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ABSTRACT 

The paper concerns with the study of the modulation diversity 

in PSK scheme due to rotation of the signal constellation 

along with bit interleaving. We derive here the expressions for 

the Symbol Error Probability (SEP) of rotated BPSK and 

QPSK modulations over frequency non-selective slowly 

fading Nakagami-q channels.  Numerical results based on 

moment generating function (MGF) are obtained and 

comparison of error performance are made for conventional 

and rotated modulation schemes. We investigate also the 

dependence of symbol errors on signal-to-noise ratio, 

Nakagami-q factor and the angle of rotation. The results show 

significant improvement in the performance of rotated scheme 

over conventional method. The optimum rotation angle is also 

calculated and a symmetrical nature of SEP with rotation 

angle is observed. 

Keywords 
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1. INTRODUCTION 
Fading is an important factor in signal degradation and error 

performance evaluation for all modulation schemes through 

wireless media. The fading effect can be reduced by applying 

various diversity techniques on the communication systems 

[1-4]. We can state diversity as two or more signal paths that 

fade signals independently. By various diversity techniques 

such as space, time, code, frequency [5-8], these independent 

paths can be combined in a way to reduce the signal fading 

[9]. Last decade has witnessed the researches on modulation 

diversity obtained by applying a certain rotation to the signal 

constellation [10-12]. Rotation or modulation diversity 

incorporates interleaver/de-interleaver pair in the system that 

process in-phase and quadrature components of the received 

signals affected differently by independent channel fading 

coefficients. These fading coefficients called channel state 

information (CSI) are assumed to be known at the receiver. Of 

the coherent schemes, PSK modulation is very often preferred 

for its better spectral efficiency. In this paper, the closed form 

expressions for error probabilities for rotated PSK on 

frequency non-selective Nakagami-q channel have been 

derived. Depending on the environments of the 

communication system, channel models such as Rayleigh, 

Ricean, Nakagami-m, Nakagami-q and many more have been 

proposed for the statistical description of the amplitude and 

phase of multipath fading signals. Nakagami [13] introduced 

Nakagami-q model as an approximation for the Nakagami-m 

fading distribution in the range of fading that extends from the 

one sided Gaussian model to the Rayleigh model with the 

value of q (Nakagami-q factor) varied from 0 to 1. This type 

of distribution was also investigated by Hoyt, and is 

sometimes referred to as the Nakagami-Hoyt distribution [14]. 

Recently, this model is being used more frequently to 

calculate error rate performance and outage analysis in 

cellular mobile radio communications [15, 16]. One-sided 

Gaussian fading occurs in the limiting case where the variance 

of imaginary (or real) part is zero; but, Rayleigh case is 

obtained when the variances of real and imaginary parts are 

equal. One-sided Gaussian fading corresponds to the worst 

case fading [17]. This type of fading is applicable on satellite 

communication links which are subject to strong ionospheric 

scintillation [17-19].  

The rest of the paper is organized as follows: 

Section II describes the model of the system using PSK over 

Nakagami-q fading channels. The Error performance analysis 

of rotated PSK modulation for both one-sided Gaussian and 

Rayleigh distribution is presented and discussed in section III. 

Computed results are presented and discussed in Section IV. 

Finally, in section V, conclusion is made.  

2. SYSTEM MODEL 
If the conventional PSK signal constellation is rotated by a 

constant phase angle then it results rotated PSK signal 

constellation, as shown in Fig. 1. 

The square in Fig. 1 represents the signal constellation of 

rotated PSK by an angle ϕ0 whereas the small solid circles 

represent the signal points for conventional PSK modulation. 

