International Journal of Computer Applications (0975 — 8887)
Volume 57— No.8, November 2012

A New type of Generalized Separation Axioms

M.LellisThivagar
School of Mathematics, M.K.U,
Madurai-25021, TamilNadu,India.

ABSTRACT

In this paper we introduce and investigate some weak
separation axioms associated with € -closed sets and €2 -
closure operators.Also we find some of their applications.
Keywords and Phrases:-fl -closed sets, fl -closure, sz -
sets, Q- D, -setsi=0,1,2; Q- R, -spaces.,

AMS subject classification 2010 :57D05

1. INTRODUCTION

In 1943 the separation axioms Rjand R; were introduced

and investigated by N.A.Shanin [13]. In 1963,they were
developed more by A.S.Davis [3].Also their properties were
found by K.K.Dube [4].In recent years,this idea of separation

axioms were introduced and investigated through the sets O -

open set, b -open set, O -semi open set etc.In this paper we
introduce and investigate some weak separation axioms

namely € - D, Q) -T,-spacesi=0,1,2; Q- R, -spaces

and Q- R, -spaces by utilizing €2 -closed sets and it’s
closure operator and kernel.Also we find some of their
applications.

2. PRELIMINARIES

Throughout this paper (X,z’) (or briefly X ) represent a
topological space on which no separation axioms are assumed
unless explicitly stated. For a subset A of X, Cl(A),

int(A) and A° denote the closure of A, the interior of A

and the complement of A respectively.The family of all f) -

open (resp.ﬁ-closed) subsets of X is denoted by
QO(X). (resp. QC(X)).

Let us recall the following definitions, which are useful in the
sequel.

Definition 2.1 A subset A of a topological space (X, 7) is
called

i)Semi-open [9]if A  cl(int(A)).
i) pre-open [10] if A < int(cl(A)).
iii) O -pre open [12] if A < int(ccl(A)).
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iv) O -open[7] if &l (A) cU whenever Ac U and
U is semiopenin (X, 7).

Definition 2.2 A topological space (X, 7) is

i) pre-T, [61.[11]] (resp. (S, p)-T, 11,6 -T, [5]) if
for any distinct pair of points X and Yy of X, there exists a

pre-open (resp. O -pre open, O -open) set U of X
containing X butnot Y (or) containing Y butnot X. i)

pre-T, [[6][11]] (resp. (S, p)-T,[11,0 -T, [5]) if for
any distinct pair of points X and Yy of X, there exists a
pre-open (resp. O -pre open, O -open) set U of X
containing X but not Y and a pre-open (resp. O -pre open)
set V of X containing y butnot X.

iii) pre-T, [[6],[11]] (resp. (S, P)-T,[11,0 -T, [5]) if
for any distinct pair of points X and Y of X, there exists
disjoint pre-open (resp. O -pre open, O -open) sets U and
V' of X containing X and Y respectively.

Definition 2.3 [14] A subset A of X is called O -closed in
a topological space (X,7) if A=dClI(A), where

Xl (A) ={xe X:int(clU))nA=I,U er,xeU}

. The complement of O -closed set in (X, 7) is called O -
opensetin (X, 7).

Definition 2.4 [2] A subset A of a space X is said to be
OD -set if there are two O -open sets U and V' such that
U=Xad A=U\V.

Definition 2.5 [8]A function f : X —>Y is said to be Q) -

irresolute if the inverse image of every €2 -opensetin Y is

A

Q -openin X .
3. Q-T,-SPACES, i=0,1,2.

Definition 3.1 Let (X,7) be a space and A< X. Then
the €2 -kernel of A, denoted by Ker, (A) is defined as

Ker, (A) =[G € QO(X): AcG}.
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Lemma 3.2 Let A be a subset of (X,7)then
Ker, (A) ={xe X :Qc({x})nA=.}

Proof.  Let x e Ker,(A) and suppose that

Qe (PP NA=D Then Ac X \Qel(XF) . 1 we
define V = X \ Qcl ({X}) then by[7] remark 5.2,V is a

Q -open set such that AV and X & V. By the definition
of ker, (A) , x & Ker, (A), a contradiction. Therefore,

Ker, (A) c{x e X : Qcl({x}) N A= T} .To prove

the reversible inclusion,if Xe X such that

Qcl({x}) NA =D and suppose that X ¢ Ker, (A),

then there exists a €) -open set U such that AcU and
XxeU. since Qcl({Xx})NA=D, we can choose
y e Qel(F) N A Then yeU and hence U is an
f) -open set containing Y but not X.By [7] theorem 5.11,
y & Qcl ({x}), a contradiction. Thus, X € ker, (A) .

