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ABSTRACT:  
Every graph has one or more diametral paths. A diametral 
path of a graph is a shortest path whose length is equal to the 
diameter of the graph. Let  be a diametral vertex. There 

may be one or more diametral paths originating from . We 

want to find all the diametral paths, originating from . The 

total number of diametral paths reachable from a vertex  is 

called the Diametral Reachable Index of that vertex, denoted 
.  For any vertex , the , if there are no 

diametral paths reachable from , else we write , 

where  is the total number of diametral paths reachable from 

vertex . An algorithm is developed to find DRI of each vertex 

of a graph, by modifying the DFS algorithm. 

Keywords: DRI, diametral paths, diametral reachable 

index, diametral vertex. 

 

1. INTRODUCTION 

1.1 Graph Terminologies: 
In this section the required basic definitions are given [1, 

2, 3, 4, and 5]. 

1.1.1 Graph: A graph  is an ordered pair of 

sets. Elements of  are called vertices or nodes, and elements 

of  are called edges or lines. We refer to  as the 

vertex set of , with  being the edge set.  

 

1.1.2 Walks, trails, paths, and connected graphs: 
If  and  are two vertices in a graph , a  walk is an 

alternating sequence of vertices and edges starting with  and 

ending at . Consecutive vertices and edges are incident. For 

the graph in Figure 1, an example of a walk is an  walk: 

 In other words, we start at vertex  and travel to 

vertex . From , we go to  and then back to  again. Then 

we end our journey at . Notice that consecutive vertices in a 

walk are adjacent to each other. One can think of vertices as 
destinations and edges as footpaths, say. We are allowed to 
have repeated vertices and edges in a walk. The number of 
edges in a walk is called its length. For instance, the walk 

 has length . 

A trail is a walk with no repeating edges. For example, the 
 walk  in Figure 1 is a trail. It does not 

contain any repeated edges, but it contains one repeated 
vertex, i.e. . Nothing in the definition of a trail restricts a trail 

from having repeated vertices. Where the start and end 
vertices of a trail are the same, we say that the trail is a circuit, 

otherwise known as a closed trail. Thus the walk  is a 

circuit. A walk with no repeating vertices is called a path. 
Without any repeating vertices, a path cannot have repeating 
edges; hence a path is also a trail. A path whose start and end 
vertices are the same is called a cycle. For example, the walk 

 in Figure is a path and a cycle.  

A graph is said to be connected if for every pair of distinct 
vertices  there is a u-v path joining them. A graph that is 

not connected is referred to as disconnected. The empty graph 
is disconnected and so is any non-empty graph with an 

isolated vertex. 
A geodesic path or shortest path between two distinct vertices 

,  of a graph is a  path of minimum length. A non-

empty graph may have several shortest paths between some 
distinct pair of vertices. For the graph in Figure 1, both  

and  are geodesic paths between  and . 

1.1.3 Distance in graphs: 
The distance  between two (not necessary 

distinct) vertices  and  in a graph  is the length of a 

shortest path between them. The subscript  is usually 

dropped when there is no danger of confusion. When  and  

are identical, their distance is . When  and  are 

unreachable from each other, their distance is defined to be 
infinity . The eccentricity  of a vertex  in a graph  is 

the maximum distance from  to any other vertex. 

. 

 

Figure 1: Walking along a graph. 

 

http://wapedia.mobi/en/Distance_(graph_theory)
http://wapedia.mobi/en/Infinity
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The diameter  of a graph  is the maximum 

eccentricity over all vertices in a graph; and the radius , 

the minimum. When there are two components in ,  

and  defined to be infinity . Trivially, 

. Vertices with maximum eccentricity are called 

peripheral vertices. Vertices of minimum eccentricity form the 

center. A tree has at most two center vertices. 

The vertices whose value is equal to maximum eccentricity are 

called diametral vertices. The paths originating from diametral 

vertices, whose length is equal to diameter are called 

diametral paths. 

 

2. DIAMETRAL REACHABLE INDEX 

(DRI) OF A VERTEX: 

Every graph has one or more diametral path/s. A diametral 

path (DP) of a graph is a shortest path whose length is equal to 

the diameter of the graph. 

 

Let  be a diametral vertex. There may be one or more 

diametral paths originating from . We want to find all the 

diametral paths, originating from . The total number of 

diametral paths reachable from a vertex  is called the 

Diametral Reachable Index of that vertex, denoted .  

For any vertex , the , if there are no diametral 

paths reachable from , else we write , where  is 

the total number of diametral paths reachable from vertex . In 

other words, the DRI of each vertex gives the maximum 

number of diametral paths reachable from that  vertex.  

Example 1: The diameter of the graph in fig. 3(a) is 2. The 

diametral reachable index of each vertex is given in fig 3.(b).  

Example 2: The diameter of the graph in fig. 4(a) is 3. The 

diametral reachable index of each vertex is given in fig 4.(b).  

3. DRI OF A VERTEX FOR SOME BASIC 

CLASSES OF GRAPHS: 
3.1 Complete Graph:  
 Let  be a complete graph then for all 

.  All the edges of a complete graph are diametral paths. The 

degree of each vertex is . Therefore there are  

diametral paths reachable from each vertex. Removal of an 
edge  from the given complete graph increases the 

diameter by  and  and for all the 

other vertices .  The example can be seen in figure 5. 

1 
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4 5 

6 7 8 9 

Figure 4 (a) 
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Figure 5(a) :  

Figure 5: (a) DRI of vertices of a complete graph (b) 

DRI of vertices of  

Figure 5(b) :  

a      

(4) 

 b (3)  d (2)  h (3) 

 c (3) 

 e (3) 

 F     (3)  g (2)  i (4) 

Fig 2: A graph and its eccentricities. 

http://wapedia.mobi/en/Diameter_(graph_theory)
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3.2 Paths: 

For any graph which is a path, DRI for end vertices will be 

equal to  and for other vertices on the path the DRI is equal 

to .  

