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ABSTRACT

An attempt has been made to develop a cost-benefit analysis
for a system of two identical units with parallel redundancy.
Each unit has direct complete failure from normal operative
mode. The system is considered in up-state if at least one unit
is operative. There is a single server who takes some time to
arrive at the system for doing repair activities. If server unable
to repair the failed unit in a pre specific time (called
maximum repair time), the unit is replaced by new one with
some replacement time. The failure time of the unit and
maximum repair time taken by the server are exponentially
distributed while the distributions of arrival time of the server,
repair and replacement of the unit are taken as arbitrary with
different probability density functions. The expressions for
various parameters of vital significance have been derived
using semi-Markov process and regenerative point technique.
The graphical study of the results obtained for a particular
case has also been made.
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1. INTRODUCTION

It is a common knowledge that redundancy can be used to
improve the reliability of a system without changing the
reliability of the individual unit that forms the system.
Standby systems often find applications in various industrial
and other areas. Therefore, systems with cold standby
redundancy have widely been studied by many authors
including Gopalan and Naidu[2] and Singh[3]. Whenever, the
introduction of standby redundancy is not possible, it is
desirable to introduce parallel redundancy in order to achieve
better reliability. Nakagawa and Osaki[1] discussed a two-unit
parallel redundant system with repair maintenance. In most of
these studies, it is assumed that repair facility becomes
available immediately as and when required. But, in practice,
this assumption is not always true may because of the pre
occupations of the repair facility and in such a situation
service facility may take some time to arrive at the system.
Chander [5] has suggested reliability models of a standby
system with arrival time of the server.

Furthermore, reliability and performance of the system can be
increased by making replacement of the failed components (or
units) by new one in case repair of these is not possible in a
pre-specific time. Singh and Agrafoitis [4] have analyzed a

Gitanjali
Department of Applied Sciences, HMRITM
College, GGSIPU (India)

two-unit cold standby system subject to maximum operation
and repair times. Recently, Kumar and Malik [6] have
proposed a reliability model of a computer system with the
concepts of maximum operation and repair times. It is also
pointed out here that the work on parallel system considering
arrival time of the server and maximum repair time has not
been reported so far in the literature of reliability.

In view of the above circumstances and facts, this paper has
been designed with an object to carry out cost-benefit analysis
of a system of two identical units with parallel redundancy.
Each unit has two modes- operative and complete failure. The
system is considered in up-state if at least one unit is
operative. There is a single server who takes some time to
arrive at the system for doing repair activities. If server unable
to repair the failed unit in a pre specific time (called
maximum repair time), the unit is replaced by new one with
some replacement time. The random variables are
uncorrelated and statistically independent. The failure time of
the unit and maximum repair time taken by the server are
exponentially distributed while the distributions of arrival
time of the server, repair and replacement of the unit are taken
as arbitrary with different probability density functions. The
expressions for various parameters of vital significance have
been derived using semi-Markov process and regenerative
point technique. The unit works as new after repair. The
switch devices are perfect and switch over is instantaneous.
Numerical results pertaining to the case when arrival, repair
and replacement times are exponentially distributed have been
obtained to depict the graphical behavior of MTSF,
availability and profit with respect to the replacement rate.
The applications of the present study can be visualized in h/w
and s/w industries.

2. NOTATIONS

E Set of regenerative states

a : Unit is operative
&g : Maximum constant rate of repair time
A : Constant failure rate of the unit
FlefF(E) pdf / cdf of the replacement time of the
unit
gl faie) pdf / cdf of the repair time of the unit
wit) fWi(t) pdf / cdf of the waiting time of the server

for repairing of the unit

39



FU./ FUg Unit is failed and under repair / under

repair continuously from previous state

FW. [ FWg Unit is failed and waiting for repair /
waiting for repair continuously from

previous state

FURy/ FUHp . Unit is failed and under replacement /
under replacement continuously from
previous state

Contribution to mean sojourn time in
state S§; € E and non-regenerative state
if occurs before transition to 5; € E.

Mathematically, it can be written as

my = f;t d(ql-j-[rj] = —fi‘u"{D]

i : The mean sojourn time in state 5; which
is given by
w;=E(T = _I';P[T =t dt = Ej-ml-j-,
where T denotes the time to system
failure.
~ e . Symbol for Laplace Stieltjes transform /
Laplace transform

[5] /o : Symbols for Stieltjes convolution /
Laplace convolution.

" (desh) : Symbol for derivative of the function

The possible transitions between states along with
transitions rates for the system model are shown in figure
1.The states 5. 5;. 5, and 55 are regenerative while the other
states are non-regenerative.

