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ABSTRACT 
The robust self-tuning regulator of a class of linear systems, 

which can be described by the input-output Auto-Regressive 

Moving Average with exogenous (ARMAX) mathematical 

model with unknown and time-varying parameters, at 

bounded external disturbances is developed. A scheme of 

polynomial approximation has been applied to approximate 

the unknown and time-varying parameters of systems. The 

modified recursive extended least squares RELS estimation 

algorithm with a relative dead zone is proposed and applied to 

estimate the unknown and time-varying parameters 

intervening in the ARMAX mathematical model. The 

formulation of the explicit schemes of self-tuning regulation 

problem is resolved by using the minimum variance output or 

the generalized minimum variance output. The obtained 

control law, which is an optimal solution of minimizing a 

correspondent criterion, permit to reduce the effect of noise 

upon the output of system. An example of numerical 

simulation illustrates the effectiveness of the explicit schemes 

of self-tuning regulator and presents the performances by 

using the modified recursive extended least squares estimation 

algorithm with a relative dead zone in a step of the parametric 

estimation of a linear time-varying systems. 

General terms 
Modified recursive extended least squares estimation 

algorithm RELS with a relative dead zone, explicit schemes of 

minimum variance self-tuning regulator, explicit schemes of 

generalized minimum variance self-tuning regulator. 

Key words 
Polynomial approximation; ARMAX mathematical model; 

time-varying parameters; modified recursive extended least 

squares estimation algorithm RELS with a relative dead zone; 

self-tuning regulator. 

1. INTRODUCTION 
A necessary stage of technologic and scientific domains 

(physical, chemistry, biology, economy, etc.) is the 

formulation of mathematical models wchich can be described 

the dynamic systems. The modeling permits to formalize the 

behavior of the dynamic systems, where we can understand, 

control or improve the functioning of the analyzed systems. 

Besides, the key in automatic control is the elaboration of 

dynamic system model. A procedure of estimation, which has 

been treated and detailed, consists to research an adequate 

mathematical model for any system by experimental data and 

available knowledge (see [9], [17] and [20]). The gotten 

mathematical model can be used, in the aim, of surveillance 

and diagnosis or for the control of the dynamic systems. 

The parametric estimation of the linear dynamic systems, 

which can be described by input-output mathematical models 

with unknown and time-varying parameters, has been 

developed. Different types of recursive estimation algorithms, 

basing upon techniques of least squares, are treated and 

developed for resolving this problem (see [3], [8], [10], [11], 

[14], [15], [18], [23]). 

In the literature, a schema of polynomial approximation has 

been proposed to track the time-varying parameters of systems 

([4], [5], [12], [16], [19], [21], [22]). Applying this 

polynomial approximation to approximate time-varying 

parameters of system, a relative dead zone has been 

determined. In this way, a recursive estimation algorithm is 

used to estimate the parameters of linear dynamic system, 

which can be described by an input-output ARX mathematical 

model with unknown and time-varying parameters. This 

corresponds to a modified recursive least squares estimation 

algorithm RLS with a relative dead zone  

A modified estimation algorithm RLS with dead zone, which 

is developed in the literature [5], doesn’t permit to estimate 

time-varying parameters intervening in an ARMAX 

mathematical model, which is due to presence of 

immeasurable values. For this, we propose to develop a 

modified recursive extended lest squares estimation algorithm 

RELS with a relative dead zone.  

The self-tuning control approach has been developed and 

applied to several systems [1]. Three problems of control was 

been an object of much research, using different schemes of 

self-tuning control (tracking, regulation, tracking and 

regulation conjointly). In the literature the algorithms 

developed of self-tuning regulator have been based on the 

recursive extended least squares method to estimate the 

parameters of systems. For more details on the analysis and 

the development of the different problems of self-tuning 

control, see [2], [12] and [13]. In this paper, we interest by 

solving the problem of regulation of linear systems, which can 

be described by the input-output ARMAX mathematical 
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models with unknown and time-varying parameters, and with 

bounded external disturbances. Then, basing on the modified 

recursive extended least squares with a relative dead zone 

method to develop the algorithm of self-tuning regulator. An 

explicit scheme of minimum variance self-tuning regulator is 

developed.  