Symbol interleaving does not offer appreciable SNR gain as 

there is one common component with some other symbols in 

the constellation of the conventional PSK. But when rotation 

is applied, the symbols having no common components, the 

symbol interleaving introduces a diversity gain into a system 

[20]. 
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Rotated modulation scheme should have a different 

transmitter structure because of the rotation of signal 

constellation and symbol interleaving as shown in Fig. 2. The 

rotated PSK modulator necessitates two orthogonal I and Q 

channels; the in-phase (𝑠𝐼) and quadrature (𝑠𝑄) components 

of the transmitted signal on two channels are independent 

from each other. In case of rotating scheme, the bit-

interleaved transmitted signal can be written as  

s t = 𝑉 𝑥𝑛 
+∞
𝑛=−∞ 𝑝 𝑡 − 𝑛𝑇 cos 𝜔𝑐𝑡 +  𝑉  𝑦𝑛 

+∞
−∞ 𝑝 𝑡 −

𝑛𝑇 sin(𝜔𝑐𝑡)                           (1) 

where 𝑥𝑛 = 𝑎𝑛𝑐𝑜𝑠 𝜙 − 𝑏𝑛𝑠𝑖𝑛 𝜙 , and  𝑦𝑛 = 𝑎𝑛𝑠𝑖𝑛 𝜙 +

𝑏𝑛𝑐𝑜𝑠 𝜙 and 𝑉 represents the modulator gain. The signal is 

assumed transmitted through additive white Gaussian noise 

(AWGN) channel. 

The interleaver/de-interleaver pair ensures that the in-phase 

and quadrature components are independent after de-

interleaving. The closest constellation points for PSK scheme 

depends on the rotation angle. The received signal can be 

written as  

𝑟 𝑡 = 𝛼 𝑡 𝑠 𝑡 + 𝑛(𝑡),                          (2) 

where 𝛼 𝑡  represents Nakagami-q fading envelope causing 

random amplitude variation and n(t) represents zero mean 

Gaussian noise. In case of slow fading, the fading amplitude is 

considered constant over one symbol interval. The block 

diagram for the receiver structure of rotated PSK scheme is 

shown in Fig. 3. The received signal is applied to the 

demodulators (two orthogonal carriers cos 𝜔𝑐𝑡  and sin 𝜔𝑐𝑡  

multiply the received signal in two different branches) and 

then de-interleaved. The outputs of de-inteleavers are 𝑟𝐼  and 

𝑟𝑄 , called the in-phase and quadrature components of the 

received vector 𝑟  and are given by 

𝑟 =  𝑟𝐼 , 𝑟𝑄 = (𝛼1𝑠𝐼 + 𝑛𝐼 , 𝛼2𝑠𝑄 + 𝑛𝑄)                      (3)           

For ideal interleavers, 𝛼1and 𝛼2  as independent identically 

distributed (i.i.d) random variables of zero mean with 

𝐸[𝛼1
2] = 𝐸[𝛼2

2] = 1. The in-phase and quadrature noise 

components 𝑛𝐼 and 𝑛𝑄 are also assumed independent random 

variables with zero mean and variance N0/2. Since the 

complete channel state information (CSI) is assumed available 

at the receiver and the detection is based on maximum 

likelihood ML decision [21], the detection metric 𝑚( 𝑠𝑖  𝑟 , 𝛼 ) 

can be obtained as 

 𝑚  𝑠𝑖  𝑟 , 𝛼  =∥ 𝑟 − 𝛼 ⊙ 𝑠𝑖 ∥2 , 𝑖 = 1,2, …… ,𝑀.                    (4) 

where 𝛼  = (α1, α2) and 𝑠𝑖  (𝑖 =  1, 2,… . .𝑀) is the ith symbol 

of rotated PSK constellation, ‗∥. ∥‘ denotes the norm and ⨀ 

represents component-wise product. The output of ML 

detection goes in favor of that symbol which minimizes the 

detection metric. 