3. RELIABILITY INDICIES

3.1 Transition Probabilities and Mean Sojourn Times
Simple probabilistic considerations yield the following

expressions _for the non-zero elements

Pij = l?[_i":mj' = '?[_i":f:' dt as

Poy = F1(0), Prz=wd)

Pra=1-w(d),

Pz D—Q-':-'l'kﬂ'nﬂ Pz n*+.1[1 g [.-1+:1rD|]

P g, +‘]‘[1 g+a I] Pao = f_-':-{',

Pee=1—f"(4) Pas = W(0],

Psz = 9-{“’{ Pse =1— g7(ag) .
Pez=1"(0),

Pizas=[1 —w'(A)]g -[ﬂ’n:',

Pizase= [1—w (D11 — g7(ag)]f (0],
P27 = +.1[1 g (4 + ap)lg (ay)
Pa276 = o +.1[1 g A+ ap)1 - 9 “(egllf” {'3"
Paze=1—-f74 .. (1)
It can easily be verified that
Por=Piz P14 = Paz T Pizas T Pizass = Pap + P2z +
Par=Papt+ Pzt Prarst Poass =Paot Pee = Paot
Prze=Pas = Pez=1

e (2]
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The mean sojourn times ki in state Siis given by
up= [TP(T=1t)di =my = =

[y =My +my, = i(l —w*(4)),
[1—g"(o, +24)]

My = Mgy + Myg +Myy = ——————— ity =1
mp + A

r I 1 S
fy =Myg + Mygas +Myy g5 = (1 —-W ':-'L'j ’I w0+

(1 —g"(e)) (ui: - f"{D?I:)]

Hy = Mgp + Mpg +Myp 7 + Mg 76 = % [1 -
P.I:l _E-':lln:'j (ni:‘ -

fro)].

iy = Mg+ Myzp =

(1-F)(3-

Fro)) v (3)

3.2 Mean Time to System Failure (MTSF)

Let @, (t) be the cdf of the first passage time from regenerative
state i to a failed state. Regarding the failed state as absorbing state,
we have the following recursive relation for @; (t):

Do (t) = Qo1 (t) [S] 21 (8),

01(8) = Q12(8) |S] D2(2) + Q14(D),

@2(t) = Q20 () [S] Bo(t) + Q23(1) |S|D3(t) + Q27 ()

D3(t) = Q30() [S] Bo(t) + Q35(8), _ . (4)
Taking L.S.T of relations (4) and solving for @,(s), we get

s 1=Bo(s) _ po+tH1+P12H2+P12P23H3 _ &
MSTF(TO) _111m5:0 S - 1—11121720—1)12{7231730 - Dy (5)
where Ny =+ (1 —w*(2) + T (1))

ap+A
(1-af*(0) and
Dy = (1 —w @) (g* (@o +2) + o= (1 - g"(ao + D)f*ﬂ)))
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3.3 Availability Analysis
Let A;(t) be the probability that the system is in upstate
at instant ¢ given that the system entered regenerative

state i at ¢t = 0.The recursive relation for A; (t) are given

as
Ap(t) = My(t) + g1 (DO A1 ()
A1) = Mi(@®) + (912(0) + q12.45(t) + G12.456 () © A (1)

Ay () = My(8) + q20(D)© Ao () + (4227 () + G22.76(1))©
Ay(t) +q23(£)©A5(t)

A3(t) = M3(t) + g30()© Ap(t) + q325(t)O© A, (t)
where

Mo(t) = 24, My(6) = e MW (t), My(t) = e~(Ha0)t,
M;(t) = e F(t) Taking L.T. of relation (6) and solving for
Ay (s),
we get steady-state availability as

(M5(0) + M;(0)) (P20 + P23P30) +

(M5(0) + pa3M;5(0))
(uotu1) (P20 + P23030) + (U + P23i3)

(7

Ay =lims Aj(s) =
s=0
=D,
T N * 1
Where N, = (+ (1w (/1))) g+ 1) +

(1 —g*(ap + 7\))

(14—%(1—]”(/1))4‘0(0]”(/1) (%+ %(1—W*(/‘{)))) and

D2=

|14+4(1 - @) (aio—f*' (0)) +(1- 1))

1-g" (@t |
oA [ G e (0)) J

+aof*(4)

1 1 :
ﬁ-i- (1—W*(/1)) X—W* (0)

+(1-g'(w) <a—10‘ r (o>>> +

1
o+ (1—w) |
g (o + 7\)!

|
|
ll |

1 ! 1 ,
T w* (0) + (1 - g"()) <(x_0 -f" (0)>

3.4 Busy Period Analysis Due to Repair

Let Bt} be the probability that the server is busy in
repairing the unit at an instant ‘t’given that the system entered
regenerative state i at t = 0. The recursive relations for Bl-l{rju
are given as
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By(t) = qpu(t)® Bi(D),
Bi(t) = (q12(t) + 91245(8) + q12.456(8) )@ Bi(t)

BH () = Wi(t) +goo()@Bg(t) + (go-(t) +
Q2276(t) JOB:(t) +q:a(t)@B;(2)

521':{:' = fi'gn':t:'@gr}':t:' + Gg25(t)D 5'}':5':'

- (B8]
where
Wy () =
g~ TGy 4
(le~H@1@e "G (1) . (5)

Taking L.T. of relations {2} and solving for En.l'{s], we get in
the long run the time for which the system is under repair is
given by

. R .
E,}: lim,_p= E,} (sl = ::_-.]

