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Commuting maps in G — metric spaces
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INTRODUCTION

In 1992, Dhage[1] introduced the concept of D — metric space.
Recently, Mustafa and Sims[4] shown that most of the results
concerning Dhage’s D — metric spaces are invalid. Therefore,
they introduced a improved version of the generalized metric
space structure and called it as G — metric space. For more
details on G — metric spaces, one can refer to the papers [4]-

[71.

Now we give basic definitions and some basic results ([4]-[7])
which are helpful for proving our main result.

In 2006, Mustafa and Sims[5] introduced the concept of G-
metric spaces as follows:

Definition 1.1.[5] Let X be a nonempty set, and let G:

X x X x X " R+ be a function satisfying the following
axioms:

(G1) G(x,y,2)=0ifx=y=z2,

X,yeX

(G2) 0< G(x, x,Y), forall with x £y,

©9) G(x, x,y) = G(x,y, 2), for all X,y,ze X

zZ7Y,

with

(G4) G(x, y, 2) = G(X, z, y) = G(y, z, X) = ... (symmetry
in all three variables) and

(G5) G(x, v, z) < G(x, a, a) + G(a, y, z) for all

X,y,z,a€ X , (rectangle inequality)

then the function G is called a generalized metric, or, more
specifically a G — metric on X and the pair (X, G) is called a
G — metric space.

for x0 € X, r >0, the G-ball with centre x0 and radius r is

BG(x0, N ={y€ X:G(x0,y,y)<r}

Proposition 1.1.[5] Let (X, G) be a G-metric space

then for any x0 € X, r >0, we have,

(1) if G(x0,x,y) < rthenx,y € BG(x0, r),

(2) if y € BG(x0, r) then there exists a O > 0 such that

BG(y, 9 ) S BG(X0, 1).

It follows from (2) of the above proposition that the family of
all G-balls,

B = {BG(x, r): x € X, r> 0} is the base of a topology * (G)
on X, the G-metric topology.

Proposition 1.2.[5] Let (X, G) be a G-metric space
then for all X0 € X and r > 0, we have,

1

BG(x0, 3 1)< B, x0, NS BG(x0, r)

where dG(xy) = G(x.y.y) + Gixxy), forall XY € X

Consequently, the G-metric topology ¢ (G) coincides with
the metric topology arising from dG. Thus, while
‘isometrically” distinct, every G-metric space is topologically
equivalent to a metric space. This allows us to readily
transport many results from metric spaces into G-metric
spaces settings.

Definition 1.3.[5] Let (X, G) be a G-metric space, and

let {xn} a sequence of points in X, a point ‘x” in X is said to
lim

be the limit of the sequence {xn} if ™"~* G(x, xn, xm) = 0,

and one says that sequence {xn} is G—convergent to X.
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lim

Thus, that if xn — xor ™ xn = x in a G-metric

space (X, G) then for each €~ O, there exists a positive
integer N such that G (x, xn, xm) < € for all m, n>N.

Proposition 1.3.[5] Let (X, G) be a G — metric space.

Then the following are equivalent:
(1) {x.} is G-convergent to X,

(2) G (X %nX) — O0asn —> o,
(3) G (Xn X, X) = Oasn—> oo,
4) G (XmXnX) —> 0asm,n —> oo

Definition 1.4.[5] Let (X, G) be a G — metric space. A

sequence {x,} is called G — Cauchy if, for each €> 0 there
exists a positive integer N such that G (x,, Xm, X)) < € for all

n, m, [ >N;i.e. if G (Xn, Xm, X)) —0 as n, m, I—o0.

Proposition 1.4.[5] If (X, G) is a G — metric space then

the following are equivalent:

(1) The sequence {x,} is G — Cauchy,

(2) foreach €> 0 there exist a positive integer

N such that G(Xn, Xm, Xm) < € forall m, m > N.

Proposition 1.5.[5] Let (X, G) be a G — metric space.

Then the function G(x, y, z) is jointly continuous in all three of

its variables.

Definition 1.5.[5] A G — metric space (X, G) is said to be G—
complete if every G-Cauchy sequence in (X, G) is G-

convergent in X.

Proposition 1.6.[5] A G — metric space (X, G) is G —
complete if and only if (X, dg) is a complete metric space.

Proposition 1.7.[5] Let (X, G) be a G — metric space. Then,
forany X, Y,Z,a € X , itfollows that:

@) If G(x,y,2)=0,thenx=y =1,
(ii) G, y,2) <G(x, x, y) + G, x, 2),
(i) Gy ) <2GW, x %),

(iv) G, y,2) <G a,z) + G(a, y, 2),

) G(x, », 2) <43 (G(x, v, @) + G(x, &, 2) + G(a, Y, 2)),
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(vi) G(x, y,z) < (G(x, a,a) + G(y, a, a) + G(z, a, a)).
MAIN RESULTS