3. ERROR RATE ANALYSIS 

3.1 Rotated PSK modulation 
The conditional bit error probability can be written as [12] 

              𝑃 𝑠 →  ŝ 𝛼1, 𝛼2 = 𝑄   
𝛼1

2∆𝐼
2+𝛼2

2∆𝑄
2

2𝑁0
                       (5) 

Fig 3: A block diagram representation of rotated PSK  
                                 receiver. 
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where the vector ŝ = (ŝI, ŝQ) denote the in-phase and 

quadrature components of the estimate of the signal 𝑠 ,  

∆𝐼= 𝑠𝐼 − 𝑠 𝐼 ,  ∆𝑄= 𝑠𝑄 − 𝑠 𝑄 , and Q(.) is the Gaussian Q- 

function as [21] . We have Craig's formula of Q-function [22] 

as                

 Q x =
1

π
 𝑒𝑥𝑝  

−𝑥2

2𝑠𝑖𝑛 2𝜃
 𝑑𝜃

𝜋

2
0

                                 (6) 

The conditional probability of error event given in Eq. (5), 

averaged over the probability density function (pdf) of fading 

amplitude leads to average symbol error rate. By taking 

𝑦1 =
𝛼1

2∆𝐼
2

𝑁0
  and 𝑦2 =

𝛼2
2∆𝑄

2

𝑁𝑜
 , the average symbol error rate 

(ASER) can thus be obtained as [17] 

𝑃 𝑠 → ŝ =  
1

𝜋

∞

0
  𝑒𝑥𝑝  

−𝑦

4𝑠𝑖𝑛 2𝜃
 

𝜋/2

0
 𝑑𝜃 𝑝𝑦(𝑦)𝑑𝑦                 (7) 

where  𝑝𝑦(𝑦) is the pdf of 𝑦 =  𝑦1 + 𝑦2.   

Now, the moment generating function 𝑀𝑦(⋴) of y, defined as  

  𝑀𝑦(⋴)  =  𝑝𝑦(𝑦)𝑒𝑦⋴
∞

0
𝑑𝑦                               (8) 

Thus, equation (7) reads as 

𝑃 𝑠 → ŝ =
1

𝜋
 𝑀𝑦  

−1

4𝑠𝑖𝑛 2𝜃
 

𝜋/2

0
 𝑑𝜃                  (9) 

The MGF of Nakagami-q distributed random variable is given 

by [17] 

𝑀𝑦 ⋴ =  1 − 2 ⋴ 𝑦 +
(2⋴𝑦 )2𝑞2

(1+𝑞2)2  
−

1

2
                (10) 

Taking 𝑎 =
𝑞2

(1+𝑞2)2
,   Eq. (10) becomes 

𝑀𝑦 ⋴ =  1 − 2 ⋴ 𝑦 +  (2 ⋴ 𝑦 )2𝑎 −
1

2                                (11) 

3.2 Nakagami-q fading channel 
By Eq. (11), the MGF of y is written as  

My  ⋴=
−1

4sin 2𝜃
 =   1 +

2𝑦 

4𝑠𝑖𝑛 2𝜃
+  −

2𝑦 

4𝑠𝑖𝑛 2𝜃
 

2
𝑎 

−1

2

            (12) 

=  
4𝑠𝑖𝑛 2𝜃

  4𝑠𝑖𝑛 2𝜃 2+ 2𝑦  4𝑠𝑖𝑛 2𝜃 +4𝑎𝑦   
                               (13) 

Thus, MGF of y can be expressed as 𝑀𝑦 ⋴ = 𝑀𝑦1
 ⋴ .𝑀𝑦2

(⋴

) given in [23]. Then equation (9) becomes   

 

𝑃 𝑠 → ŝ =
1

𝜋
 𝑀𝑦1

 
−1

4𝑠𝑖𝑛 2𝜃
 

𝜋/2

0
. 𝑀𝑦2

 
−1

4𝑠𝑖𝑛 2𝜃
 𝑑𝜃              (14)                                 

         

 

The conditional error probability is thus obtained as 

𝑃 𝑠 → ŝ =

1

𝜋
 

4𝑠𝑖𝑛 2𝜃

  4𝑠𝑖𝑛 2𝜃 2+ 2𝑦1    4𝑠𝑖𝑛
2𝜃 +4𝑎𝑦1       

4𝑠𝑖𝑛 2𝜃

  4𝑠𝑖𝑛 2𝜃 2+ 2𝑦2    4𝑠𝑖𝑛
2𝜃 +4𝑎𝑦2       

d𝜃
𝜋

2
0

    

                                                            (15) 