The remainder of this paper is organized as follows: Section 2 

treats the systems which can be described by the input-output 

ARMAX mathematical models with unknown and time-

varying parameters with bounded external disturbances basing 

on a scheme of polynomial approximation to approximate the 

parameters of system. Then, a relative dead zone is obtained. 

In section 3, the problem of parametric estimation of the 

considered systems is solved using a proposed modified 

recursive extended least squares estimation algorithm with a 

relative dead zone. In section 4, the problem of regulation is 

studied by using an explicit scheme of minimum variance 

self-tuning regulator. An explicit scheme of generalized 

minimum variance self-tuning is developed. In section 5, a 

numerical simulation example illustrates the effectiveness of 

the control law and shown the performances of the modified 

recursive extended least squares estimation algorithm with a 

relative dead zone in a step of system parameter estimation. 

The last section 6, conclusions are formulated. 

2. MATHEMATICAL MODELS 
In this paper, we interest by a parametric estimation of 

dynamic systems, which can be described by input-output, 

linear, monovariable stochastic mathematical models with 

unknown time-varying parameters. As the noise acting on the 

dynamic system is an independent random variable with zero 

means and constant variance. 

Considering the class of linear dynamic systems with time-

varying parameters, which can be described the following 

input-output ARMAX mathematical model: 

)()()()()()( 111 keqCkuk,qBqkyk,qA d    (1) 

where )(ku , )(ky  and )(ke  represent, respectively, the 

input, the output and the noise of the system at the discrete-

time, d  represents the time-delay of the system, and 

)( 1 k,qA 
, )( 1 k,qB 

 and )( 1qC  are, which are defined by: 

a

a

n

n qkaqkakqA
  )(...)(1),( 1

1
1

 (2) 

b

b

n

n qkbqkbkqB
  )(...)(),( 1

1
1

 (3) 

and 

cn

ncqcqcqC
  ...1)( 1

1
1  (4) 

where 
an , 

bn  and 
cn  are the orders of the polynomials 

),( 1 kqA 
, ),( 1 kqB 

 and )( 1qC . 

Noting that the parameters intervening in the polynomials 

),( 1 kqA 
 and ),( 1 kqB 

 are unknown time-varying and the 

parameters intervening in the polynomial )( 1qC  are 

unknown. 

The system presented by (1) can be described by: 

)()()()( kekkky T    (5) 

where )(k  and )(k  are respectively the vector of the 

parameters and the vector of the observations, they are defined 

by: 











cba nnn
T cckbkbkakak  111 )()()()()(   (6) 

and 





 

)()1()(

)1()()1()(

cb

a
T

nkekendku

dkunkykyk




  (7) 

Basing upon the procedure of polynomial approximation 

treated in references [5], [16] and [21], we can applied a 

limited development of a function around zero to define this 

function in this point. For this reason, we can used a 

variable
k ; when if 0k , 0k

 and if k , 1k
. 

Then, we have the following representation, respectively, of 

the polynomials )( 1 k,qA   and )( 1 k,qB  : 

)()()( 11
kAk,qAk,qA    (8) 

and 

)()()( 11
kBk,qBk,qB    (9) 

with 

i
n

i
kik qaqA

a





 

1

1 )(1),(  (10) 

i
n

i
kik qbqB

b





 

1

1 )(),(  (11) 

 )()()(
1 kakak

T
A na

   (12) 

and 

 )()()(
1 kbkbk

T
B nb

   (13) 

we define the approximate parameters vector by: 











cba nknkknkk
T
ap ccbbaa  111 )()()()()(  (14) 

when 

)()(
0

k

Ni

j

jijki aa  


  (15) 

and 





Mi

j

kjijki bb
0

)()(   (16) 

where the parameters 
iN  and 

iM  represent, respectively, the 

order of limited development of )( kia   and )( kib  , and the 

parameter )( kj   can be calculated, when 1)(0 k . 