Lemma 3.3 Let (X,7) be a space and X € X .Then
y € Ker, ({x}) ifand only it x € Qcl({y}).

Proof.  Necessity- Assume that Y & Ker, ({X}). By the

definition of kernel,there exists a Q -open set U containing
X such that y & U. By [7] theorem 5.11, X & Qcl ({y})

Sufficiency- Assume that X & Qcl ({y}). By [7] theorem

5.11,there exists a é-open set U containing X such that
y & U. By the definition of kemel, y & Ker, ({x}).

Lemma 3.4 For any points X and Y in a space (X,7)
the following are equivalent. Ker, ({X}) = Ker, ({y}).

Qcl (3) = Qe ({y})
Proof. (i) = (ii) suppose Ker, ({x}) = Ker, ({y}).

Then, there exists a point Z € X such that
z e Ker, ({x}) butnotin Ker, ({y}). By lemma3.2,

D3N Ocl({zZ}) # D and hence x e Qcl ({z3})
By[71, Qcl ({x}) = Qcl (el {23)) = Qel ({2}).
Again by lemma 3.2, {y} " Qcl (Q({z})) = & and
hence Y & Qcl ({z}). Therefore, ¥ & Qcl ({X}). Thus,
Qcl (HF) = Qel ({yD) .
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(i) = (i) suppose that Qcl({X}) = swcl ({y})
Then there exists a point Z € X such that Z € Qcl ({x})

and Z ¢ Qcl ({y}). By[7] theorem 5.11. there exists a €2 -
open set U containing Z such that U N ({y}) = and

U N ({X}) = 3. Now U isa O -open set containing X
but not Y. By [7] theorem 5.11, X & Qcl ({y}) .By lemma

33,y g ker, ({x}). Thus ker, ({x}) = ker; ({y}).

Lemma 3.5 Let A and B be any two subsets in a opological

space X .If A B then Ker, (A) < Ker, (B).

Proof. Suppose that AC B and if X ¢ Kerﬁ(B) By the

definition of Kerﬁ ,there exists a f) -open set U such that
BcU and X¢gU Since Ac BcU ,again by the

definiton ~ of  Ker,, X Ker, (A) Therefore,

Ker,, (A) < Ker,(B).

Definition 3.6 Aspace (X, 7) issaid to be

i)SQZ-T0 if for any distinct pair of points X and Yy of X,

there exists a € -open set U of X containing X but not
Y (or) containing Y butnot X,

if) Q) - T, if for any distinct pair of points X and Yy of X,
there exists a Q-open set U of X containing X but not

Y and a f)-open set V. of X containing Y butnot X.

iii)f)-T2 if for any distinct pair of points X and Y of X,

there exists disjoint Q-open sets U and V of X
containing X and Y respectively.

Example 3.7
X ={a,b,c}, r={,{a},{b}.{a,b}.{a,c} X}.
Then QO(X) =7 . Itis O -T, but not Q-Tl because

for the pair of distinct points & and C, there is no ﬁ -open
set containing C but not a.

Example 38 X ={a,b,c} r={{a}.{b,c}, X}.
Then, QO(X) = TI(X) . 1tis O -T, aswell as Q-TZ.

Remark 3.9 If (X,7) is Q-Ti, then it is Q-
T.,1=12

i-1?

Theorem 3.10 Every O - T; space is Q -T,. (i=01.2)
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Proof. It follows from [7]theorem 3.2, the fact that every O -

open set is f) -open subset of X.

Theorem 3.11 Every Q -T,.space is pre-- T;. (i=0,1,2)
Proof. It follows from [7] because every fl -open set in X is

pre open in X.

Remark 3.12.The converse of the above is not true in general
from the following examples.

Example 3.13 .X = {ab,c} and 7 ={,{a}, X }then
PO(X) = { ® {a}.{a.b}.{ac}.X }and

Qo) ={2,{a}, X} Itis pre-T, but not 2 -T..
Example 3.14 X ={a,b,c} and 7 ={ ® {a,b},X} then
PO(X) ={ ® {a}.{b}.{ab}{ac}{b.c}X}and

Qo) ={2,{a}.{b}.{a b}, X} .itis pre-T, as well
as pre- T, butnot Q- T, or Q-T,.