There has been a considerable interest to study common
fixed point for a pair (or family) of mappings satisfying
contractive conditions in metric spaces. Several interesting
and elegant results were obtained in this direction by various
authors. It was the turning point in the “fixed point arena”
when the notion of commutativity was used by Jungck [2] to
obtain common fixed point theorems. This result was further
generalized and extended in various ways by many authors.
In particular, now we look in the context of common fixed
point theorem in G- metric spaces. Start with the following

contraction conditions:

Let T be a mapping from a complete G-metric space (X, G)
into itself and consider the following conditions:

(1) G(Tx, Ty, T2) < X G(x , y, 2) for all %Y ZEX

where 0 < & <1,

It is clear that every self mapping T of X satisfying condition
(1.1) is continuous. Now we focus to generalize the condition
(1.1) for a pair of self maps S and T of X in the following

way:

(1.2) G(Sx, Sy, Sz) < X G(Tx Ty, Tz) for all

X,y,ze X  where 0= X < 1,

To prove the existence of common fixed points for (1.2), it is

necessary to add additional assumptions of the following type:

(i) construction of the sequence {xn} (ii) some mechanism to
obtain common fixed point and this problem was overcome

by imposing additional hypothesis on a pair of { S, T }.
Most of the theorems followed a similar pattern of maps:

(i) contraction (ii) continuity of functions (either one or both)
and (iii) some conditions on pair of mappings were given. In
some cases, condition (ii) can be relaxed but condition (i) and

(iii) are unavoidable.

Definition 2.1. Two mappings f and g are said to be

commuting maps if
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fgx =gfx forall X X .

Now we shall prove our main result:

Theorem 2.1. Let (X, G) be a complete G — metric space

and let f and g be self-mappings on X satisfying the following
conditions:

@21  fX) < 9(X);
(2.2) g is continuous;

23) Gix, f, £ < q G(gx, gy, gz), for every
X, ¥,Z€ X and0<q<1.

Then f and g have a unique common fixed point in X
provided f and g commute.

Proof. Let Xo be an arbitrary point in X. By (2.1), one can
choose a point x; in X such

that fxo = gXy, In general choose X,.1 such that y, = fx, =
an+1.

Now, we prove {y,} is a G-Cauchy sequence in X.

From (2.3), take X = Xp, ¥ = Xn+ 1, Z = Xp + 1 We have

G(fXn, n+1, ™ne) < g G(gxn, Pn1s IXnst) = G G(fXn.1, X, Xn)
Continuing in the same way, we have

G(an, an+l! an+1) < qn G(fXOl lev le) = G(yn: yn+1: yn+1) <
9" G(o, Y1, Y1)

Therefore, for all N, M € N (set of natural numbers), n < m,

we have by G(5)

G Ym Y) < GOns Ynets Ynt) ¥GWYns1s Ynezr Yne2) ¥G(Ynsa,
Yn+3s Yn+3)+'"+ G(ym-lx Y ym)

n+2

<@+ g+ g™+ -+ ™) Glyo, Vi, Y1)

<@ +q"+ g™+ ---) GYo, Yi, Y1)

n

=q—G(y01y11y1)_>0 asn — 0.

(1-q)

Thus {y,} is a G — Cauchy sequence in X. Since (X, G) is

complete G — metric space, therefore, there exists a point z in
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X such that lim vy, = limgx,= limfx, = z. Since g is
n—o0 n—o0 n—o0

continuous. Therefore lim ggx,= lim gfx,= gz. Further, we
n—oo n—oo

have since f and g are commuting maps, therefore by

definition, we get limagfx, = limfgx, = limggx,=
n—w n—o n—m

lim gfx,= gz. From (2.3), take X = gXp, ¥ = Xn, Z = X, We

n—o0

have

G(fgxq, n, X)) < g G(ggxn, 9%n, OXn) -

Proceeding limit as n — oo, we have z = gz. We now prove
that z = fz.

Again from (2.3), setting X = x,, y = z, = z, we have

G(an, erfZ) SC] G(gxﬂi gZ, gZ) .

Taking limit as n — oo, we have z = fz. Therefore, we have gz
=fz =z Thus z is a common fixed point of f and g.

Uniqueness. We assume that z; (#z) be another common
fixed point of f and g.

Then G(z, z, ;) > 0 and

G(z, 21, 21) = G(fz, fzy, fz1) < q G(gz, gz1, 921) = q G(z, 1, 7)

< G(z, 24, 23),

a contradiction, therefore z = z;. Hence uniqueness follows.

Example 2.1. LetX=[-1,1]and let G: X x X x X —>

R* be the G — metric defined as

follows: G(X, Y, 2) =(|x—y|+|y—z|+|z=X]|) for

all X,¥,Ze X .Then(X,G)isa

G-metric space. Define f (X) :% and g(X) = g Here
we note that,

D) FX) < g(X), (2)giscontinuous on X,

(3) G(fx , fy, fz) < q G(gx, gu, gz), holds for all

x,y,ZEX,%§q<1.
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However, the maps f and g are commuting maps and x = 0 is
the unique common fixed point of f and g. Thus all the
conditions of the Theorem 2.1 are satisfied.
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