The parameters vector is defined as follow: 

)()()( kkapk   (17) 
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when 

 )()()( k
T
Bk

T
Ak

T   (18) 

Equations (15) and (16) can be described again as to follow: 

iakNikia  )()(  (19) 

and 

ibkMikib  )()(  (20) 

with 









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ii iNi
T
a aa ,,0   (21) 









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ii iMi
T
b bb ,,0   (22) 









 )()(1)( 1 kNkkNi i

  (23) 

and 









 )()(1)( 1 kMkkMi i

  (24) 

Combining (19) and (20) in (14), we obtain: 

ekkap  )()(  (25) 

when 

])()(

)()([)(
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1
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kNnakNk

I,,,

,,,diag








 (26) 

and 

][ 111 nc
T
b

T
b

T
a

T
a

T
e c,,c,,,,,,

nbna
   (27) 

Then, the parameters vector is defined by: 

)()()( kekk   (28) 

The dynamic system given by (5) can be represented by the 

following expression: 

)()()( kkXky T
e   (29) 

where 

)()()( kkX T
k   (30) 

and 

)()()()( kekk k
T   (31) 

Hypothesis a: an upper bound   of )( k  is known [5]. 

Hypothesis b: )(ke  is a bounded and an upper bound 0m  of 

)(ke  is known [5]. 

Basing on the hypothesis a and b, the upper bound )(kd  of 

)(k  is given by: 

0)()( mkkd    (32) 

The precedent function will be used to give a relative dead 

zone in the recursive adaptive algorithm.  

3. PARAMETER ESTIMATION 
The parametric estimation of the stochastic dynamic system 

with time-varying parameters, which is defined by (29), can 

be made using a modified estimation algorithm RLS with 

relative dead zone were [5]: 

)()()()1(ˆ)(ˆ kkkkk Lee    

)()1()()(

)()1(
)(

kkkk

kk
k

XPTX
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L






         

  )1()()()()(  kkkkk PXLIP   (33) 

)()1()()( kkˆkk Xy T
e    












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]/1,[ otherwise

)()(0
)(

kdkif
k  

The constants )1,(0 ,  1/2  and ]10[)(  k  are 

chosen arbitrarily by the user, see [5]. 

But, the using of this algorithm (33) can be lead to a failure. 

The causes are the presence of non measurable variable 

),...,1);(( cnppke   in the vector of observations )(kX . In 

this way, the using of their a priori prediction values 

),...,1);(( cnppk   or a posteriori estimated values 

),...,1);(( cnppk   can be solved this problem.  

By equation (29), the a priori prediction error is given by: 

)()1(ˆ)()( kXkkyk T
e


  (34) 

where 

)()()( kkX T
k 


 (35) 
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 (36) 

and 

)()()()( kkk k
T 


 (37) 

Such that )(kˆ
e  is determined by the modified recursive 

extended least squares algorithm RELS with relative dead 

zone, which is defined by: 
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when: 
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








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]1[

)()(0
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/,otherwise

kdkif
k   (39) 

and 

0)()( mkkd 


 (40) 

4. SELF-TUNING REGULATOR 
In this section, we study the problem of robust self-tuning 

regulator for stochastic linear systems with time-varying 

parameters. This problem can be solved using the minimum 

variance approach or the generalized minimum variance 

approach with explicit schemes. 

The system described by (1) can be defined by: 

)1()(

)(
)(

)(
)(

)(

)(
)1(

1

1

1

1

1















dkek,qF

ke
k,qA

k,qG
ku

k,qA

k,qB
qdky

 (41) 

where ),( 1 kqF 
 and )( 1 k,qG 

 are solution of the following 

polynomial equation: 

)()()()( 11111 k,qGqk,qFk,qAqC d    (42) 

The polynomials )( 1 k,qF 
 and )( 1 k,qG 

 are given by, 

respectively: 

d
d qkfqkfk,qF   )()(1)( 1

1
1   (43) 

and 

1
1

1
10

1 )()()()( 


  n
n qkgqkgkgk,qG   (44) 