4. CHARACTERIZATIONS OF Q-T,-
SPACES.

Theorem 4.1 A space (X, T ) is -T, if and only if

Qel({x3) = Qcl ({y}) for every pair of distinct points
X,y,in X.

Proof.Necessity- Suppose that X is €2 -T,.-space and x,y are

a pair of distinct points in X.By the definition of €3 -T,.-

space,there exists € -open set U containing any one of these
two points,Without loss of generality,take x in U and y not in

U.Therefore X\U is a ﬁ -closed set in X containing y but not
x.By [7] remark 5.2, fl cl({y}) is the smallest Q -closed set
containing {y} and hence Q cl({y}) < X\U. Therefore, x &
Q cliiyd).

Sufficiency- Let x,y be any two points in X such that
Qel () = Qcl ({y}) .Choose z in X such that z is in
ﬁcl({x}) and z does not belongs to Q cl({y}.If xe fl
ddyhthen by [7] remark 52, Q@ Q
cl({y}).Therefore,z € Q cl({y}),a contradiction.Thus x & fl
cl({y}).Then, X\f) cl{y}) isa f) -open set in X such that x
ex\Qcly}) and ye X\Q cldy}).Thus, (X,7)is Q-
To-space.

Corollary 4.2 A space X is Q -T, if and only if each pair of
distinct points x,y of X either y & C cl({xd)or xg Q cl{y}).

International Journal of Computer Applications (0975 — 8887)
Volume 57— No.8, November 2012

Theorem 4.3 Aspace (X, 7) is Q-To if and only if for
each pair of distinct points X,y in X,

ker, ({x}) = ker, {y})-

Proof. Necessity- Suppose that X is fZ-TO -space and

X,y are two distinct points in X. By theorem 3.16,
Q@) = Qcl{y}). By  lemma 34,
ker, ({x}) = ker, ({y}).

Sufficiency- Let X, Y be two distinct points in X such that
ker, ({x}) = ker, ({y}). By lemma 3.4,
Qel ({x3) = Qcl ({y}). By theorem 3.16, (X, 7) is a
fl -To-Space.

Theorem 4.4 The following are equivalent in in a topological
space (X, 7).

i) (X,7) is Q -Ti-space,

A

i) For every x € X, {x} = Q cl({x}).

i) 03 = MU :U e QO(X, x)}=ker, ({x}) for
each x in X.

Proof.

i) = ii) Suppose that X is Q -T;-space and x is any point of
X.Assume that ye Q cl({x}) and y# x.Since X is fl =Ty~

space,there exists a €2 -open set U in X such thaty € U and x
¢ U.By [7]theorem 5.11,U M{X} = @ . Therefore, x € U,

a contradiction. Thus,{x} = f) cl({x3}).
ii) =>1i) Suppose that {x} = Q cl({x}) for every x € X.Let
X,y be any two distinct points in X.By hypothesis,y & Kerﬁ

({x}).By the definition of fl -kernal,there exists a f) -open
set U containing x but noy y. Similarly if x ¢ Keré

({y}).then there exists a f) -open set V containing y but noy
x.Thus, (X, 7) IS €2 -T;-space.

Theorem 4.5 (X, 7)is Q-Tl, if and only if {X} is Q-
closed for each X € X .
Proof. By theorem 3.19, is Q-Tl, if and only if

{3 = Ol ({X}) for every X X. By[?] remark 5.2,

Swcl ({X}) is a Q closed set and hence {X} is O
closed set for every X € X .

Theorem 4.6 The following statements are equivalent in a
topological space (X, 7)
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(i (X,7)is Q -T, -space.

(i) If X € X, then for each Y # X, there exists a f} -open
set U containing X such that y & Qcl(U).

(i) {3 = ﬂ{fZCI(U) :U e QO(X, x)}or every .

Proof. i) =>ii) Suppose that X is f) -T2 -space and X,y are

any two distinct points of X.Then there exists disjoint €2 -
open sets U and V such that xe U,y € V. If F = X\V, then F is

A

€ —closed set such that U < F and y & F.By the definition
of Q -closure,y & ﬁ cl(U).

