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ABSTRACT

Many authors have studied repairable redundant system
operating in different condition under the assumption that the
system received corrective maintenance at failure and
preventive maintenance before failure. However, little or no
attention is paid on whether the system can receive minor and
major maintenance when it is operating in a reduced capacity
state. In this study we consider a redundant air condition
cooling system consisting of main unit and a warm standby
reserved unit operating in different weather condition (High
and low temperature). Using Kolmogorov’s forward equations
method, various measures of system performance such as
Mean time to system failure (MTSF), availability, busy period
and frequency of preventive, minor and major maintenance,
profit function are obtained. Mean time to system failure,
availability and profit function are studied graphically.

Keywords

Profit analysis, MTSF, minor maintenance, major
maintenance, preventive maintenance, availability.

1. INTRODUCTION

Provision of standby unit is vital towards achieving high
reliability. System Reliability is improved through a standby
unit support which is capable of performing similar function
with the operational unit but with different degree and
desirability. Redundancy is a technique used to improve
system reliability and availability. It consists of techniques for
increasing system effectiveness through reducing failure and
maintenance cost minimization.

A large volume of literature exists in the area of reliability
theory of standby systems which deals with models of
obtaining reliability measures of the system effectiveness such
as the mean time to system failure (MTSF), availability, busy
period, profit function, expected frequency of replacement,
etc. Frenkel et al [4] deal with the study of an aging air
condition system operating at varing temperature condition
with minimal repair at failure. The system consist of main and
reserved unit, where the main air conditioner unit has levels:
perfect function, reduced capacity, complete failure due to
filter obstruction, and complete failure due to another reason.
Using Markov reward model for non homogeneous poisson
process, an optimal maintenance contract that maximizes the
expected cost is obtained. EI Demcese and Temraz [3] study
an air condition system used in hospital comprising of three
identical air conditioners in parallel with level of operation as
. peak, middle, and low. Two situations were considered
which are: (a) air conditioners failure and repair rates are time
varying and (b) air conditioners failure and repair rates are
constant. Using homogeneous and non homogeneous Markov
reward model, models for computation of availability and
reliability measures were developed.

El Said [1] deals with the cost analysis of two unit cold
standby redundant system with two types of failures and
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preventive maintenance using Kolmogorov’s forward
equations, Haggag [5] discussed the cost analysis of analysis
of a two unit cold standby redundant system under two types
of failures involving common cause failures and preventive
maintenance using kolmogorov’s forward equation method,
El -Sherbeny [2] performed comparative analysis of
availability between two different system with general repairs,
two types of failures and standby switch. Kumar and Malik
[6] deals with stochastic modeling of two identical units
computer system with priority to preventive maintenance over
software replacement. Wang et al [7] performed comparative
analysis of availability between two system with warm
standby units and different imperfect coverage. Wang et al [8]
studied cost benefit analysis of series system with cold
standby components and a repairable service station.

In the present paper, we consider a two non identical unit air
condition cooling system operating in high and low
temperature condition. The system is attended by only one
repairman.. The main unit can be in: operation with full
capacity, operation with reduced capacity and failure, while
the reserve unit can be in: operation with full capacity and
failure. While in reduced capacity states, the main unit
received minor or major maintenance depending upon its
strength in reduced capacity states. The system is analyzed
using kolmogorov’s forward equations method and
expressions for some reliability characteristics such as MTSF,
availability, busy period, frequency of preventive, minor and
major maintenance, profit function are derived. Numerical
results are obtained to depicts the graphical behavior of
MTSF, availability and profit of the system model.

2. NOTATIONS

|\/|O : Main unit operating in full capacity

M ¢ - Main unit operating in reduced capacity
M, : Main unit under preventive maintenance
M ¢ : Failure of main unit

R, : Reserve unit in operation

R : Reserve unit in standby

Rp,, - Reserve unit under preventive maintenance
R : Failure of reserve unit

[ Constant rate of taking the unit into preventive
maintenance

ﬂlz Constant rate of the main unit going into reduced
capacity while reserved unit is in standby

ﬁzz Constant rate of the main unit going into reduced
capacity while reserved unit is in operation
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3, : Failure rate of the reserved unit in standby
[, : Failure rate of the main unit

s : Failure of reserved unit in operation
« : Constant rate end of preventive maintenance

a, : Minor maintenance rate of the main unit
Q, : Major maintenance rate of the main unit
Q. repair rate of reserved unit in standby
«, - repair rate of main unit

