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ABSTRACT

This paper focuses on the stochastic modeling of a computer
system of two identical units- one is initially operative and
other is kept as spare in cold standby. In each unit h/w and s/w
components work together and fail independently. There is a
single server who visits the system immediately as and when
required. The server takes the wunit under preventive
maintenance after a maximum operation time at normal mode.
The h/w components under go for repair at their failure and
are replaced by new one in case these are not repaired up to a
maximum repair time. However, s/w components are replaced
by new one instead of repair. Priority is given to the
preventive maintenance (PM) of the unit over replacement of
the s/w components. The failure time distribution of the
components follow negative exponential whereas the
distributions of preventive maintenance, repair and
replacement time are taken as arbitrary with different
probability density functions. Several reliability and economic
indices have been obtained using semi-Markov and
regenerative point technique. The graphical study of the
results has also been made.
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1. INTRODUCTION

The remarkable progress in the field of computer technology
has resulted in the widespread usage of computer applications
in almost all academic, business and industrial sectors. A
major challenge to the industrialists now a day is to provide
reliable h/w and s/w components. Most of the academicians
are also trying to explore new techniques for reliability
improvement of the computer systems. In spite of these
efforts, a little work has been dedicated to the reliability
modeling of computer systems. And, most of the research
work carried out so far in the subject of s/w and h/w reliability
has been limited to the consideration of either h/w subsystem
alone or s/w subsystem alone. But there are many complex
systems in which h/w and s/w components work together to
provide computer functionality. Friedman and Tran [1] and
Welke et al.[2] tried to establish a combined reliability model
for the whole system in which hardware and software
components work together. Recently, Malik and Anand
[4,7,8] and Malik and kumar [6] suggested reliability models
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of a computer system with independent failure of h/w and s/w
components.

Further, the continued operation and ageing of these systems
gradually reduce their performance, reliability and safety.
And, a breakdown of such systems is costly, dangerous and
may create confusion in our society. It is, therefore, of great
importance to operate such systems with high reliability. It is
proved that preventive maintenance can slow the deterioration
process of a repairable system and restore the system in a
younger age or state. Thus, the method of preventive
maintenance can be used to improve the reliability and profit
of system. Malik and Nandal [5] has proposed a reliability
model for complex systems introducing the concept of
preventive maintenance of the unit after a maximum operation
time. Further, the reliability of a system can be increased by
making replacement of the components by new one in case
repair time is too long i.e., if it extends to a pre-specific time.
Singh and Agrafiotis[3] analyzed stochastically a two-unit
cold standby system subject to maximum operation and repair
time.

In view of the above and considering the practical importance
of computer systems in our daily lives, a stochastic model of a
computer system of two identical units- one is initially
operative and other is kept as spare in cold standby is
developed. In each unit h/w and s/w components work
together and fail independently. A single server is provided
immediately to the system as and when required. The server
takes the unit under preventive maintenance after a maximum
operation time at normal mode. The h/w components under go
for repair at their failure and are replaced by new one in case
these are not repaired up to a maximum repair time. However,
s/w components are replaced by new one instead of repair.
Priority is given to the preventive maintenance (PM) of the
unit over replacement of the s/w components. The failure time
distribution of the components follow negative exponential
whereas the distributions of preventive maintenance, repair
and replacement time are taken as arbitrary with different
probability density functions. Some reliability and economic
measures of the system model such as mean time to system
failure (MTSF), availability, busy period of the server due to
PM, busy period of the server due to h/w repair, busy period
of the server due to h/w replacement, busy period of the server
due to s/w replacement, expected number of h/w
replacements, expected number of s/w replacements, expected
number of visits of the server and profit function are obtained
using semi-Markov and regenerative point technique. The
graphical behaviour of the results has also been shown for a
particular case to make the study more effective.
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2. NOTATIONS

E : The set of regenerative states
NO : The unit is operative and in normal mode
Cs : The unit is in cold standby
a/b : Probability that the system has hardware /
software failure
Mk, : Constant hardware / software failure rate
: Maximum constant rate of Operation
Oo
Time
Bo : Maximum constant rate of Repair Time.
Pm/PM : The unit is under preventive Maintenance/
under
preventive maintenance continuously from
previous state
WPM/WPM : The unit is waiting for PM / waiting for
preventive
maintenance continuously from previous
state
HFur/HFUR The unit is failed due to hardware and
is
under repair / under repair continuously
from previous state
HFurp/HFURP : The unit is failed due to h/w and is
under
replacement / under  replacement
continuously from previous state
HFwr / HFWR : The unit is failed due to h/w and is
waiting for
repair/waiting for repair  continuously
from previous state
SFurp/SFURP : The unit is failed due to the s/w and is
under
replacement/under replacement
continuously from previous state
SFwrp/SFWRP : The unit is failed due to the software
and is
waiting for replacement / waiting for
replacement continuously from previous
state
h(t) / H(t) pdf / cdf of replacement time
of unit due to
software
g(t) / G() pdf / cdf of repair time of the
hardware
m(t)/ M(t) pdf / cdf of replacement time of the
hardware
f(t) / F(t) : pdf / cdf of the time for PM of the unit