The path itself is the only diametral path, and there are no 

other diametral paths reachable from any vertex of the path, 

except the end vertices of the path. Therefore, it can be 

represented collectively as 

 . 

Example: For  

3.3 Star Graphs: 

Let  be a star graph with  spokes ( vertices), then 

DRI for each spoke equals  and the central vertex has 

. Therefore we can write it 

.  Example is in figure 7. 

3.4 Caterpillar: 

For any caterpillar, the diametral path consists of the end 

vertices that have the maximum eccentricity. Using such 

vertices we can directly find out the DRI of vertices by using a 

simple algorithm.  

Example: Figure 8. 

The algorithm is based on the observation that the end vertices 

can be divided into two sets based on there adjacency. That is, 

one set of the eccentric vertices will be adjacent to a common 

vertex  and the other set to another vertex . 

and  

. 

 

i. Find the eccentric vertices of the caterpillar and add 

to the set .  

ii. Find  and  vertices and their degree 

For each eccentric vertex of  find the adjacent 

vertex  

{ 

 If  is adjacent to  then 

 { 

  Add  to the set  

degree [ ] ++; 

 } 

 If  is adjacent to  then 

 { 

  Add  to the set  

  degree [ ] ++; 

} 

} 

iii. For each vertex of the set  assign 

. 

iv. For each vertex of the ser  assign 

. 

3.5 Cycles: 
For any cycle , the DRI of each vertex is 2. For cycles the 

diametral path is . From every vertex there will be two 

diametral paths. 
Example: 

3.6 Petersen Graph: 

For Petersen graph DRI of Each vertex is 6. 

Example: figure 10.  

 
Figure 10: DRI of vertices of Petersen Graph. 
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Figure 9: DRI of vertices of cycle . 
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Figure 8: DRI of vertices of a caterpillar. 
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Figure 7: DRI of vertices of a star graph with k=6. 
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Figure 6: DRI of vertices of a path graph   
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4.  ALGORITHM TO FIND DIAMETRAL 

REACHABLE INDEX (DRI) OF A 

VERTEX: 
Floyd’s , all pair shortest path algorithm [6] can be used to get 

the distance matrix in   time. The distance matrix is 
needed to find the set of all diametral vertices for the set DV, 
from which the diametral paths are reachable. For such 

vertices we can find the DRI. For all other vertices, than the 
diametral vertices the DRI is equal to . 

The following steps give details of finding diameter, diametral 
vertices and DRI of each vertex. 
1.  Find the diameter using the distance matrix. This can be 

done in  time. 

length=dm[1][1]; 

for i=1 to n 

{ 

 for j=1 to n 

 { 

  if(dm[i][j]>length) 

   length=dm[i][j]; 

 } 

}  

diameter=length; 

2.  Find the set of diametral vertices and add to the set . 

Initially . This can be done in  time. 

 

for i=1 to n 

{ 

 for j=1 to n 

 { 

  if(dm[i][j]=diameter) 

    

 } 

}  

3. For each diametral vertex  find all the diametral paths. 

For each path increment the variable , which 

finally gives the DRI of each vertex. For the vertices which are 

not diametral the DRI remains zero. 

The algorithm is based on the depth first search method [7]. 

The DFS recursive algorithm is modified to get the DRI. The 

DFS algorithm is given below:[3]. 

Void DFS(int v) 

{ 

 u=adjacent(v); 

 while(u) 

{ 

  If(u is not reached) 

   DFS(u); 

  u=nextadjacent(v); 

 } 

} 

The modified DFS algorithm is repeated times.  is the 

number of diametral vertices, i.e.  . The algorithm 

takes  of time. When all the vertices are diametral 

vertices, i.e., , then the algorithm takes   of time.  

// Length – storing the length of the diametral path. Initially 

//Length= 0 

// dv – diametral vertex 

// DV- the set of diametral vertices 

// u and v are the vertices 

// t[dv]- total number of diametral paths from vertex dv 

// adjacentvertex (v)- finds the adjacent vertex of v 

// nextadjacentvertex (v)- finds the next adjacent vertex of v, // 

which is not already found. 

Length=0; 

for each  

{ 

 Find_diam_paths (dv); 

} 

 

void Find_diam_paths (v) 

{ 

       u=adjacentvertex (v); 

while (u) 

 { 

  if ( u is not already reached) 

  { 

   Length++; 

   if ( ) 

   { 

   If( )  

    { 

     t [dv]++; 

     Length - -; 

    } 

    else 

{ 

     Length - -; 

     goto  a; 

    } 

   } 

   else 

   { 

    Find_diam_paths(u); 

   } 

   a: 

   u= nextadjacentvertex (v); 

   if( ) 
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   { 

    Length - -; 

   } 

   if ( ) 

   { 

    Length =0; 

   } 

  } 

} 

}  

5. CONCLUSION 
Floyd’s, all pair shortest path algorithm is used to get the 

distance matrix in   time. The algorithm to find DRI of a 

vertex takes   of time. We can also use Dijkstra’s single 

source shortest path algorithm [8] to find the distance matrix. 
In this case Dijkstra’s algorithm has to be repeated n times. 

The complexity remains the same i.e. . The complexity 

of this method can be further reduced by using other data 
structures like adjacency list, heaps, queues [2, 9, and 10]. 
A lot of theoretical work can be undertaken with respect to 
DRI. Certain class of graphs can be characterised through the 
DRI sequences. For example the DRI sequences 

,  characterize paths and cycles 

respectively. 
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