/.Li (p17f(p2)7 q17g(p2)) /\,LL; (q27 T2, P2, ?42) > 0. Since, Ml and
M are retrievable. Jus € X5, v2 € Y5, such that p} (p1,f(p2),
q1,8(p2)) > 0 and p5(p2, uz, g2, v2) > 0. Now uf (p1,f(p2),
qlvg(pQ)) A :u;(anu27q27’U2) = (lul © /‘LQ)*((php?)?(g?
us2), (q1,q2), (g,v2)) > 0. Therefore, M; ® M, is retrievable.
Remark 3.2 Let M; = (Q;, X;,Y;, ;) be a fmms, then by
theorem (2.7),(3.8) and (3.9)

(1) Fmm M; ® M, is union of strongly connected subma-
chines (exchange property) if and only if M; and M, are
union of strongly connected submachines (exchange prop-
erty), where © is cartesian product and full direct product.

(2) Fmm M; ® M, is union of strongly connected subma-
chines(exchange property) then M; and M, are union
of strongly connected submachines (exchange property),
where © is restricted direct product, cascade product and
wreath product.

Remark 3.3 Let M; = (Q;, X;, Y:, u;) be a strongly connected
fmms, then by theorem (2.7),(3.5) and (3.10) M; ® M, is
union of strongly connected submachines (exchange property),
where © is restricted direct product, cascade product and wreath
product.

Theorem 3.11 Let M; = (Q;, X;,Y;, 1;) be a fmms, i = 1, 2.
Then fmm M; ® M5 is connected if and only if M; and M, are
connected, where © is cartesian product and full direct product.
Proof. 1) When © is cartesian product.

Suppose M; and M, are connected. Let (q1,q2), (p1,p2) €
Ql X QQs Now 3(1107Q117~-~7Q1n € Q17 91 = q10,P1 = Qin
and Hau,alg,...,aln S X1 and Hbll,blg,...,bln S Yl

Vi = 1,2,..,n either pi(qii_1,01i,q14,b15) > 0 or
p1(ques @13, qri-1,01,) > 0 and Jga0,921, -5 G2m € Qa,
G2 = G20,P2 = Q2m and Jazi,asz,...,a2m € Xy
and dboy,bao,.oyboy, € Yo Vi = 1,2,...,m either

p2(q2i-1,a2i, G2is b2s) > 0 or pa(qas, a2i,q2i1,02:) >
0. Consider the sequence of states (qi,q2) =
(Q107CI20),(Q117Q20),-~~»(Q1n7Q20)a(Q1mQQ1)7-~~(Q1mQQm) =
(p1,p2) € Q1 x @Q» and the sequence
A115,A12, ++y Q1n, A21, @22, -y A2m € X1 U X, and
b117b127"'7b1nab215b227"'7 b27n € Yl U Y2VZ = 1727"'7n
either 11 © p2((qri-1,920), @14, (14 920), b)) > 0O
or p1 © Hz((%i,(ho),am((J1i717Q20)7bli)) > 0 and
vj = 1727'“7m either p © ,U/Q((qln>q2jfl)>a2j7(qln7
q2;),b2;)) > 00r p11 O pia ((qan G25)s @25, (Gin, G25-1), b2j)) >
0. Hence (q1,¢2) and (p1, p2) are connected. i.e. My ® My is
connected

Conversely Suppose that M; © My is connected. Let
¢1,p1 € Q1 and let ro € Q2. If py = ¢ then p; and
g1 are connected. Suppose, p1 # g1 Then 3 (q1,72) =
(q10,720), (q11,721); s (QinsT2n) = (P1,72) € Q1 X Q2
and ay,as,...,a, € X; U Xs such that Vi = 1,2,...n
either 11 © po((qui-1,72i-1), a4, (qui,72:),0:)) > 0
or p1 © pa((q1i,72:), i, (qri-1,T2i-1), b3) > 0
Clearly, if q1i—1 # qi1i then T2i-1 = T2; and if
T2;—1 # T2, then dii-1 = qi1i Vi = 172,...771 Let
{n = q/n,qllmq/l?,,...,q/lk = p1} be the set of all dis-
tinct qy; € {q10, 11, .-, q1n } and let a’l,a;,...,a’k € X; and
b/l,b;, ...,b’k € Yibe the corresponding a;’s and b;’s respec-
tively and Vj = 1,2,....k either p1(qy,;_y,a;,qy;,b;) > 0
or pl(q;j,a;,q;jfl,b’j) > 0 Thus p; and ¢; are connected
and hence M; is connected. Similarly we can show that M5 is
connected.