aij (8)/ Qj(t) pdf / cdf of passage time from
regenerative state i to a regenerative state
j or to a failed state j without visiting any

other regenerative state in (0, t]

pdf / cdf : Probability density function/
Cumulative density
function
Qijkr (0/Qjjir(V): pdf/cdf of direct transition time from
regenerative
state i to a regenerative state j or to a
failed state j visiting state k, r once in (0,
t]
wi(t) : Probability that the system up initially in
state S; € E is up at time t without
visiting to any regenerative state
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Wi(t) : Probability that the server is busy in the
state S; upto time  “‘t’without making
any transition to any other regenerative
state or returning to the same state via
one or more non-regenerative states.

m;; : Contribution to mean sojourn time (L)

in state S; when system transit
directly to state S; so that

H = Zmij and m;; = ,[tinj (t)= —q; I(O)

Qo ; Symbol for  Laplace-Stieltjes
convolution/Laplace
convolution
~/* : Symbol for Laplace Steiltjes Transform (LST) /
Laplace Transform (LT)
"(desh) : Used to represent alternative result

3. RELIABILITY INDICES

3.1 Transition Probabilities And Mean

Sojourn Times
Simple probabilistic considerations yield the following

expressions for the non-zero elements
Pij=Qj ()=l gjj (et using  the  notations A=
ak+blg+og,and B=ak;+bls+og+By as

)

Po1= 20 » Po2= ak Pos = b22

_g* - all
B2 o —t(a) pe= ALt
A A A P1o (A), p1s A[

(A = Pz Pum 222 [ 11 (A= Puss, P A0 1-f
= Puss P0=9"(B) pu= 10 [1-9° @) ps= %O
1-9 " (B)pea = 222 [1-G'(B)] P2z = L[ 1-g'B) oo =
WA, P = L[ 1 WA P pss = 401 1- WA,

Pao = m*(A), P30 = MTZ [1- h*(A)]: P3zi0, P51 =0 *(Bo),

. ag . .
Psis=1-9 (Bo), Parz= A [1-m(A)]= Par1r, Pe2 = F(0),
P72 =h'(0),pss = f(0), pa=F7(0), Poz=h"(0), Pus=9
* _ * _bao * _

(Bo), P1214=1-9 (Bo), Pa1e = A [1-m (A)] = pazas: P12z
=9 (Bo), P1215=1-9 (Bo), P11 =T (0),

Pia3 =

* A * *
m (0),p419 = %[ 1- m (A)]= Ps219, P1s2 =M (0), P1e1 =

m’(0), P17 =M"(0), P1gz =M (0), Prg2 = M"(0), Par5 = %O [1-
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9 “(B)] 9 "(Bo), Parsis = %0[ 1- g "B)I[L- g “Bo)l, Pasas =
%2[ 1- ¢'B)IL 9 “Bo)l. Pasasss = %2[ 1- ¢'B)I1- g

“Bo)l, P21z = %1[ 1- g'B)] 9 “(Bo)Pa21zis = %1[ 1-
g’ (B)[1-g (Bo)] )

It can be easily verified that po;+po2+Poz = Pro+P16+P1stP1.13 =
P20tP24+P25+ P211+P2.12 = P3otP3rtP3etP3 10 = PaotParrtPaast
Pa19 = Psat Ps16= Pe2= P72 = Ps3 = Po1r = P10.3 = P11z T P1114 =
P122 + P1215 = P131 = P14a1 = P1s2 = P16.1 = P17.1 = P183= Pro2 =
P10 TP12.6% P11.13 TP13.8 = P20 P24 TP215 TP21.516 TP23,11 TP23.11,14
tP2212 tP2212,15= P30tParotP3271P33.10 = Pao tPara7t Pazagt

Psz18= 1 (3)
The mean sojourn times (L) is the state S; are

-t -t -1 =1
AN Are "o B A M A

X |~

1
5
(A){7627(9+ﬁ0)2+79(3)+ﬂ0 (B +6)(0+B)(B)

ylz = (Kpt0) " =Bt (6+5,)(0+B)+(B+/5)y (B)(6+5y) f
(B+6)2 7(6+B)2(0+5,)*(B)