.(it) = (iii). Suppose that X € X . By hypothesis,for any
distinct point Y € X, there exists a 0} -open set U
containing X such that yeQcl(U). Therefore,
y e[ XCxl(U):U e QO(X, x)}. Thus,
{x3=¥QelU):U e QO(X, x)}.

iii) => i) Suppose that x and y are any two distinct points in
X. By hypothesis, there exists U € QO(X , X) such that y

& Q cl(U).Therefore,U and X\ﬁ cl(U) are two distict f) -
open sets containing x and y respectively.

5. D,-SET AND Q-D, - SPACES 1=0,1,2.

Definition 5.1 A subset A in a space X is said to be Dé -set

if there are two é -open sets U and V such that U # X and A
=U\V such that U # X and A U\V.

Theorem 5.2 Every 6D setis Df2 set.

Proof. By [7] theorem 3.2,every & -open set is ) -open set
and hence it follows.

Remark 5.3 Every proper () -open set U is Df2 -set because

A = Uand V = ® .But the converse is not true in general
from the following example.

Example 5.4
X={ab,cd}, ={d {a},{b},{ab},{b,c} {ab,c} X}

sthen QO(X) =7 .By taking two f) -open sets U = {a,b,c}
# Xand V — {a,b} it is known that A = U\V = {c} which is

Dﬁ -set but not ) -open set in X.
Definition 5.5 A space X is said to be

i) €2-D, if for any distinct pair of points x and y of X, there
exists a Df2 -set of X containing x butnoty or a Dgﬂ2 -set

of X containing y but not x.
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i) f) -Dy if for any distinct pair of points x and y of X,
there exists a Dﬁ -set of X containing x butnot y and a

sz -set of X containing y but not x.

iii) ﬁ -D, if for any distinct pair of points x and y of X,

there exists disjoint pair of sz -sets U and V of X
containing x y and respectively.

Example 5.6 X = {a,b,c,} , r ={®,{a}.{b}.{a.b}.{a,c}, X}.

Then, QO(X) =7 .ltis Q Dyaswellas Q -D,.
Remark 5.8.i) I Xis Q- T, thenitis { -D; i =0,1,2,

i) 1f X is Q) -Dythen itis Q) -Dyy ,i=0,1,2.
Theorem 5.9 Let X be a topological space. Then,

i) X is C) -D,if and only if O -D,.
i) X is Q) -T, ifand only if Q -D,.

proof i) Necessity-Suppose that X is ﬁ -D; .Then for every
pair of distinct points x, y in X, there exists Dﬁ sets U and V
such that xe U and y& U and y € V,x € V. By the definition
of D set U = UpUy, V= Vi\Wwhere U, .V, € QO(X) i

=1,2and U; # X V;# X.Since x €V =V;\V,,there are two
cases such that either x & V, or x& V..

Case i) x € V..Sincey € Ueitheryg U;ory eU;andye
U,.Subcase(a) Suppose Y U, .Since xeU =U,\U,,
and Y€V =V, \V,, we have XU, \ (U, UV,) and
yeV,\(U, uV,). Also,
U, \U,uV))nV, \ (U, LV,) =3 BY[7]

theorem 4.16,U , UV, and U, UV, are Q -open sets.

Sub case (b).Suppose Y €U, and Yy €U,. In this case,the
disjoint pair of D, sets U,\U, and U, satisfy our
requirement.

Case(ii).Suppose X €V, and X €V,. Here,our required
sets are V; \V, and V, because Y €V, \V, and X €V,
and (V, \V,) NV, = @. Therefore, (X,7) is Q-D,

in the above all cases.
Sufficiency- Follows from the remark 4.8.

(ii) Necessity: Follows from the remark 4.8.

Sufficiency : Let (X,7) bea Q- D,. Then for each pair
of distinct points X,y € X, there exists D Q set U of

X containing X but not Y. Suppose U =U, \U, and

27



U #X and U,,U, e QO(X). Then we have either

yeU, or yeU, and Yy eU,.Therefore,we have the
following two cases.

Case (i).Suppose Y €U,. Since XeU, and Yy ¢U,,U,

is our required € -open set.

Case (ii). Suppose Y €U, and Yy €U,. Then,U, isa Q
-open set which contains Y but not X. Thus in both cases,

(X,7)is Q-T,.