2) When © is full direct product.

case(i) Suppose M; and M, are connected. Let
(91,92); (p1,p2) € Q1 x @2, Now 3qio,qu1, .-,
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Gin € Q1,1 = qu0,P1 = qin and Jayi,a12,...,01, €

X1 and Elbll,blg,...,bln € Yl Vi = 1,2,...,7L
p1(qri-1, 14,14, 015) > 0 and 3ga0,q21, -, Gom € Qo,
G2 = G20,P2 = Gom and Jagy,azz,...,02m € Xo

and HbgthQ,...,me S Y'Q Vi = 1,2,,..,m
/JQ((]QZ',l,agi,q%,bzi) > 0 Without loss of gen-
erality m < n. Consider the sequence of states
(q1,82) = (q105920), (q115 G21), 5 (Gim>G2m)s (@ime1,
@2m)s > (Qins @2m) = (p1,p2) and a sequence (aii,aar),
SR (a1m7 a2m)7 (a1m+17 a2m+1)7 ERE) (al'ru a2n) where
asr = \Vk = m + 1,...,n. and a sequence (b11,b21),..
- (b1m7 b2m)7 (b1m+17 b2m+1)7 sy (b1n7 an) where
bor = AMNVkE = m+1,...,n. Then Vi = 1,2,...,n,u1 ®
M2((Q1i717Q2i71)7(1112'7@21')7((111'7(121)7(bu,bzz‘)) > 0, where
q2i = QQm,Vi =m+ 13 ey T Hence (qlan) and (p17p2)are
connected. i.e. My ©® M, is connected.

case(ii) Suppose M; and M, are connected. Let
(q1,92), (p1,p2) € Q1 x Q2 Now Iqio,qi1, .-
Gin € Q1,1 = q0,P1 = qin and Jayi,a12,...,a1, €
X; and 3dbyq,bia,...,b1n € Y1 Vi = 1,2,....n
p1(qui, aris qri-1,015) > 0 and Jgz0,g21, -, G2m € Qo
42 = G0,P2 = Gom and Jaoy,a22,..,a2;m € Xo
and Hbgl,bQQ,...,me S ng Vi = 1,2,...,m
/.LQ(QQi,CLQrL‘,QQi,thZ') > 0 Without loss of gen-
erality m < n. Consider the sequence of states

(p1»p2) = (Q1n7Q2m)7(Q1n71, (J2m)7~-7(Q1m7Q2m)7
(QIm—ly (szfl)’-~-7(Q11,Q21)»(Q10,(I20) = ((J17(I2)
and a sequence (Ain,a2n); -y (G1ms G2m), (A1m-1,
G2m-1)s -, (@10, a20) Where agp, = A\VEk = m + 1,...,n.
and a sequence (bin,ban), .oy (bim, bam), (brm-1,

b2m—1)s .-y (b10, b2o) Where bay, = A, Vk =m + 1,...,n.. Then
Vi=n,n—1,..,L,u Ouz((q1i, 92i), @14, (q1i, g2i), b1i)) > 0,
where ¢2; = q2m,Vi = m + 1,...,n.Hence (q1,q2) and
(p1, p2)are connected. i.e. M7 @ My is connected.

case(iii) Suppose M; and DM, are connected. Let
(q1,92), (p1,p2) € Q1 x Q2 Now Iqio,qu1, -
qin € Q1, @1 = q0,P1 = qin and Jayg,aia,...,a1, €
X1 and Elbll,blg,...,bln € Y1 Vi = 1727...7’”
p1(qri-1, @14, @14, 015) > 0 and 3ga0,q21, -, Gom € Qo2,
@2 = Gam,p2 = @20 and Jaoy,a22,...,a2;m € Xo
and Elbgl,bgg, ...,bgm S YQ. VZ = 1,2, .., m
12(g;, azi, G2i-1,b2;) > 0 Without loss of generality m < n.

Consider the sequence of states (¢1,92) = (qi0,92m), (q11,
Qme1), ey (Q1m,CI20)a (Q1m+17 CI20)7 ceey (Q1m(I2o) = (phpz)
and a sequence (ai11,a2m), - (@1m, a21)y (Q1ma1,
(2m41)s - (Q1n, G2n) Where ag = A\ Vk = m + 1,..,n
and sequence  (bi1,b2m), ooy (b1, 021),  (b1mat,

b2m+1)s - (D1n, ban) where bop, = AVE = m + 1, ..., n.Hence
(¢1,42) and (p1, p2)are connected. i.e. My, ® My is connected.
case(iv) Suppose M; and M, are connected. Let
(¢1,92); (P1,p2) € Q1 X @2, Now g, qi1;.-.s
Gin € Q1,P1 = Q0,1 = qin and Jayi,a12,...,01, €