3.2 Mean Time to System Failure
Let ¢i(t) be the c.d.f of first passage time from the

regenerative state i to a failed state. Regarding the failed
state as absorbing state, we have the following recursive
relation for ¢; (t):

0i1(t)= X Qi (00D 0;(0)+ X Qi) ©
j K

Where j is an un-failed regenerative state to which the given
regenerative state i can transit and k is a failed state to which
the state i can transit directly. Taking LT of above relation (6)

and solving for g, (s)

We have  R*(s) = ig(s) )

The reliability of the system model can be obtained by taking

Laplace inverse transform of (7). The mean time to system

failure (MTSF) is given by MTSF =|im M = &
s—0 S D1
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N1 = gty + Pyl + Poatly + Postls + PosPortts @nd Dy =
1 Po1Pro = Po2P20 = PosPso = Poz2 P2a Pao

3.3 Steady State Availability
Let Ai(t) be the probability that the system is in up-

state at instant 't' given that the system entered regenerative
state i at t = 0. The recursive relations for A, (t) are given as

A (1) =M (t)+§q§,“f (1)©A; (1)
©)

Where j is any successive regenerative state to which the
regenerative state i can transit through

n>1(natural number) transitions. M;(t) is the probability that

the system is up initially in state s,<e is up at

time t without visiting to any other regenerative

state, we have

Mo(t) = e—(aﬂ,1+b/12+a0)t My (t) = e—(aﬂ~1+bﬂ.2+a0)t% ,
Mo (t) = e—(a)vl+biz+a0+/i’o)t% Ma(t) = ef(ai1+bﬂ.2+ao)tH7(t) ;

Mg(t) = ef(a/11+b/12+ao)tM7(t)

(10)

Taking LT of above relations (9) and solving for A’;(s), the

steady state availability is given by

A, (0) = limsA; (s) :& , Where
5550 D,

N2= pol(1- P11.13){ (1-P2212-P22.12.15-P24Paz19) (1- P33.10- PosPae) -
P327(P23.11t P23i114tP24P43.18)} Proe{(P2ust Pais16tPaaParir)
(1- Pazto- PoaP3s)- P1asPa27{(P2ust ParsietPasParsz)}] +
wal(Po){  (1-P2212.P221215-P2aPa210)  (1- Pszao-  PosPao) -
P327(P2z11t Paza114tP2aPaz 1)}t Por{(P21st Paisi6tPasPair)
(1- P3310- PoaP39)t PosPaz7{(P21st PausietPaaParaz)}1+( M2 +
P2apta) P327{ PorP1as* Pos (1- P1113)}* (1- Pazso- PosPse){ Pos
P26t (1- P111a)Po2t ]+ MalPor{P126(P2s1at P2si14+PasPazis)t
P138(1-P2212-P22.1215-P2aPa210) 3+ Po{(l-  P1r1s)  (Pasust
P2311,14+P24Pa318)+  Pras(P2rst  ParsietPasParar)}+ Pos{(1-
P11.13) (1-P22.12-P22.12.15-P24Pa2.19) - P126(P215+

P215,16+P24P41.17)}]

29



and

D= o[ (1- prz1a){ (1-P22.12-P22.12,15-P24P42.19) (1- P33.10- PosPao)
- P32.7(P23.11% P23.11,14+P2aPaz18)} P12.6{(P215% P2rsa6+P2aPa117)

(1- Ppasio- PosPag)- PizsPazr{(Parst ParsistPasParan)} + “

[Po{  (1-P2212P221215-P24Pa219) (1= Pazao-  PosPas) -
P32.7(P23.11% P23i1,14+P24Pa318) 3+ Por{(P215+ Pavsi6+P2aPara7)

(1- P3z10- PosPao)* PosPa27{(Parst Pois16+P24Par17) ¥+ (y'2+
P24 ‘uh) [ Ps2.7{ PoP13s* Pos (1- P1213)}+ (1- Pazio- PesPao){ Pos
Pr2st (1 P1113)Po2}]+ (//3"' P39 ,ué) [Por{P126(P2z. 11+

P2311,14+P2aP4318)+  P138(1-P22.12P2212,15 P2aPaz10) 3+ Po2{(L-
P1113) (P2s.1t P13.8(P215+
P215,16+P2aP41.17) 3+ Pos{(1- P11.13) (1-P22.12-P2212.15-P2aPaz10) —
P126(P21.5% P21.5.16+P2aPar17)}]