Qs - repair rate of the reserved unit in operation

3. SYSTEM
ASSUMPTIONS

3.1 Assumptions

1. The system consists of two non identical units: Main and
Reserve unit.

2. Reserve unit is a warm standby unit

3. The system is attended by one repairman

4. Repair of the failed unit has priority over minor and major
maintenance.

5. System failed when the units have failed

6. In high temperature condition, the main unit will be in
operational while the reserve unit will be on standby (warm)
7. As transition from high temperature condition to low
temperature, the main will work in reduced capacity because
of the usage while the reserve is either on standby or in
operation depending upon the strength of the main unit

DESCRIPTION  AND

3.2 States Of The System
SO(MO’RS)’ Sl(MriRs)y

SZ(Mr'RO)’S3(Mr'RF)vSA(MF1Ro)y
SS(MF’RF)vSe(MPm,RPm)

—(a, +,)

Up States:
[—(B+ B +B,) a, a, 0
B, —(a, + B,) 0 a,
B, 0 —(a, +B,) 0
A = 0 B, 0
0 0 B, 0
0 0 0 B,
L p 0 0 0

It is difficult to evaluate the transient solutions hence we
delete the rows and columns of absorbing state of matrix

Aland take the transpose to produce a new matrix, say Q .

Following[1,2] the expected time to reach an absorbing state
is obtained from:
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S, (M.Rs) S,(M, R) .S, (M, Ry).
S,(M,,R,) 5,(M,,Ry) . 54(Myy Ry)
Down State: S;(M;,R;)

4. MEAN TIME TO SYSTEM FAILURE

From Fig. 1 let P, (t) be the probability that the system is in

state S; at time t>0. Let P(t) be the probability row

vector at time t. We have the following initial condition:

P(0) =[R,(0), R(0), P, (0), ;(0), P, (0), 5 (0), R ()]

=[10,0,0,0,0,0]

We obtain the following differential equations from Fig. 1.
dF()[j]t(t) = —(ﬂ"'ﬂl +ﬂ2)PO(t) +a1Pl(t) +0(2P2(t) +0!P6(t)
dP,(t
% =—(oq + B)R () + AR, () + ;R (1)
chzit(t) =—(a, + B,)P,(t) + B,P, (t) + o, P, (t)
dP,(t
% =—(ay + B,)R, (1) + BP (1) + o, Ry (1)
dp(;t(t) =—(a, + B)P,(t) + B,P,(t) + o P. (t)
dP, (t

;t( ) _ —(at, + )P (1) + B, P, (t) + AP, (1)
dP, (t
gt( )_ —aP,(t)+ AP, (1) )

The differential equations above can be transform to matrix

form as P =AP

where

0 0 a |
0 0 0
a, 0 0
0 a, 0

—(a, + f,) a, 0
B —(a, +a,) 0
0 0 - |
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1 7_(/3 + ﬂl + ﬂz) ﬂl ﬂz 0 0 ﬂ

1 a (o, +8) 0 By 0 0

. Q- a, 0 —(a2 + ﬁ4) 0 B, 0

) N 0 a 0 —(a,+ ) 0 0

MTSE=PO)(-QY| |=5 @ 0 s W
! a 0 0 0 -
l J

1

o 5. AVAILABILITY ANALYSIS

N. = Using the same initial conditions
L=

P(0) =[P, (0), R (0), R, (0),R,(0),P,(0),R,(0),P, (0
(0,050, + 04058, Bs + 0,0 s + 0,0, B35, + (0)=[R(0),R.(0),R,(0). R (0).R:(0). R (0). R (0)]

040,00, B, + 00, B, s + 4 B Bs + Pof52 s + 0o o 34 s ) = [1. 0,0,0,0,0, 0]

aﬂl (a2a3a4 +a, ﬂ4 ﬂs +a,a, 185 +a,a, ,34 +a, ,34 ,35 + ]Blj%iyfqtential equations in (1) above can be expressed as
af, (o, + oo By + aua, By + o, By + B, s +