4.1    Minimum variance self-tuning 

regulation 
Formulation of the regulation problem of the considered 

systems, which are described by ARMAX mathematical 

model (1), can be formalized by the minimization the 

following criterion: 

)]1([)1( 2  dkydkJ  (45) 

where E denotes the expectation and )1(  dky  is given by 

(41), )(ke  introduces in (41) can be defined by: 
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Now, we can replace )(ke  introduces in (41) by (46), we 

obtain: 

)1(

)(
)(

)(
)(

)(

)(
)1(

1

1

1

1

1















dke)k,q(F

ky
qC

k,qG
ku

qC

k,qH
dky

 (47) 

where 

)()()( 111 k,qFk,qqBk,qH    (48) 

which can be described as: 
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1 )()()()( 


  dn
dn qkhqkhkhk,qH   (49) 

The criterion to be minimized becomes: 

]))1()(
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We can obtain: 
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Then, the optimal control law )(ku  which minimizes the 

criterion (45) is defined by: 

)k(y
k,qH

k,qG
)k(u

)(

)(
1

1





  (52) 

where )( 1 k,qH   is defined by (48). 

The explicit schemes of minimum variance self-tuning 

regulator can be unrolling considering the three following 

steps: 

Step 1: estimation of parameters intervening in the ARMAX 

mathematical model (1) (or (29)) using the modified 

estimation algorithm RELS with relative dead zone given 

by the set of equation (38). One obtained the 

polynomials )( 1 k,qÂ  , )( 1 k,qB̂   and )( 1 k,qĈ  , when: 

)()( 11
k,qÂk,qÂ    (53) 

)()( 11
k,qB̂k,qB̂    (54) 

Step 2: determination of the polynomials )( 1 k,qF 
 and 

)( 1 k,qG 
 by resolving the following polynomial equation: 

)()()()( 11111 k,qGqk,qF,qÂk,qĈ d
k

   (55) 

Also, the polynomial )( 1 k,qH   is calculated using: 

)()()( 111 k,qF,qB̂qk,qH k
   (56) 

Step 3: calculate the control law )(ku  by the following 

equation: 

)(
)(

)(

)1(
)(

)(

)(
1

1

0

1

2 sky
kh

kg

rku
kh

kh

ku

n

s

s

dn

r

r










  (57) 

Noting that if we have 0)(1 kh , then we take 01.0)(1 kh . 

4.2 Generalized minimum variance self-

tuning regulation 

Now, we develop the control law which permit to reduce the 

effect of noise upon the out-put of system, and to limit the 

control signal amplitude to a desired value. The generalized 

minimum variance self-tuning regulator can be developed by 

minimizing the following criterion: 

)]()1([)1( 22 kudkydkJ   (58) 

where E denotes the expectation and   is a weighting factor 

given by the user. Then, the optimal control law )(ku  which 

minimizes the criterion (45) is defined by: 
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1

1
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  (59) 

where the polynomial )( 1 k,qZ   is given by: 

)()
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()()()( 1

1
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 qC

kb
k,qFk,qqBk,qZ  (60) 

Which can be defined as  

11
21

1 )()()()( 


  dn
dn qkzqkzkzk,qZ   (61) 

The explicit schemes of generalized minimum variance self-

tuning regulator can be unrolling considering the three 

following steps: 

Step 1: estimation of parameters intervening in the ARMAX 

mathematical model (1) (or (29)) using the modified 

estimation algorithm RELS with relative dead zone given 

by the set of equation (38); 

Step 2: determination of the polynomials )( 1 k,qF   and 

)( 1 k,qG   by resolving the polynomial equation (55); 

Also, he polynomial )( 1 k,qZ   is calculated using: 

)()
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111 k,qĈ
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k,qF,qB̂qk,qZ
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


  (62) 

Step 3: calculate the control law )(ku  by the following 

equation: 
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1

0

1

2 sky
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Noting that if we have 0)(1 kz , then we take 01.0)(1 kz . 

we uses a numerical example, which permits to compare 

performances of the algorithm of minimum variance output 

self-tuning regulation basing on the modified recursive 

extended least squares estimation algorithm with a relative 

dead zone and the algorithm of minimum variance self-tuning 

regulation basing on the recursive extended least squares 

estimation algorithm with exponential forgetting factor treated 

in the literature([3], [8], [10], [11], [12], [14], [15] [18],[23]), 

to demonstrate the robustness of the minimum variance output 

self tuning regulator basing on the modified RELS estimation 

algorithm. 