P23.11,147P24P43.18)+

3.4 Busy Period of the Server
Let 87t) BR@ Bis @ and  BHRP (1) be the probabilities

that the server is busy in Preventive maintenance of the
system, repairing the wunit due to hardware failure,
replacement of the software and hardware components at an

instant ‘t’ given that the system entered state i at t = 0. The
i lati f P R S HRp
recursive relations for B (t) B (t) B; (t)and B P (t) are

as follows:
PO 0, e

BR ()= (0ol (teBR()
J

BS (t)=W; (t)+z_qi(,r})(t)©BjS(t)
j

BiHRp(t):Wi (t)+%qi(,r}) (t)@B}_'Rp(t) (12)

Where j is any successive regenerative state to which the
regenerative state i can transit through n>1(natural number)
transitions. W;(t) be the probability that the server is busy in
state S; due to preventive maintenance, hardware and software

failure up to time t without making any transition to any other
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regenerative state or returning to the same via one or more

non-regenerative states and so

Wl :e—(a}ﬂ+blq+ao)tf(t) +(a0e—(a/11+b12+ao)t© 1)E(t) +
(ade e 1)F (1) +(bd,e @O 1)F(t)

W, =F(t)

W2 :e—(all+b}q+ao+ﬂ0)té(t)+(aoe—(a}vl+b/lz+aa+ﬂ0)t© 1)§(t)+
(aﬂ‘lef(aﬂ.ﬁblﬁllwﬂo)t@ 1)6(0 +(bllze’(ail+b;*2+a0+ﬂ0)t© 1)6(0

W3 _ e—(a11+blz+ag)tn(t) + (aoe—(a}pbﬂz-*-ao)[)Hi(t)

_I_(aﬂle—(ambﬂqmg)t@ 1) H (t) + (bﬂze—(a/lﬁbiﬁao)t@ 1)ﬁ(t)

. W4 :ef(a/lpm‘pan)lM(t)+(aoef(all+b/lz+ao)t© 1)M(t)
+(ailef(all+m2+au)t© 1)M(t)+(bﬂzef(alﬁmzﬂxu)l@ ].)M(t)

Taking LT of above relations (12) and solving for Bip (t)

BR (1) Bis ® and  BRP (1) the time for which server is busy

due to PM, h/w repair and h/iw and s/w replacements

respectively is given by

« ng . NS
Bil=iimseyf(s) = 2, BS=imsBSs) = 2,
s—0 2 s—0 D,

. NE
BR = lim sByR(5)=—3-
s—0 Dy
HR *HR Ng'RP
And  Bj'"P=lim sBy P (S)=—2— (13)
s—0 Dy
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Ng = i[Po1f@- Pag 10~ PagPe3)l~ P2z 12~ P22.12,15P20
~P42.19P24) ~ P32 7(P23.11 % P23.11,14 + P43.18P24)}* Po2
{@- P33.10 ~ P39P93)(P21.5+ P21.5 16 * P41.17P24)3}+ P32 7 Po3
(P21.5+ P21.5,16 + Pa1.17 P2a)]+W9(0) PaglPo1{P1p 6 (Po3 11
+P23.11,14 + P43.18P24) + P13.8(1~ P22.12 ~ P22.1215 7 P42.19
P24)}+ Po2{@= P11 13)(P23.11 * P23.11,14 * P43.18P24)*+ P13.8
(P21.5+P21.516* P41.17P24)3+ Pogl— Py 13)0—Pop 12—
P22.12,15 ~ P42.19P24) ~ P12.6(P21.5+ P21.516 + P41.17P24)3]
Ng =W 3(OPo{@- P33 10~ PagPe3) P26 + Pi3.gP32.73+ Poz
(- P33.10 ~ P39 Pg3)d~ Py3.13) + Po3(d— Py3 13) P32 7]
N3 =W3O0Por{P126(P23 11+ P23 11,14+ P43 18P24) *
P13.8@= P22.12 = P22.12,15 = P42.19P24)3+ Poa =~ P11 13)
(P23.11% P23.11,14 + P43.18P24) * P13.8(P21.5 * P21.516 +
P41.17P24)3+ Po3{= P11 13)A= P22 12~ P22.12 15 ~ P42.19P24)
~P126(P21.5+ P21.516* P41.17P24)}]

HRp _
N3 = 14Po4lPo1{~ P33 10 = P3gPg3) P12 6 + P13.8P32.7)} +

Po2t@~ P11.13) (A~ P33.10 ~ Pa3P39)}+ Poz{~ P11 13) P32 73]
and D2 is already mentioned.