Definition 5.10 A point X of a topological space (X,7)

which has X as the only CQ-open set containing X is

known as f) -neat point.
Example5.11 X ={a,b,c,d} r ={J,{a}{a, b}, X}
Then QO(X) ={,{a}, X}. Here the points b, C and

d are Q -neat points.

Theorem 5.12 Ina Q -T0 space,the following are
equivalent.

i) (X,7) is Q-D,.
ii) (X,7) hasno € -neat point.

Proof. (i) = (ii)Since it is Q- D,, every Xe X is
contained in some D, -set U \WW,U =X, Uand V are

Q) -open setsin X. since U # X and U is 2 -open set
containing X and since X € X is arbitrary, every point of

A

X belongs to some (2-open set other than X.
Therefore,any X € X is not a ) -neat point. (i) = (i)
Since X is Q-TO, for every disjoint pair of points
X, ye X, there exists a Q -open set U containing X but
not Y. Since every proper fl -open set is Df2 -set,we have

U is Dﬁ-set.By hypothesis, Y is not a € -neat

point. Therefore,there exists €2 -open set V containing Yy

such that V # X . Hence V \U is a D, -set containing

Y butnot X .Therefore, (X,7) is ow - D;.

Theorem 513 If 1 (X,7) = (Y,0) is Q-irresolute
B

and surjectivethen " (A) is Dy -set in X whenever

Ais Dy -setin Y .

Proof. If A is DQ -setin Y ,then by the definition of DQ-

set,there exists ) -open sets U and V in Y such that
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A=U\V and U =Y. since f is Q -irresolute,
1 1 A
f7(U) and 7 (V) are Q-open sets in X . Since
1 1
U=#Y and f is surjective, X = T~ (Y) = T~ (U).

Also, f(A) = £~ (U)\ f (V) Therefore, f ~ (A)
is Df2 -setin X .

Theorem 514 Let f:(X,7)—>(Y,0) bea Q-
irresolute and bijective mapping.If (Y, o) is Q- D, ,then
(X,7) is Q-D;.

Proof. Assume that Y is ) - D, space and f isa Q-
irresolute and bijective mapping.Suppose that X and Yy are

any pair of distinct points in X .Since f s injective,
f(x)= f(y) ina Q- D, space Y .Therefore,there

exists Q-open sets U and V in Y such that
f(x)eU, f(y)gU and f(y)eV, f(x)gV By

theorem 5.13, f_l(U) and f_l(\/) are D -setin X
xef U)yef U) ad
ye fﬁl(\/),Xe_i fﬁl(\/).Therefore, X is Q-D

space.

such that

Definition 5.15 A topological space (X, 7) is said to be

D, compact if every cover of X by D, sets has finite

sub cover.
Theorem 516 Let f:(X,7)—>(Y,o) bea Q-
irresolute and surjective function.If  (X,7) is D

compactthen (Y, o) is D compact.

Proof. Suppose that {G, : & € J} is any indexed family of

D. sets in X such that X =

N 4e3 8, - By theorem

5.13,each f_l(Ga) is D set in X Since f s
surjective, X = f_l(Y) =v f_l(Ga) Since X s

DQ compact,there exist a finite set Jo such that

X = U,y £7(G,) Then

Y= F(F (V) = U, F(F(G,) = U,y G,

Therefore,Y is Df2 compact.

ael

Definition 5.17 A topological space (X, 7) is said to be

DQ connected it can not be expressed as the union of two

disjoint non empty Dfz setsin X .
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be a Q-
is Df2

Theorem 5.18 Let T :(X,7) > (Y,0)
(X,7)

connected,then (Y, o) is D connected.

irresolute and surjective function.If

Proof. If Y =U WV where U and V are disjoint non

1
empty D setsin Y then by theorem 5.13, f7(U) and
1 . . S 1
f~(V)are Dy setsin X Since f is surjective, = (U)

1 L
and f~ (V) are two non empty disjoint D, sets whose

union is X ,a contradiction.Therefore, Y is Dﬁ connected.

6. Q-R, AND Q-R, SPACES.

Definition 6.1 A topological space (X,7) is Q- R, if

every ) -open set contains the CCl of each of its

singletons. That is,for any fl -open set U in X we have
Qcl ({X}) U forevery xeU .

Definition 6.2 A topological space (X, 7) is Q- R, if
for any X,y e X such that Qcl({xX}) = Qcl ({y}),

there exists disjoint f)-open sets U and V such that
Qcl ({3) U and Qcl ({y}) V.