By substituting  cos2𝜃 = x, and − 2sin𝜃 cos𝜃 d𝜃 = dx, the 

above equation reduces to  

𝑃 𝑠 → ŝ =

2

𝜋
 

(1−𝑥)
3
2    𝑥

−
1
2

 4 1−𝑥 2+ 2𝑦1    1−𝑥 + 𝑎𝑦1        4 1−𝑥 2+ 2𝑦2    1−𝑥 + 𝑎𝑦2       
   𝑑𝑥

1

0
  (16) 

Case I.  If 𝑞 = 0 (one sided Gaussian fading) then 𝑎 = 0   

By putting 𝑎 = 0 in Eq. (16), we get  

𝑃 𝑠 → ŝ  

=
2

𝜋
 

(1−𝑥)
3
2    𝑥

−
1
2

 4 1−𝑥 2+ 2𝑦1    1−𝑥   4 1−𝑥 2+ 2𝑦2    1−𝑥  
   𝑑𝑥

1

0
               (17) 

=
2

𝜋
 

(1−𝑥)
1
2    𝑥−

1
2

 4 1−𝑥 +2𝑦1      4 1−𝑥 +2𝑦2   
   𝑑𝑥

1

0
                                   (18) 

=
1

2𝜋
 

(1−𝑥)
1
2    𝑥−

1
2

  1−𝑥 +
𝑦1    

2
    1−𝑥 +

𝑦2
2

   
   𝑑𝑥

1

0
                               (19)                                                             

               

By subtituting 𝑏1 = 1 +
𝑦1   

2
       𝑎𝑛𝑑     𝑏2 = 1 +

𝑦2   

2
  we get 

𝑃 𝑠 → ŝ  

=
1

2𝜋 𝑏1 𝑏2
 (1 − 𝑥)

1

2   𝑥−
1

2   1 −
𝑥

𝑏1
 

−1

2
 1 −

𝑥

𝑏2
 

−1

2
  

1

0
          (20)                             

The ASER can be expressed in the closed form [24, Eq. 

3.211]; which is  

  1 − 𝑥 µ−1   𝑥𝜆−1   1 − 𝑢𝑥 −𝜌 1 − 𝑣𝑥 −𝜍𝑑𝑥 =
1

0

  𝐵 µ, 𝜆 𝐹1 𝜆, 𝜌, 𝜍, 𝜆 + µ; 𝑢, 𝑣                                            (21) 

where 𝐹1 . , . , . , . ; . , .   is the Appell hypergeometric function 

and 𝐵 𝑎, 𝑏  is the beta function. 

By using the above identity, Eq. (20) reduces to   

𝑃 𝑠 → ŝ =
𝐵 

3

2
,
1

2
 

2𝜋 𝑏1 𝑏2
𝐹1  

1

2
,

1

2
,

1

2
, 2;  𝑏1 

−1 ,  𝑏2 
−1           (22)                                               

At high SNR, the hypergeometric fuction converges to one 

and the upper bound of error rate can be expressed as 

𝑃 𝑠 → ŝ ≤
𝐵 

3

2
,
1

2
 

2𝜋 𝑏1 𝑏2
                                                        (23)                                                                       

Case II. For 𝑞 = 1 (Rayleigh fading) then 𝑎 = 0.25   

Eq. (15) becomes: 

𝑃 𝑠 → ŝ =

1

𝜋
 

4𝑠𝑖𝑛 2𝜃

  4𝑠𝑖𝑛 2𝜃 2+ 2𝑦1    4𝑠𝑖𝑛
2𝜃 +𝑦1       

4𝑠𝑖𝑛 2𝜃

  4𝑠𝑖𝑛 2𝜃 2+ 2𝑦2    4𝑠𝑖𝑛
2𝜃 +𝑦2       

d𝜃
𝜋

2
0

     

                                                                                    (24) 
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=
1

𝜋
 

4𝑠𝑖𝑛 2𝜃

  4𝑠𝑖𝑛 2𝜃+ 𝑦1       2  

4𝑠𝑖𝑛 2𝜃

  4𝑠𝑖𝑛 2𝜃+ 𝑦2        2  
d𝜃

𝜋

2
0

                              (25) 