Xy and Fbyy,b12,-00, € Y1 Vi = 1,2,..n
p1(quis @1i, qri-1,b15) > 0 and 3g20,421, -, Gom € Qo,
G2 = G20,P2 = Gom and Jagi,azz,...,02,m € Xo

and Hbgl,bgg,...,bgm S Y'Q Vi = 1,2,...,m
p2(qai 1, G2iyq2iy bas) > 0 Without loss of gen-
erality m < n. Consider the sequence of states

(Q17CI2) = (Q1mlJ20),(Q1n71, QQ0)7~--,(Q1m+1,QQ0)(Q1m7QQ0)7

(@im-1, g21)s-+(q10,92m) = (p1,p2) and a sequence
(a1n7a2n)7 ~-~,(Cb1m7 a21)7 (alm—h a22)7~~-7(a1n7a2m)
where asr, = AVk = m 4+ 1,..,n and a sequence

(blnben), ~-~7(b1m, b21)7 (blm—h b22),~~~7(b1n7b2m) where
bar = A\, Vk = m + 1,...,nHence (q1,q2) and (p1,p2)are
connected. i.e. My ©® M, is connected.

Conversely Suppose M; ® My is connected. Let
(q1,92), (P1,p2) € Q1 x Q2, Now I a sequence of

states {(q1,92) = (¢10,920)s (q11,921), -+, (q1n,G2n) =
(p1,p2)} € @1 x @, and the sequence



{(a11,a21), (a12 ,022), ..., (@1n,2,)} € X1 x X3
and  {(b11,b21), (b12,b22), ..., (bin,b2n)} € Y1 x Ys.
Vi = 1,2,..,n either p1 © pa((qri-1,92i-1), (@1:,a2;)
»(Q1i7QZi)7(b1iyb2i)) > 0or pu © Mz((Q1i792¢)7(a1i7a2¢)
,(qri-1,92i-1), (b1i,b2;)) > 0. Without loss of generality, sup-
pose 1 © p2((qri-1,92i-1), (@14, a2:) 5 (qris 924), (b14, b2;)) >
0. Consider the sequence {¢1 = ¢i0,q11s---s91n = D1}
and the sequence {ai1,ais,...,q1n} € X, and
{b11,b12,...,b1n} € Y7 such that Vi = 1,...,n, u1(q1i-1, a1,
,q1iyb1;) > 0, hence M; is connected. Consider the se-
quence {g2 = @20,G21,---,92n = P2} and the sequence
{agl,agg,...,agn} € X5 and {bgl,bgg,...,bgn} € Y5 such
that Vi = 1,...,n, pa(qai-1, a2, Gai, b2;) > 0, hence My is
connected.

Theorem 3.12 Let M; = (Q;, X;,Y:, p;) be a fmms, ¢ = 1,2
If fmm M, © M5 is connected then M and M, are connected,
where © is restricted direct product,cascade product and wreath
product.

Proof. 1) Suppose ® is restricted direct product. Suppose
M; ® M is connected. Let (¢1, g2), (p1,p2) € Q1 X Q2, Now
3 a sequence of states {(q10,920), (q11,921); s (¢1n,q2n)} €
Q1 X Q2 and the sequence {aj,az,..,a,} € X
and {by,bs,...b,} € Y Vi = 1,2,..,n either
1 © pa((qri-1,92i-1)s @i, (g1, G2:), bs) > 0 or
w1 © p2((qui, q24), @i, (qri-1,G2i-1), b)) > 0. Without loss of
generality, suppose i1 © pa((qri-1,2i-1), Gis (qris G2i), b)) >
0. Consider the sequence {q1 = @i10,q11,---sq1n = p1} and
the sequence {a1,as,...,an} € X and {b1,bs,...,b,} € Y
such that Vi = 1,...,n, u1(q1i-1, @i, q14,b;) > 0 and consider
the sequence {ga = ¢20,qo1,---, g2 = P2} and the sequence
{a1,az2,...,a,} € X and {b1,ba,....,b,} € Y such that
Vi=1,..,n, u2(q2i-1, s, qg2i,b;) > 0.

2) Suppose © is cascade product. Suppose M; © M; is
connected. Let (qi1,¢2),(p1,p2) € @1 X Q2, Now I a
sequence of states {(q10,¢20),(q11,G21); -+ (qin;G2n)} €
Q1 X Q2 and the sequence {xa21,ZTa2,..,ZT2,} € Xo
and {ya21,Y22,--sY2n} € Yo Vi = 1,2,..,n either
w1 © pa((qrie1, g2i-1)s T2is (¢14592:),Y2:) > 0 or pg ©
p2((q1is @21)s T2i, (qri-1, G2i-1), Y2:) > 0. Without loss of gen-
erality, suppose i1 © to((qri-1,92i-1), T24, (14, q2i), Y2:) > 0.