B B.55) + o fy(a, + B S5 + o f55) + aff (e +

a By + B By) + By, + oo, B, Bs + vy 5 +

0, B, + a0, By + 4,0, B, By + 04 B By + o5 s

+a, 38, Bs)
D, = af(qo B, Bs + ayc, B s+ BB Bs + BB Bals
+c4 B Ba Bs + B2 BsBaBs)

where

P,

51 [-B+B+5) o a, 0 0 0 a|[R]
1

. B a3+ By) 0 a 0 0 0|R
P, 5, 0 ~(a, + B,) 0 a, 0P
P|= 0 B, 0 Aw+p) O a, 0P

F.' 0 0 B, 0 (o, + fs) 24} 0 ||PR
.4 0 0 0 ﬁA ﬂs _(O‘A + 0!5) 0 Ps

Bl p 0 0 0 0 0 -a|| R |

The system availability can be obtained from the solutions
for P(t), 1=0,12,...,6. The states 0,1,2,3 4 and 6 in

Fig. 1 are the only working states of the system.
The steady-state availability is given by

A(e0) = Ry (o0) + R (0) + P, (0) + Py (0) + P, (0) + F; (0) ©)

In the steady state, the derivatives of the state probabilities
become zero so that

AP =0 (4)

which in matrix
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__(ﬂ + ﬁl + 182) a o, 0 0 0 o [ P0 1 o]
ﬁl _(aa +183) 0 a, 0 0 0 |Z>1 0
5, 0 —(a, + ;) 0 a, 0 0|P 0
0 By 0 —(az+ ;) 0 a, 0|PRl|=l0
0 0 B, 0 —(a,+f)  as 0 ||Ps 8
0 0 0 VA Bs ~(a,+o5) 0 25 0
i g 0 0 0 0 0 —a|l’6] -
Using the following normalizing condition:
P, () + P, (o) + P, () + P, () + P, (0) + P, () + P, () =1(5)
Substituting (5) in (4) we have the following:
__(ﬂ+ﬂ1 +5) o a, 0 a__Po_ 0]
131 —(0(3 + ﬁs) 0 a3 0 Pl 0
i 0 —(a, + 5,) 0 a, 0| R 0
0 ,Ba 0 —(013 + ﬁA) 0 a, 0 P3 =0
0 0 ﬂ4 0 —(O.’4 + ﬂ5) a5 0 PA 0
0 0 B B ~a,tas) O|| R 0
| 1 1 1 1 1 1R |1}

We solve for the system linear of equations in the matrix above
to obtain the steady-state probabilities

P, (02), P (20), P, (52), P, (), P, (), Py ()

The steady-state availability is given by :

A(o0) = %
2

N, = arar, (o406 B, s + 00,00 s + 00, 00301, + 040, 00300 +

on, By s + e, B B,) + aoy (o0, B + a0 5 +

0 B, 55 + a5 B By + 4 BB Ps + o B, B s ) + aa, (s B, B

+a 00 5, + a004, B, + a0 B, iy + 0t B By By +

a5, B,) + aa, (e B B, s + 0, B, B; + ay 0t B By +

%L P Ps + BB BB + B BB fBs) + B, (vt B, By +

0,0,y + 40,0 By + 0 BBy + s B By By + o B, ) +

o, By fs + 0a0,0, 55 + o, a0, + o, 006 +

0,05 8, + 0553 ,)

D, = ap, By B3 Bs + 00,0, B, Ba s + act,0,05 B, By + ctt, 00 B, o

+aif3, s 53 Ps + s B o B + s By BB +

aa, s By s + 0, B3 Ba s + B, B3 Pu Bs + a0 B3 s +

o0, BB By + ac, o 5, By By + 00,005 3 5, 5 +

aa,0,0s B, By + ac, o b Py fy + ac,o 5 By iy + aoa, 5, By s +

aa0, s + 0,00, B s + ac,au0 B +

ao,o0,05 ) + ey, f, P B+ aowena, B s + aonan B, B S5 +

a0, 3, B + aca,as B, B + aca,a, B, fs +
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aa o0,y +00u0,060, fs + 0,0,050, f + a0 By +
0, 0,0,0. B+ aa,o,a,0. 3, + aa,o,oL0; +

aa,a, 001,05 + 004 B, B s + 0040 B, By + a0, B, By s +
a0 0,0,06 5, + 0u0,0,05 5, B + aeq0,06 B, B,