The RELS estimation algorithm with exponential forgetting 

factor is given by: 

)()()()1()( kkkPkˆkˆ 
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)()1()()( kkˆkyk T 


 

when )(k


 is defined by (36) and )(k , 1)(0  k , is an 

exponential forgetting factor, which can be defined by the 

following equation: 

)1()1()( o
o

o  kk  

where: 10 
o

 , 10  o .  

 

5. NUMERICAL EXAMPLE 
In this section, we study the problem of self-tuning regulator 

for a linear stochastic system, which can be described by 

discreet time input-output mathematical model ARMAX with 

unknown time-varying parameters. In this case, we will use an 

explicit scheme of self-tuning regulation with minimum 

variance. The noise acting on the system is a sequence of 

independent random variables with zero mean and constant 

variance. 

The consider system can be described by the following 

mathematical model ARMAX: 

)1()()2()()1()()( 111  keckekukbkykaky  (65) 

In the mathematical model ARMAX (65), the sequences 

{ )(ke } is a white noise with zero means and constant 

variances. We suppose that the parameters of the system are 

unknown and the order and delay are known exactly. 

The developed explicit self-tuning regulator with the modified 

RELS estimation algorithm with a relative dead zone is used 

to regulate the considered system. The parameters of this 

model are supposed to be unknown and time-varying, which 

are chosen as: 













 k

.
cos

k

k
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40
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1
2050)(1 , 40)(1 .kb  , 101 .c   

The parameter vector is defined by: 

 111 )()()( ckbkakT   

The number of data was 300. 

The control law )(ku  is computed on the basis upon the 

minimization of the following criteria: 

)]2([)2( 2  kykJ  (66) 

The steps of computing the control law )(ku  of self-tuning 

regulator in the minimum variance self-tuning regulation 

algorithm are based on the modified recursive extended least 

squares estimation algorithm with a relative dead zone are 

listed in the following: 

Steps 1: Calculate the estimated parameters intervening in the 

ARMAX mathematical model (65) using the modified 

RELS estimation algorithm with a relative dead zone 

given by the set of equation (38). In this step we take:  

1. )(ke  is white noise with a zero means and variance 

22 1380. ; 

2. the orders of limited development are: 11 N , 01 M ; 

3. the initial values of the estimated parameters )0(e̂  and 

the gain matrix )0(P  are chosen as: 0)(  iˆ
e , i≤0, 

IP 1000)0(  , where I denote the identity matrix, 

y(i)=0, u(i)=0, i≤0; 

4. 2 , 980)( .k   and 440. . 

The estimated parameters vector )(kˆ
e  is given by: 

 )()()()( 111
kĉkb̂kˆkˆ T

a
T
e   (67) 

The estimated parameter )(1 kâ  is given by: 

)()()(
111 kˆJkâ akN   (68) 

where k  has been defined in [5]. 
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Step 2: determination of the polynomials parameter )( 1 k,qF   

and )( 1 k,qG   by resolving the polynomial equation (55), 

where: 1
1

1 )(1)(   qkfk,qF , )()( 0
1 kgk,qG  . The 

parameters )(1 kf  and )(0 kg  are given by: 

)()()( 111 kâkĉkf  , )()()( 110 kfkĉkg  . The 

polynomial )( 1 k,qH   is calculated using equation (56), 

where: 1
21

1 )()()(   qkhkhk,qH . The parameters 

)(1 kh  and )(2 kh  are given by: )()( 11 kb̂kh  , 

)()()( 112 kfkb̂kh  ; 

Step 3: calculate the control law )(ku  by the equation (57), 

where: 

))()()1()()(
)(

1
()( 02

1

kykgkukh
kh

ku   (69) 

If we have 0)(1 kb̂ , then we take 010)(1 .kh  . 