=
1

𝜋
 

4𝑠𝑖𝑛 2𝜃

 4𝑠𝑖𝑛 2𝜃+ 𝑦1       

4𝑠𝑖𝑛 2𝜃

(4𝑠𝑖𝑛 2𝜃+ 𝑦2      )
d𝜃

𝜋

2
0

                                       (26) 

By substituting cos2𝜃 = x, and − 2sin𝜃cos𝜃d𝜃 = dx, and 

𝑐1 =
y1   

4
, 𝑐2 =

y2   

4
  in Eq. (26), we get  

𝑃 𝑠 → ŝ =
1

2𝜋
 

(1−𝑥)
3
2    𝑥−

1
2

(1−𝑥+𝑐1)(1−𝑥+𝑐2)
   𝑑𝑥

1

0
                (27) 

𝑃 𝑠 → ŝ =  
1

2𝜋(1+𝑐1)(1+𝑐2)
 (1 − 𝑥)1.5𝑥−.5 1 − 𝑢𝑥 −1 1 −

1

0

𝑣𝑥 −1𝑑𝑥                                                                                       (28)                                                                                  

where 𝑢 =
1

(1+𝑐1)
 𝑎𝑛𝑑  𝑣 =  

1

(1+𝑐2)
. Since c1 and c2 are 

functions of ф, so are 𝑢 and 𝑣. Thus the error probability as 

given in equation (28) depends on ф. 

Using Eq. (21) we get     

𝑃 𝑠 → ŝ =
𝐵(2.5,0.5)

2𝜋(1+𝑐1)(1+𝑐2)
𝐹1   0.5,1,1,3; (1 + 𝑐1)−1 , (1 +

𝑐2)−1 .                                         (29)                            

At high SNR, the hypergeometric fuction converges to one 

and the upper bound of error rate can be expressed as  

𝑃 𝑠 → ŝ ≤
𝐵 2.5,.5 

2𝜋 𝑐1  𝑐2 
                   (30)                                                       

 By assuming that the symbols are of equal probability, union 

bond for the SEP of M-PSK is expressed as [21] 

𝑃𝑠 ≤
1

𝑀
  𝑃 𝑠𝑖 → 𝑠𝑗  

𝑀
𝑗=1
𝑗≠1

𝑀
𝑖=1                 (31) 

For binary BPSK case the above equation becomes   

𝑃𝑠 =
1

2
 𝑃 𝑠2 → 𝑠1 +  𝑃 𝑠1 → 𝑠2                          (32) 

Similarly for QPSK case we have 

𝑃𝑠 ≤
1

4
  𝑃 𝑠𝑖 → 𝑠𝑗  

4
𝑗=1
𝑗≠1

4
𝑖=1                   (33) 

The symbol error rate being a function of rotation angle ϕ, the 

ASER is required to be minimized with respect to ϕ for 

improved performance. When ϕ = 00 (without rotation), the 

PSK signal constellations are pair-wise symmetric with 

respect to the two axes and the performance of the system 

reduces to conventional BPSK.   

4. RESULTS 
The study of bit error rate versus the depth of fading is 

important for assessing the quality of channel. Numerical 

results are now discussed in this section.  

Fig. 4 depicts the variation of SER with the Nakagami-q 

factor for various signal-to- noise ratio. As 𝑞 = 0 corresponds 

to the worst-case one-sided Gaussian and 𝑞 = 1 corresponds 

to Rayleigh fading, the error performance improves for higher 

q values as reflected in Fig. 4. The error rate improves for 

higher SNR. 

 

Fig 4: A plot of SER versus Nakagami-q factor for 

different SNR (dB) values for BPSK at a fixed angle of 

rotation of 450. 