6. BUSY PERIOD ANALYSIS OF REPAIRMAN

Using the same initial conditions as for the reliability case:
P(0)=[R,(0).R(0).P;(0).R(0).P.(0). R (0). R (0)]
=[1,0,0,0,0,0,0]

Let B(oo) be the probability that the repairman is busy in conducting

corrective maintenance. In the steady state, the derivatives of the state
probabilities become zero this will enable us to compute steady state busy:

B() = P, () + P, () + P, () [N)— ©

Ny = aa, (o, 8,8, s + y0 B, By + 0y05 B, By + 00, B, Bo Bs +

BB PP + B Ba By Bs) + ey (s B, By + oz, B, +

30 By + 0 By + o BB By + s B, B By) + o, (s By B +
o Bis + 0, B, 35 + 0, B By Bs + Bo B B Bs + BB B s

7. EXPECTED FREQUECY OF MINOR MAINTENANCE

Using the same initial conditions as for the reliability case:

P(©0) =[P, (0),R(0),R,(0),R,(0),P,(0),R, (0), R, (0)]
=[1,0,0,0,0,0,0]

Let M (oo) be the probability that the repairman is busy in conducting minor

Maintenance to the main unit working in reduced capacity
In the steady state, the derivatives of the state probabilities become
zero this will enable us to compute steady state minor maintenance:

M (o0) = Pl(oo)=% 0

2
N, = ao,(e,a,0, B, + o 0008, + o008, B +

05 BB, + BB fs + 4 By B s )

8. EXPECTED FREQUENCY OF MAJOR MAINTENNCE

Using the same initial conditions as for the reliability case:

P0) =R (0).R(0),R,(0).R(0).R.(0),R(0),R (0)]
=[1,0,0,0,0,0,0]

In the steady state, the derivatives of the state probabilities become zero
this will enable us to compute steady state major maintenance:

K () = P, () = [N)— ®

)
Ny = aa, (o, B, 5 + oo B, + o, 3, +

a5y B, + s By o By + s B s By)
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9. EXPECTED FREQUENCY OF
PREVENTIVE MAINTENANCE

Following [1,2,3], in the steady state the derivatives of state
probabilities become zero so that enables us to compute

P, (o0) . We solve the system of linear equations in (4)

using normalizing condition in (3). The expected frequency
of preventive maintenance is:

N
PF (0) = P,(e0) = 36 ©)

2
Ng = ayBloqazfipis + qaazfis + mapazay +

agazag +01anasfiy + aposfafy)

10. PROFIT ANALYSIS

The units are subjected to corrective maintenance and
preventive maintenance as can be observed in state 1,2,3,4
and 6from Fig. 1 the repairman performed

preventive maintenance action to the units before failure in
state 7 and performed corrective maintenance to failed units

in state 2,34,56. LetC,, C,,C,,C, and C, be the

revenue generated when the system is in working state and no
income when in failed state, cost of each repair (corrective
maintenance), minor maintenance, major maintenance and
overhaul (preventive maintenance)

PF = CyAV () — C;B() — CyM (0) — CgK () — C 4 F (0)
(10)

10.1 PARTICULAR EXAMPLE
Case I:

a, =07, 1

a, =—a
2 1
2

a,=04,0,=07,0,=18,
p=2,3=02p06=09, 5 =15 a=2,

C,=4,C, =3C,=25C,=27C, =22,

And vary f3, we plots Fig. 2 - 4
Case Il

a, =07, «a, =%a1,a4 =0.7,0,=18 B, =2,
p,=02,5=09, B,=07 5 =15a=p4,

C,=4,C, =3C,=25C,=27C, =22,

and vary ¢, we plots Fig.5-7
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11. CONCLUSION

In this study, we developed the explicit expressions for
MTSF, system availability, busy period, frequency of minor,
major, preventive maintenance and profit function for the
system. For the study of system behavior, we plot graphs in
Fig. 2 - 4 for MTSF, system availability and profit function

with respect to /3, and Fig. 5- 7 with respect to @, .From
Fig. 2 — 4, it is clear that MTSF, availability and profit
decreases with increase in the value of /3, . Similarly, from
Fig. 5 - 7 it is clear that MTSF, availability and profit
increases with increase in the value of ¢, .From the

simulations, it is clear that measures of effectiveness like
MTSF, availability and profit increases more with respect

toa, . Hence it is vital to give preference to main unit over

reserve unit in terms of repair and other maintenance action
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