Consider the sequence {q¢1 = qi0,q11,qn = P1
and the sequence {wy(g21) = z11(5ay),ws(ge2) =
T12, e, Wa (G2n) = Tin} € X1 and {wy(thl)

= yi1,wy(g22) = vi12,-,wy(@2n) = Yin} € Y1 such
that Vi = 1, ...,n,,ul(qli,l, xu,qli,yli) > 0. Now consider
the sequence {g2 = ¢20,921,-..,92n = D2} and the sequence
{1’21,3322, ...,xgn} € X5 and {ygl,ygg, ...,ygn} € Y5 such that
Vi=1,..,n, pt2(G2i-1, T2, G2i, Y2i) > 0.

3) Suppose © is wreath product. Suppose M; @ Ms is con-
nected. Let (q1,42), (p1,p2) € @1 X Q2, Now 3 a sequence
of states {(q10,920), (q11,G21)s - (@1n,G2n)} € Q1 X Q2
and the sequence {(f1,z21),(f2,%22),...; (fn, Z2n)} €
AleQ2 X X2 and {(91,?121)7(927y22)a-~-7(gmy2n)} €
YlQ2 X Yy, Wi = 1,2,...n either pu3 ©
p2((qri-1,q2i-1), (fi, ©2:), (qui, q24), (s, Y2:)) >
0 or 231 ©  p2((q1i5g21), (fn Z2i)s (q1i-1,92i-1)5
(gisy2:)) > 0. Without loss of generality, suppose
1 © po((qrio1,q2i-1)s (fis T24), (@14, G24)s (955 y2:)) > 0.

Consider the sequence {¢1 = ¢qi0,4911,-,G1n = D1}
and the sequence {fi1(g21) = x11(say), fa(gee) =
T12y o, fr(@en) = 1} € Xi and {g1(gz1) =

y11(say), (g2(q22) = w12, 9n(@2n) = Y1n} € Y1 such
that Vi = 1,...,n, u1(q1i-1, Z1i, q14,y1:) > 0. Now consider
the sequence {ga = ¢20,qo1, ---, g2 = P2} and the sequence
{1'21, T22, -5 m2’n} € X2 and {y217 Y22, -5 an} € YQ such that
Vi = 17 ceey Ty N?(qu—l7m2i7QQi7y2i) > 0.

The converse of the above theorem is true when individual fmms
are strongly connected.
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Theorem 3.13 Let M; = (Q;, X;,Y;, u;) be a strongly con-
nected fmms, ¢ = 1, 2. Then M7 ® M5 is connected,where © is
restricted direct product, cascade product and wreath product.
Remark 3.4 Let M; = (Q;, X, Y, p;) be a fmms. Then

(1) by Theorem (2.13),(3.8) to (3.13) fmm M; ® M, is strongly
connected if and only if M; and M, are strongly connected
, Wwhere ® is cartesian product, full direct product restricted
direct product, cascade product and wreath product.

(2) by Theorem (2.4) the topology induced by M; ® M, is dis-
crete if and only if the topologies induced by M; and M
are discrete.

4. CONCLUSION

This paper is the study of fuzzy Mealy machines via topology,
7, defined by the successor function on their set of states. For
this purpose, various kinds of fuzzy Mealy machines such as
cyclic, retrievable, strongly connected and connected are intro-
duced. These kinds of fuzzy Mealy machines are discussed with
the help of this topology. The main findings of this paper are:

(1) The fuzzy Mealy machine M is strongly connected if and
only if 7 is the discrete topology on state set of M.

(i1)The fuzzy Mealy machine M is connected if and only if it has
no separated submachine.

(iii) The cartesian product ( full direct product) of two fuzzy
Mealy machines is cyclic ( respectively retrievable, union of
strongly connected submachines and connected) if and only if
they are individually cyclic ( respectively retrievable, union of
strongly connected submachines and connected).

(iv) If the restricted direct (cascade, wreath) product two fuzzy
Mealy machines is cyclic ( respectively retrievable, union of
strongly connected submachines, connected) then they are indi-
vidually cyclic ( respectively retrievable, union of strongly con-
nected submachines, connected). The converse of this result is
true if both the fuzzy Mealy machines are strongly connected.
This paper will definitely leads to a study of decomposition as
well as minimization of fuzzy Mealy machines from different
angle, which may be the direction of further research. More-
over, one can introduce and study category of fuzzy Mealy ma-
chines. Also, various concepts from category theory as well as
from fuzzy Mealy machines can be verified using the topology
introduced in this paper.

This paper is concluded with the following open problem for fur-
ther study. What kind of topologies are generated by the products
of fuzzy Mealy machines? In our opinion these topologies will
be very much different from so far known topologies. However,
one can guess the nature of these topologies with the help of the
theorems proved in this paper (see remark 3.4(2) and definition
2.8).
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