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ABSTRACT

In this work we propose to study the simple case of a
laminated plate, orthotropic, semi-infinite, composed of four
layers same thicknesses. The validation of these results are
obtained by comparing the values of the arrow and the
constraints resulting from numerical calculations by the finite
element method in the case of the plane deformations with
those obtained by the various theories of the plates. The
results obtained are validated starting from the three-
dimensional solution and by comparison with the other
theoretical models.The evaluation of the errors is made by
regarding the results by finite elements as reference. To make
a comparison between different models of plates and the
results of reference obtained by the finite element method, we
had presented the results as a summary table and curves.. We
noted that the trigonometric model estimates stresses of shear
at best. Indeed, the effects edges (Free, embedded or in simple
supports) are well described by the trigonometric model.
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1. INTRODUCTION

Today, laminated composites are increasingly involved in
high-performance applications, particularly in vital parts for
the aeronautical industry. Thin structures made of composite
laminates are increasingly used in the manufacture of
structural components. The enhanced strength to weight ratio
makes composites especially attractive for aerospace
applications. There is always demand to maximize the
payload. All the problems posed in this context are
constrained approximation problems with constraints on
maximum transverse deflection, buckling load, failure load,
natural frequency etc.

It is imperative to estimate the constraint quantities accurately
for an acceptable optimal design. The design of laminated
composite based components requires a detailed analysis of
the response of the structure when subjected to external loads.

For the analysis of laminated composite, we have been
proposed several plate theories in the literature [1, 8, 10, 12,
13, 14, 15, 22]. Generally, these plate theories are used to
obtain certain global response quantities like the buckling
load. However, the use of these theories to obtain local
response quantities, i.e. point-wise stresses; interlaminar
stresses and strains, can lead to significant errors.

In this work we study the case of the laminated plates and we
analyze the evolution of the constraints in their elementary
layers.We pay an attention particular to their behavior with
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the interface of the layers and the effects edges. (Kirchhoff,
Reissner) [3, 11, 19] and we introduce a goniometrical
function into the field of displacements in order to take into
account the effects of shearing and to describe the effects
edges.The results obtained are validated starting from the
three-dimensional solution and by comparison to other
theoretical models [17, 18, 19]. We are studying the global
behavior of laminate by adapting the conventional tools of
calculations of the structures to the elastic behaviour of
composite structures Particularly, we are interested in one of
current problem of the multi-layer laminated composites
which is the analysis of the distribution of the stress fields in
the vicinities of the edges and in the interfaces of the layers
which exploit a paramount role the mechanical resistance of
the laminatesFor the prediction of the mechanical behavior of
each layer constituting the laminate.

2. FRAMEWORK THEORETICAL OF
LAMINATED

Generally, the properties of a laminate (fig. 1) depend on the
nature of the constituents of basic, the orientation of fibers
and the stack of layers. Each interface is determined to
separate two layers of reinforcement and different directions.
However, the classical theory of plates which is generally
used to investigate this type of structures is poorly suited,
when it comes to highlight effects in game at the interfaces of
the layers and explain the process of transfer of loads.

We note that the different models of the theory of plates can
be obtained by using a limited development of the
displacement field in any point of the domain occupied by the
plate:

UM)=(U;) = U (Mg,)) + > xduP (Mg, 1)) @
i=1,2,3etj=1,2,3,4,..n

Mo(X1, X2, 0) is the projection of the point M in the average
plan (O X3 Xy).

In the classical theory of Kirchhoff-Love [2, 3], the distorted
A'B' a segment of the normal to the average plan (0x;x, ) and
a normal line segment to the deformation of the average plan
(Fig. 2a). First improvement consists in modifying this theory
by introducing the effects of transverse shearing, as in the
natural theory of Reissner Mindlin [2, 5, 7, 11, 20 ]. In cases
where the scheme of the first degree would be insufficient, it
becomes necessary to proceed to the second-order or even in
the third order. This is the case theory of the third order
developed by Reddy [3, 4, 6, 9, 10, 16, 21, 23] in which the
displacement field takes into consideration the warping of the
transverse segment during deformation of the plate (Fig. 2c).
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Fig 2: Different types of deformation scheme; (a) Kirchhoff scheme; (b) Reissner scheme; (c) scheme theory refined with
consideration of warping.

3. PROPOSED MODEL

We propose to introduce a function g (x) the displacement
field, to take into account the effects of shear. By writing the
displacement field as:

Us (X1, Xp, Xg) = Vi (X, Xp) = Xg —+
i

9(X)7i (%, %) (2.a)
Ug (X, %) =W(X, X,) 1=1,2 (2.b)

o
=—+6, (X,%,)ed
@( i (1 2)

h h
d Xe|——,+—=|=1
an 3€|: > 2} h

v; means the displacement of membrane, w the arrow and ;
shear of deformation in the direction i taking into account the
potential biases of normal during the deformation of the plate.

where, 7,

The proposed model has the advantage of grouping the
different types of plates under a single write. Thus, we find
the model Kirchhoff-Love for g(x3) = 0, that of Reissner-
Mindlin  for g(x3) = X3 and Reddy for

9(X3) = X5 (1—4x2 /3h?).