3.5 Excepted Number of Replacements of
the units

Let RiH (t)and RiS (t)the expected number of

replacements of the failed hardware and software components
by the server in (0, t] given that the system entered the

regenerative state i at t = 0. The recursive relations for

RH () and Ris (t) are given as
RH (1) zq(“)() [5j+R}_|(t)] ,
RS (1)=3 “%)[ﬁ+ﬁ<ﬂ

Where j is any regenerative state to which the given

regenerative state i transits and dj =1, if j is the regenerative

state where the server does job afresh, otherwise =0

Taking LT of relations and, solving for Iigl (s) and Fig ().

The expected numbers of replacements per unit time to the

hardware and software failures are respectively of given by

H S
H oore 1im <8H (s) = V4 S (o1 1im <BS () = V4
Ry ( )—SlansRo (s) 5 and Ry ( )—SlansRo (s) b, (16)

Where D, is already mentioned.
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H
Ng =(P231114 + P21.516 + P22.1215 * P24 {Po1[(1 = P33.10 ~ Po3P3g)
P126 * P13.8P32.71+ Poz [~ Py1.13)A ~ P33.10 ~ P3gPg3)l + Pog
(- P1113)P327}
s
Ng =(P3p + P32.7 + P33.10)[Po1{P12.6 (P23.11 * P23.11,04 T P43.18P24) +
P13.8 (1~ P22.12 ~ P22.1215 ~ P42.19 P24 )3+ Po2{L~ P11.13)(P23.11
+P231114F P43.18P24) * P13g(P215 + P21516 + P41.17P24)} + Po3
{@-p11.13)A - P2212 = P22.1215 ~ P42.19P24)~ P126(Po15 +

P21516 + P41.17P24)}]

3.6 Expected Number of Visits by the
Server

Let N;(t) be the expected number of visits by the server in (0,
t] given that the system entered the regenerative state i at t =
0. The recursive relations for Nj(t) are given as

N (t)= z¢”<)[a+Nmo]
(20)

Where j is any regenerative state to which the given
regenerative state i transits and & =1, if j is the regenerative
state where the server does job afresh, otherwise 6j =

Taking LT of relation (20) and solving for No(s). The

expected number of visit per unit time by the server are given
by

N, (20) = limsN () =N, ,where 1)
5 D

2

N5 =( 1 - p11.13) [ (1-P22.12-P22.12,15-P24P42.19)(1- P30~ Pes Pag) —
P32.7(P2311t+ P23.11,141P24Pa3.18)] - P12s6 (1- P33.10- Poz Pao) (P2us +
P21516+P24P41.17)- P13s P327 (P215+ Pavs,167P24P4117)

4. Ecdiomic Analysis

The profit incurred to the system model in steady state can be

obtained as
_ P R S HRp H S
P= KOAO—KIBO —KZBO —K3BO K4BO KSRO —KGRO K7NO (22)

Ko = Revenue per unit up-time of the system

K; = Cost per unit time for which server is busy due
preventive maintenance

K, = Cost per unit time for which server is busy due to
hardware failure ,

Ks; = Cost per unit replacement of the failed software
component

K, = Cost per unit replacement of the failed hardware
component ,Ks = Cost per unit replacement of the
failed hardware

Ke¢ =. Cost per unit replacement of the failed software
K7 = Cost per unit visit by the server
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5. CONCLUSION

In the present study, the numerical results considering a
particular case gty =" ht)=ge
f(t) = ce *and m(t) = ye * are obtained for some reliability and
economic measures of a computer system of two identical
units having h/w and s/w components. The graphs for mean
time to system failure (MTSF), availability and profit are
drawn with respect to preventive maintenance rate (o) for
fixed values of other parameters as shown respectively in figs.
2 to 4. From these figures, it is revealed that MTSF,
Availability and profit increase with the increase of PM rate
(o) and repair rate (0) of the hardware components. But the
value of these measures increase with the increase of
maximum operation time (o). Again if we increase the value
of maximum constant rate of repair time (Bo), the value of
MTSF, availability and profit are increase .Thus on the basis
on the results obtained for a particular case, it is suggested
that the reliability and profit of a system in which chances of
h/w failure are high can be improved by

(i) Reducing the repair time of the h/w components as

well as conducting PM of the units after a pre-
specific period of time.

(i) Making replacement of the hardware components
by new one in case repair time is too long.

(iii) Making replacement of s/w components by new

one.
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Fig.1 State Transition Diagram
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