Example6.3 X ={a,b,c,d}, t={z{a}.{v.c.d}, >3

Then €2 -open sets are P(X) Therefore it is O - R, as
well as € - R,.

Theorem 6.4 A topological space (X, 7) is Q- R, ifand
onlyif forany X,y € X,

Ol ({x3) = Q2 ({y}) = Qel ({x}) Qe ({y}) = @

Proof. Necessity-Suppose that (X,7) s Q-RO and
X,y e X are such that Qcl({X}) = Qcl ({y}). Then
there exists some Z € Qcl({X}) and z & Qcl ({y})

By[7] theorem 5.11,there exists Q -open set U containing
Z butnot Y. Since Z € Qcl({X}), by [7] theorem 5.11,

xeU and x & Qcl({y}). Therefore, X \Qcl ({y})

is a Q-open set containing X. By hypothesis,
Qel () = X \ Qe {y}) and

Qel () N Qe ({y)) = 2.

Sufficiency- Suppose that U is any fl -open subset of X
XeU be arbitrary point. If ygU, then

hence

and let
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ye X\U and hence X=#Y.By[7] theorem 5.11,

x e Qcl({y}). Then Qcl(F) = Qcl({y}). By
hypothesis, Qcl ({x}) N Qcl ({y}) = &.
y & Qcl({X}) and hence Qcl ({X}) cU. Therefore,

every () -open set contains € -closure of it’s every
singletons.

Therefore,

Theorem 6.5 A topological space (X, 7) isa Q- R, iff

ker, ({x}) = ker, ({y}) = ker, ({x}) nker, ({y})
forevery X,y € X .

Proof. Necessity- Suppose that (X,7) s Q-RO and
X,y € X are such that keré {x}) = kerﬁ ({y}). Then
by lemma 3.4, Qcl({x})=Qcl({y}). Assume that
ker, ({x}) Nker, ({y}) # < Then
Ze X such that Z e ker, ({x}) and z e ker, ({y}).
Then by lemma 33,2 eKker, ({X})

there exists
implies that
x € Qcl ({z3}) Therefore, x € Qcl ({x}) N Qcl ({z3)
and hence by theorem 6.4, Qcl ({x}) = Qcl{z}).
Similarly by lemma 33,7 € ker, ({y}) implies that
y e Qcl{z}) Therefore y e Qcl ({y}) N Qcl{z})
and hence by 6.4,Qcl({y}) =Qcl({z}). Therefore,

Qcl ({3) = Qel({y}) = Qdl ({23), a
contradiction.Hence, ket ({x}) "ker; ({y}) = &.

sufficiency-Let X,y € X be Qcl ({X}) = Qcl ({y}).

By lemma 3.4, kEI’Q {x}) = kerg‘z({y}).

By hypothesis,  ker, ({x}) nker, ({y}) = <.

it Qel({X}) NOcl({y}) =D, then there exists

ze X such that zeQcl({x}) and z e Qcl({y}).
By lemma 33, Xeker, ({z}) andy eker, ({z}).

Therefore, X € ker, ({x}) Nker, ({z}) and
y e ker, ({y}) nker, ({z}). By hypothesis,
ker,, ({x}) = ker, ({y}) = ker,({z}), a

contradiction. Therefore  Qcl ({X}) N Qcl ({y}) = @.
By theorem 6.4, (X, 7) isa Q- R,-

Theorem 6.6 In a topological space (X , T) , the following
statements are equivalent.

iy (X,7) isa Q- R, space.
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ii)For any non-empty set A and U € QO(X) such that
ANU =@, there exists F e QC(X) such that

ANnF =J. and FcU. iii)
U = fF eQC(X):FcU} for  every
U e QO(X). iv)

F=YUeQO(X):FcUl}=ker,(F) for
every F € QC(X).

v Qel ({33) = ker, ({x}) forany x € X .

Proof. (i) => (i) Let A be any non-empty set and
UeOO(X) be such that ANU #@. Choose
xe AnU, by hypothesis, Qcl (€940 Kl U

F = Qcl({x}), then by[7] remark 5.2, F € QC(X)
suchthat ANF #J and F cU.