The control law of the minimum variance self-tuning 

regulator, which basing on the modified RELS estimation 

algorithm with a relative dead zone, and the output of system 

are shown in Fig. 1. The control law of the minimum variance 

self-tuning regulator, which basing on the RELS estimation 

algorithm with an exponential forgetting factor given by (64), 

and the output of system are shown in Fig. 2. Fig. 3 represent 

the estimated parameter )(1 kâ  and )(1 kb̂ , when the black line 

represent the real value, the blue line represent the estimated 

parameter by applying the modified RELS estimation 

algorithm with a relative dead zone and the red line represent 

the estimated parameter by applying the RELS estimation 

algorithm with an exponential forgetting factor. In Fig. 4 we 

showed the estimated parameter )(1 kĉ  and the variance of 

prediction error. 

It is observed and shown in Fig. 3 that the proposed modified 

RELS estimation algorithm with a relative dead zone 

converge and ensures that the estimated parameter follow the 

time-varying parameter than the estimated parameter by the 

RELS estimation algorithm with an exponential forgetting 

factor. 

The control law of the minimum variance self-tuning 

regulator, which basing on modified RELS estimation 

algorithm with a relative dead zone, permits to eliminate the 

noise effect on the system and to remedy the transient regime 

effect.  

We conclude that the robustness of the minimum variance 

self-tuning regulator is ensured basing on the modified RELS 

estimation algorithm with a relative dead zone. This example 

shows the performances of the developed schemes of the 

minimum variance self-tuning regulation. 
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Fig. 1: Control law )(ku  and output of system )(ky  basing on the modified RELS estimation algorithm with a relative dead 

zone. 
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Fig. 2: Control law )(ku  and output of system )(ky  basing on the RELS estimation algorithm with exponential forgetting 

factor. 
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a                                                                    b 

Fig. 3: Estimated parameters of system: a: )(1 kâ , b: )(1 kb̂  

real value 

basing on the modified RELS estimation algorithm with a relative dead zone 

basing on the RELS estimation algorithm with an exponential forgetting factor 
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a                                                                    b 

Fig. 4: a: Estimated parameter )(1 kĉ , b: the variance of prediction error 

real value 

basing on the modified RELS estimation algorithm with a relative dead zone 

basing on the RELS estimation algorithm with an exponential forgetting factor 

 

6. CONCLUSION 
The problem of the parametric estimation of the linear 

dynamic systems, which can be described by input-output 

ARMAX mathematical models with unknown and time-

varying parameters, has been landed in this paper. A schema 

of polynomial approximation was applied to approximate 

time-varying parameters. This approach permits to determine 

the relative dead zone. The modified recursive least squares 

estimation algorithm RLS with dead zone cannot estimate 

parameters of systems. Then, a modified recursive extended 

least squares estimation algorithm RELS with a relative dead 

zone has been proposed and developed to solve this problem.  

The problem of the explicit schemes of robust self-tuning 

regulator of linear dynamic systems with time-varying 

parameters is developed. This problem was solved by using 

the minimum variance output or the generalized minimum 

variance approach basing on the modified recursive extended 

least squares estimation algorithm with a relative dead zone.  

A Numerical simulation example has been studied. A 

comparative study, between the explicit schemes algorithm of 

self-tuning regulator basing on the RELS estimation algorithm 

with an exponential forgetting factor and the explicit schemes 

algorithm of self-tuning regulator basing on the modified 

RELS estimation algorithm with a relative dead zone, shows 

the effectiveness of the developed control law. This show the 

performances and the robustness of the explicit schemes of 

minimum variance self-tuning regulator basing on the 

proposed modified RELS estimation algorithm with a relative 

dead zone. 
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