 

Fig 5: The variation of symbol error rate versus rotation 

angle for different 𝒒 and SNR values for BPSK 

The SER in Fig. 5 is symmetric with respect to the rotation 

angle at 450; this is due the fact that the values of u and v in 

Eq. (28) are interchanged for the angles 450 - 𝛽 and 450 + 𝛽 

where 0 ≤ 𝛽 ≤ 450. At a given depth of fading (q fixed), the 

SER is lower for higher SNR values. At a fixed SNR, the 

performance is improved for higher q. 
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Fig 6: A plot of SER versus Nakagami-q factor for three 

different rotation angles of 00, 300 and 450 for BPSK at 

SNR = 30 dB. 

Fig. 6 shows that as the rotation angle ϕo increases from zero 

to 45o through 300, the SER decreases and attains a minimum 

at 450. But with further increase of the rotation angle from 45o 

to 90o there is an increment in SER values. This can be 

explained in the light of Fig. 5. Also observed here is an 

improvement in SER as Nakagami-q factor increases in the 

range 0 to 1.   

 

Fig 7: Dependence of SER on SNR various combinations 

of q and rotation angle. 

Similar studies have also been undertaken to find the nature of 

variation of SER with SNR for different combinations of q 

and rotation angle, as shown in Fig. 7. Over the range of q 

from 0 to1 and the range of rotation angle from 00 to 450, the 

worst-case combination is found for 𝑞 = 0, ϕ = 00 and the 

best-case is for 𝑞 = 1,ϕ = 450. 

 

Fig 8: A plot of SER versus Nakagami-q factor for 

different SNR (dB) values for QPSK at a fixed angle of 

rotation of 450. 

Because of practical importance, similar studies as above for 

BPSK have been persuaded for QPSK case also. Fig. 8 shows 

the variation of SER with Nakagami-q factor for various SNR. 

We observe here that at a given SNR of 30 dB and q = 1, the 

SER for QPSK is 2*10-4 against the value of 7*10-7 in BPSK 

case. The high value of SER in QPSK compared to BPSK for 

a fixed SNR and q is due to reduced minimum distance 

amongst the signal points in the constellation of rotated PSK.  

 

Fig 9: The variation of symbol error rate versus rotation 

angle for different 𝒒 and SNR values for QPSK. 
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The SER in Fig. 9 is symmetric with respect to the rotation 

angle at 450 as explained earlier for BPSK case. At a given 

SNR, the symbol error rate decreases initially with rotation 

angle and then increases again with the increase of angle till 

450. This behavior can be explained from the generalized Eq. 

(22). The term 𝑃 𝑠𝑖 → 𝑠𝑗   contains 1/ 𝑏1 𝑏2 which is the 

product ∆𝐼∆𝑄. The dependence of this product on the rotation 

angle can explain this nature. In our calculation, the optimum 

angle is obtained close at 300.  

 

Fig 10: A plot of SER versus Nakagami-q factor for 

different rotation angles for QPSK at SNR = 30 dB. 

Fig. 10 shows that as the rotation angle ϕ increases from zero 

to 45o through 150 & 300, the SER decreases with angle till 

300 and attains a minimum value at 300 (optimum angle) 

unlike the BPSK case where the minimum value is obtained at 

45o.   

 

Fig 11: Dependence of SER on SNR various combinations 

of q and rotation angle for QPSK. 

Fig.11 shows the curves between SER & SNR for rotation 

angles of 00 & 450, and q = 0, 0.5 and 1. The worst-case 

combination is found for 𝑞 = 0,ϕ = 00 whereas the best-case 

is for 𝑞 = 1, ϕ = 450, same as the case of BPSK. 

5. CONCLUSION 
In this paper, we have derived the expressions for symbol 

error analysis using moment generating function for 

conventional and rotated PSK modulation schemes over 

Nakagami-q fading channels. We have calculated the 

dependence of symbol error rates on the modulation 

techniques (BPSK and QPSK), signal-to-noise ratio, fading 

parameter q and the angle of rotation. As the SNR increases, 

the SER decreases as expected. Our critical analysis shows 

that the symbol error rates attain minima for the rotation 

angles of 450 and 300 for BPSK and QPSK, respectively. The 

symmetrical variation of SEP versus rotation angle about 450 

is observed in both the BPSK and QPSK schemes and 

explained.  
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