(i) = (iii) Suppose that U € QO(X) . Then for every
XeFef)C(X),FgU,XeU and hence
U{F eQC(X):FcU}cU. on the other
hand,suppose that X is an arbitrary point of U .If we define
A ={x} then by hypothesis, there exists F € QC(X),
such that XeF and FcU.
Uc| fFeQC(X):FcU}

Therefore,

(iii) = (iv) Itis obvious

(iv)=(V)Let xeX be  arbitrary  and
y e ker, ({x}) Then there exists U e QO(X)
containing {X} but not y. Therefore {y}<U® and U°

A

is a Q-closed set in X .By[7] theorem 5.3,
Qel{y}) c Qcl(U) =U® and hence

Qcl yHnu =a2. By hypothesis,
Qcl ({y}) = ker, (Qcl ({y})) and hence
ker,, (Qcl ({y})) NU = . since

xeU,x¢ keré (QC| ({y})) Therefore, there exists
G e QO(X) containing Qcl ({y}) but not X. Hence
{x}c=G°®and G isa O closed setin X .By[7] remark
5.2, Qcl ({x}) < Qcl (G°) = G°. That s,
QP NG =D. By[7] theorem 5.11,
y & Qcl (Qcl ({x3)) = Qel ({x}).

Qcl ({x3) = ker, ({x}).
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(vV) = (i) Let U be any O -open set and XU be
el () < ker, (0
and hence ¢l ({X}) —U. Thus, U  contains ) -closure

arbitrary point.By V),

of each of it’s singletons.Therefore, (X ) 2’) isa Q- Ro
space.

Corollary 6.7 In a topological space (X,7) , the
following statements are equivalent.

iy (X,7) isa Q- R, space.
i) Qcl ({x}) = ke, ({x}) forail x € X.

Proof. (i) = (ii) Suppose that (X,7) is a Q-RO
space.By theorem 6.6, 2l ({x}) < ker, ({x}) for all
X € X. On the other hand,let Yy € ker, ({X}), then by
lemma3.3, X € Qcl ({y}) Therefore,

xe QP NO({y}y). By theorem 64,
Qel(©F) = Qcl({y}) and hence Y e Qcl ({x})
Therefore, ker, ({X3) < Qcl (D). (i) = (i)
follows from theorem 6.6.

Definition 6.8 A topological space (X,T) is f)
symmetric if for each X,y e X, X eQcl({y} implies
that y & Qcl ({x}.

Theorem 4.9 A topological space (X,T) is ﬁ - Ro if and
only if it is é -symmetric.

Proof. Necessity- Suppose that (X,7) s Q-RO and
x e Qcl({y}. Let U be any ) -open set such that

yeU. By hypothesis, Qcl({y}cU and hence
x €U. By[7] theorem 5.11, Y & Qcl ({X}.

Sufficiency-Let U be any €2 -open set and X €U be
arbitrary  point.If ygU, then by[7] theorem 5.11,

xeQcl({y}). By  hypothesis, y & Qcl ({x}.
Therefore, Qcl ({X} = U and hence (X,7) is Q- R,-

Theorem 6.10 In a topological space (X,T) , the
following statements are equivalent.

i)(X,7) isa Q- R, space.

ifForany F € QC(X) and x € F, ker, (X} < F.
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i) For X € X, ker, ({x}) = Qcl ({x3).

Proof. (i) = (ii) Let F eQC(X) and xeF. By
lemma 3.5, and by theorem 6.6 (iv),
ker, ({x}) c ker, (F) = F. so, ker, ({x}= F.

(i) = (iii) By [7] remark 5.2, Qcl {3 is Q) -closed
set containing X .By hypothesis, kKer, ({x}< Qcl ({x}.

(iii) = (i)Letx e QO cldy})By33Y e ker, ({x})

Therefore,X is { -symmetric.By theorem 6.9,X is {2 - R, .

A A

Theorem 6.11 (X,7) IS Q -T; if and only is it is Q-T,
and Q) -R,

Proof.Necessity- Suppose that X is €2 -T;.By remark 3.9,X is

A A

€ -T,-space.By theorem 4.4.{x} = Qcl({x}) = ker, {x})

for all x in X. Therefore by theorem 6.10,X is Q-R,.
Sufficiency-Let x and y be any two distinct points in X. Since
X is Q) -T,,there exists U e QO(X) such that x e Ubut not

yBy [7] theorem 5.11, X & Qcl ({y}).By theorem 6.9,
y & Qcl ({X}. Agai [7] by theorem 5.11 there exists Q-
open set V containing y which does not intersect
{x}.Therefore, X is Q -T; .