then we give a sinusoidal function g(x3) a f sinusoidal

form: g(x;) = gsin(%) [4]

4. THE BEHAVIOR OF LAW
Using the law of elastic behavior 0 =Cyné i, j, k,h=1,2,3
and, applying the principle of virtual power and all the

boundary conditions of the borders, we obtain relations efforts
that are  written in  the  generalized  form:

W = &
Aukh Dijin K, ——* Djn 0,3(_: (3.2)
2

M;; = Dijon =~ d/k —Bijh ——— ow + By —— P (30)

28 Ky Ky, 28

~ ~ A&, N ~ oy
M;; = Dijn ;h — By PN + Bijun g: 3.0
Q= }5‘3]_37]_ ijkh=1 2 3.d)
Mij = Lh X3O'ijdX3, Mij = .Lh g(Xs)GijdXS (3.€)

and 6i3 = th 9'(X3)030%,




(Bijkh 'bijkh J éijkh) (3.)
= f. Cijin (X3 X39(%s) , (9(X5))?)dX

(Dijr » ISijkh) = Lh Ciljkh (X3, 9(%3))dx% (3.9)

and (A 'Z\isjs) :Lh (Ciljkh ,Ci3j3(g'(x3))2)dx3 (3.h)

- Njj, M;; are respectively the efforts of the membrane and the
moments of the classical theory of plates (Kirchhoff-Love and
Reissner) and w,;, Q, are the moments and shear forces of the

theory refined to a function with the polynomial associated
with a degree greater than one.

5. EQUILIBRIUM EQUATIONS
By neglecting the effects of membrane (V; =0), the
equilibrium of equations are general form as follows:

4 3
— Bijin oW + By ay +0;=0 (42)
Aw = Py =
by — B ST Ay -0  (4b)
Xk Kk, Ao

The natural boundary conditions are written in their
generalized form:
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o dVIij
E(Mijnimj)+7nj :T3, N,JnJ :Ti‘

T; efforts are the lineiques.on the edges of the plate, n; and m;
are respectively the components of the vectors tangent and
normal to the contour of the plate and My C; are the moments
lineiques.

6. APPLICATIONS

We propose to study the simple case of a plate laminated
orthotropic semi-infinite, consisting of four layers of the same
thicknesses oriented (90 °/ 0 °/ 0 °/ 90 °), built on the side
x;= 0, free on the end x; =L and supporting a transverse load
(q = 10* Pa) uniformly distributed over the upper surface (Fig.
4). The validation of these results is obtained by comparing
the values of the arrow and constraints from numerical
calculations by the finite element method in the case of plane
strain to those obtained by the different theories of plates. The
error evaluation is made by considering the finite element
results as a reference. The finite element mesh (Fig. 4.c),
based on the choice of eight-node quadrilateral elements, is
carried out in the cross section (X4, X,).
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Fig 3: (a) Schematic of the laminate studied, (b) Useful section of the plate, (c) Finite element mesh. Geometrical parameters:
L =7.57 m, h/L = 0.37, hy = h, = h; = h,. Mechanical parameters (unit GPa) E, =242, E+ =19, G +=5.2, G+ =3.5,0.1=0.24
and U= 0.25.

To make a comparison between the different models of plates
and the reference results obtained by the finite element
method, we have presented results as a summary table and
curves. Table | shows the main results for the numerical
values maximum of the arrow and constraints rescaled using
the following relations: & (x,,X3) = oy (X, X3) /q and

W(X,, X3) =100.W(X;, X3) /h where q is the uniformly
distributed load.

We note that the effects of shear are very important and can’t
be neglected in the vicinities of the edges. On the other hand,
if the constraints oy; from the theory of Kirchhoff-Love
remains an acceptable approximation, the arrow w due to
shear is such that these values should be taken with caution
when it comes to estimating the arrow at the free edge.

Table 1. Maximum values rescaled “displacement and
stress
w104 | Guh,h/4) | Gi4(h,0)

Kirchhoff Love 0.851 33.99

Reissner 1.389 33.99 3.47
Reddy 1.596 31.99 3.96
Sinus 1.634 32.29 4.47
F.EM 1.677 32.99 4.88
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Fig 4: a. Evolution of the arrow of the average plan
laminate.

b. constraints 6,;(h, X3) in function of x5, (Unit : [Pa])
c. constraints o1;(L-h, x3) in function of x5; (Unit : [Pa]),
d. constraints 63(h, X3) in function of x;, (Unit : [Pa])
e. constraints ¢13(L-h, x3) in function of x,(Unit : [Pa]).




7. CONCLUSION

In this study the results obtained are validated starting from
the three-dimensional solution and by comparison with the
other ideal models. The validation of these results is obtained
by comparing the values of the arrow and constraints from
numerical calculations by the finite element method in the
case of plane strain to those obtained by the different theories
of the plates. While referring to the three-dimensional
solution, we note that the trigonometric model estimates
stresses of shear at best. Indeed, the effects edges (Free,
embedded or in simple supports) are well described by the
trigonometric model.

The results obtained shows that the trigonometric model can
be a very economic modeling tool in the case of thick plates,
used in civil engineering.
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