(1)
Where Ny = ﬁ (1 — g (g + PJ] [1+ ] and D, is already
o o

specified.

3.5 Busy Period Analysis Due to

Replacement
Let BZ(t) be the probability that the sever is busy in replacing
the unit at an instant ‘t’given that the system entered
regenerative state i at t = 0.The recursive relation for Ef{ﬂ
are given by:
B(t) = qu(t)@BL(t)
BE(t) = (912(t) + 91245(t) + G12456(8))@ BI(2)

B!:[rj = Bg(t) + r;!nl[tjl@ﬂ,_f[r] + gy o(L)E B::[rj
where

WL(t) =

e~ (L) +

(Ae~"@1)F(t) . (12)

Taking L.T. of relations (11) and solving for B3*(s) . we get
the time for which the system is under replacement is given

by
” i i N
By =lim, ,,sB; () = z_:

Wa(13)

N, = u—lﬂ (1— gy +20) 32— 3270 + 0 — oo "(D)]
and D5 is already
specified.

3.6 Expected Number of Visits By The

Server
Let V;(z) be the expected number of visits by the server in
{{0.t] given that the system entered the regenerative state i at
t = 0. The recursive relation for };(t)) are given by
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Np(t)

Qm{ﬂ Ny (e)
Ny (e) = ('1?1:'3:' + Qyzas(t) + QL:AE-E':E:':I [1+N:08)]
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3.9 Conclusion
The graphical behavior of mean time to system
failure(MTSF),availability and profit with respect to

Ny(8) = Quo(t)[S] Wy(e) + (@az7() + Qup-6(0))[5] Wo(2) +Qo5(t)[5]replécement rate(B) has been shown in figures 2,3 and 4

No(t) = Qaplt)[E] Nplt)+024 (£)[5] No(t)
Taking L.5.T. of relations {147 and solving for E'E.[sjl + We get
the expected number of visits per unit time as

- —_— . N
Np = lim_ps Np(s) = #

e (15]

Where Nz =—2(1 — g*(ay + 1) (D) +g"(op + ) and

T o+A
D, is already specified.

3.7 Expected Number of Replacements of
the Unit

Let R;(t) be the expected number of replacements by the unit
in ({0,t] given that the system entered the regenerative state i
at t = 0.The recursive relation for R;(t) are given by:

Ry(t) = Qm_'ifj' Ry(t)
Ry(t) = (Q42(t) + Quz45(t) + Qyz.456(t))[5] Ro(2)

Ry(t) = Quo(t)[5] Rylr) + [Q::.?{ﬁ' + Q::..'-E.[f:'] Ry (t)+Q23(t)[5]

Ry(t) = an':r:' [1+ Ry(t)] + Qz:.g':ﬂ [1 + Ra(2]]

Taking L.5.T. of relations {157 and solving for ﬁ.{sj + We get

the expected number of replacements of the unit per unit time

as

By=lim,_,sBy(s) = 2
o= E=D= B0 S = By

w170
(1-g"(op+2))} and D,is already

o)
3
o+A

Where N =
specified.

3.8 Cost-Benefit Analysis

Profit incurred to the system model in steady state is
given by:
P =K Ay, —K; Enl_ H EL\: — KRy —HgNy

respectively. The values of these performance measures go on
increasﬁg‘;wnh the increase of replacement rate (B) , arrival
rate (y) of the server and repair rate(8) of the unit for fixed
values of other parameters including K2>K4. However, the
effect of 0 and y on these measures is more than that of other
parameters. And, if we take K2<K4, the system becomes less
profitable. Further there is an increase in the values of MTSF
with the increase of maximum repair time of the server while
profit declines. Hence on the basis of the results obtained for a
particular case , it is concluded that a parallel system with
arrival time of the server and maximum repair time can be
made more reliable and profitable to use by one of the
following ways:

i Increasing the repair rate of the unit in case server is
taking much time to arrive at the system.

ii. Paying minimum cost for replacement of the unit by
new one in case repair time taken by the server is
too long.

iii. Increasing arrival rate of the server.

iv. Making immediate replacement of the unit after the
completion of maximum repair time taken by the

R-;I:t-:l server.
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State Transition Diagram
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FU,

FWg

0

Figurel
° :  Regenerative Point
O : Upstate
O . Failed State
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MTSF V/S REPLACEMENT RATE
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