Theorem 6.12 Every ) - R, -space is Q- R,

Proof.Suppose that X is €2 - Rl and G is any

A

€D -open set in X.Let x be any point of X.Then for each y

X\G, x =Y. By hypothesis, there exists disjoint {2 -open sets
Uy and V, such that Qcl({x}) cU,and Qcl{y}) U, If

V ={V,:ye X\G}then Visa € -open set in X and hence
X\ is () -cloed set in X containing x ecause x gV, for every

y in X\G.By [7] remark 5.2, Qcl ({x}) is the smallest € -
closed set containing x.Therefore, QP < X \V G

A

Thus, X is € -R,-space.

A

Theorem 6.13.1f €2 -R, space is such that for each pair of

points x and y with Qcl({x}) = Qcl({y}) then there exists Q
-open sets U and V containing x and y respectively.

A

The next theorem states the characterization of Q-R,-
space.

Theorem 6.14 A topological space X is €2 - R if and only if
for each pair of x and y with ker, ({x}) = ker, ({y}) ,there
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exists Q-open sets U and V such that Ocl({x}) U and
QelyHeV.

A

Proof.Necessity-Suppose that X is () - Rland x and y are
any two points suchthat ker, ({X}) = ker, ({y}) .By lemma

3.4, f)cl({x}) * f)cl({y}) .By the definition of f) - Rlspace

there exists disjoint f)-open sets U and V such that
Qel({x}) cU and Qcl{y}) <V .

Sufficiency-Let x and y be any two points of X such that
f)cl({x})v&flcl({y}) By lemma 3.4, ker, ({X}) = ker, ({y})

A

.By hypothesis, there exists disjoint €2 -open sets U and V
such that Qcl({x}) U and Qcl({yP <V .

Theorem 6.15 The following statements are equivalent in a
topological space X.

i) Xis Q -T,-space.
i) Xis Q-R, and Q-T,.

iii) X is Q-R, and Q-T,.

A

proof. i) = ii) Suppose that X is € -T,-space.By remark

3.9,it is { -T;-space. Therefore,it is enough to show that €2 -
Rlspace.Let x and y are any two distinct p[oints in X such

that ﬁcl({x}) # f)cl({y}) .By theorem 4.4,
G = Qel{x) = Qel{y)) ={y} .Since X is Q -T, , there

exists disjoint €2 -open sets U and V such that Qel({x}) cu
and Qcl({y}) cV .Hence, X is €2 - R, -space.

ii) = iii) It follows from definition.

iii) = i) Suppose that X is £2- R, and Q -T,.

Let x and y be any two distinct points in X.By theorem 4.1,
Qel({x3) = Qel({y}) Since X is Q-R,

there exists disjoint (2 -open sets U and V such that
Qcl({x3) cU and Qcl({y}) =V By theorem 6.11,X is

A

Q -T.By theorem 4.4, x=Qcl({})and y=cl{y})
Therefore, () -T, axiom is satisfied and hence X is €2 -T,.

Theorem 6.16 A topological space (X, 7) is 2-R; if
and only if for each pair of points X and Y with

Qel () = Qcl ({X3), there exists two ) closed sets
P and Q suchthat XeP,y¢P and yeQ,x¢Q
and X = PUQ.
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Proof. Necessity- Suppose that (X, 7) is € -R, -space.
Let X and Y be any two points such that

Qcl () = Qcl ({X3). By hypothesis, there exists two

disjoint €2-open sets U and V  such that
Qel({F) cU and Qel({y}) V. if P=X\V

and Q=X \U, then P and Q are ) -closed sets such
that XeP,ygP and yeQ,x&Q. Since every
X € X belongs to either P or Q, X = PUQ.

Sufficiency- Let X, Y be any two points in X such that
Qel () = Qcl ({y}). By hypothesis there exists two

A

Q) closed sets P and Q such that Xe P,y &P and
yeQ,xgQ and X =PUQ. 1f U=X\Q and

A

V =X\P, then U and V are disjoint € -open sets
suchthat XU and y €V. Therefore, (X,7) is Q-
T, -space.By theorem 6.15 itis 2 - R,.

7. CONCLUSION

In this paper some properties of weaker seperation axioms for

A

Q) closed set are derived and their characterizations are
proved.
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