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ABSTRACT

A permutation labeling of a graph G is a bijective assignment
of labels from { 1,2,3, ...p} to the vertices of G such that
when each edge of G has assigned a weight defined by the
number of permutations of f(u) things taken f(v) at a time.
Such a labeling f is called permutation labeling of G. A graph
which admits permutation labeling is called permutation
graphs. In this paper | proved that the shadow graphs of path
Py, star K; pand path union of shadow graphs of cycle C, are
permutation graphs. Further | proved that the split graphs of
path P, and star K, , are permutation graphs.

Keywords: Permutation labeling, Shadow graph, Split
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1. INTRODUCTION

Throughout this paper we consider simple, finite, connected
and undirected graph G = (V(G), E(G)) with p vertices and q
edges. G is also called a (p,q) graph. For standard terminology
and notation we follow Haray[4] and Gary Chartrand and Pinz
zhang[6]. For a detailed survey on graph labeling we refer
Gallian [5] .The brief summary of definitions and other
information which are necessary for the present investigation
are given below. “Graph labeling” at its heart, is a strong
communication between” number theory”’[3] and “structure
graphs” [2,4,6]. In this paper, permutation labeling of graphs
are introduced and studied.

Graph labeling , where the vertices and edges are
assigned real values or subsets of a set are subject to certain
conditions , have often been motivated by their utility to
various applied fields and their intrinsic mathematical interest
( logical- mathematical).Graph labeling were first introduced
in the mid sixties

An enormous body of literature has grown around the
subject, especially in the lat thirty years or so, and is still
getting embellished due to increasing number of application
driven concepts. Permutations play a major role in
combinatorial problems. The new labeling introduced in this
paper is a logical-mathematical attempt.

Definition 1.1. A (p, ) graph G(V,E) is said to be a
permutation graph [7] if there exists a bijection f: V(G) — {

1,2,3, ..., p} such that the induced edge function gs : E(G) —
f@prw) if f@) > f(v)

N defined as g¢(uv)= {f(v)p ran if fF(0) > f(W)

is injective, where ™ P, denotes the number of
permutations of f(u) things taken f(v) at a time. Such a
labeling f is called permutation labeling of G.

Definition 1.2.The shadow graph D,(G) of a connected
graph G is constructed by taking two copies of G say G’ and
G” join each vertex V' in G; to the neighbors of the
corresponding vertex v’ in G”.

Definition 1.3. For a graph G the split graph is obtained
by adding to each vertex v a new vertex such that v’ is
adjacent to every vertex that is adjacent to v in G. The
resultant graph is denoted as spl(G)

Definition 1.4.LetG,,G,, ...... Gy, n > 2 be n copies
of a fixed graph G. The graph G obtained by adding an edge
between G; and Gi,y fori=1.2,...... n-1 is called path union
of G.[7]

2. MAIN RESULTS

PERMUTATIONS LABELING OF SOME
SHADOW GRAPHS OF PATHS,
CYCLES AND STAR GRAPHS

Theorem 2.1: D,(P,) admits a permutation labeling.

Proof: Consider two copies of P,,. Let vy, V, ,... , v, be the
vertices of the first copy of P, and vy, Vo ,... , vy be the
vertices of the second copy of P,. Let G be the shadow graph
D,(P,). Then |V(G)| = 2n and [E(G)| = 4 (n-1). To define f:
V(G) — {1,2, ... ,2n}

Case (i) niseven,n>2

fv)=i (1<i<n)

flu)=4+i (1<i<n)
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Case (ii))nisodd,n>3
f(vp=i (1<i<n)
fu)=3+i (I1<i<n)

Hence D,(P,) is a permutation labeling

Hlustration: 2.2: The Permutation labeling of the graph
D, (P3) is shown in Figure-1
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Fig-1: The Permutation labeling of the graph D, (P3)

Hlustration:2.3: The Permutation labeling of the graph
D,(P;) is shown in Figure-2

Fig-2: The Permutation labeling of the graph D,(P-)

Theorem 2.4: Dy(K,,) admits a permutation
labeling.

Proof: Consider two copies of Ky . Let vy, Vs ,... , v, be the
pendent vertices of the first copy of K, , and vy, vy ..., vy be
the pendent vertices of the second copy of K, with v and
v’respective apex vertices. Let G = D,(Ky ). Then |V (G)| =
2n+2 and |[E (G)| = 4n. To define f:
V(G) — {1,2, ... ,2n +2} as follows.

f(vi) =2+i (1<i<n)
flv)=1
f(v)=2 f(vi) =

6+i (1<i<n)

Hence D, (K, ) is a permutation graph.

Hlustration:2.5: Permutation labeling of the graph
D,(Kj 4) is shown in Figure-3.

fiv) =1
f(v)=2

f(vi)=6+i (1<i<n)
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Fig-3: Permutation labeling of the graph Dy(Kj 4)

Theorem 2.6: The path union of k copies of D,(c,) is a
permutation graph.
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Proof: Let D,(C ,,) be the shadow graph of cycle. Let G
be the path union of k copies G, , G,, ....., G of shadow
graph D,(C,). LetG;, Gy, ......... Gy’ be the first copy of
cycleCyand G, G, ......... Gy be the second copy of
cycle C, in D,(C ). Let us denote the successive vertices of
Gy’by ujp S uppf, ... uj, “and G{” by uy”, up”, ...... Uin”.
Let €=Uy u (41)” be the edge joining Gjand G; 4, fori=1, 2,
..... k- 1. Definef: V(G) — {1,2,....,p } by

fup) =i, 1<i<n

fluy) =1+n, 1<i<n

f(uy) =i+2n, 1<i<n
f(uy) =i+3n, 1<i<n

Ilustration:2.7:

The permutation labeling of a graph G obtained by joining
two copies of shadow graphs D,(C 4 )by a path of arbitrary
length is shown in figure-4

Fig-4:The permutation labeling of a graph G obtained by joining two copies of shadow graphs D,(C , )by a path of
arbitrary length

Theorem 2.8: A graph G obtained by joining two copies
of shadow graphs D,(C ) by a path of arbitrary length is a
permutation graph.

Proof: Let graphs D,(C ,, )be the shadow graph of cycle C,,
.Let G be a graph obtained by joining two copies of shadow

graphs D,(C ) by a path P ,of length k — 1. Let u;” u, , ... u
« bethe verticesof C, andu;”,u, , .... u be the vertices
of C,
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Fig-5: The permutation labeling of a graph G obtained by joining two copies of shadow graphs D,(C 5 )by a path of
arbitrarylength

in first copy of Do(C ). Letvy’ v, ,....v be the vertices
of C, andvy” vy, .... v be the vertices of C, in the
second copy of D,(C,)in G. Let wy, w,, ... wybe the
vertices of path P, with u;” = w; and v;” = w.. We note that |
V(G)|=4n+k-2and |E(G) |=8n + k3.

To define f: V(G) — {1,2, ....,p} by

f(up) =1, 1<i<n

f(up) =i+n, 1<i<n and

f(uir) =w;, when i=1

3. PERMUTATIONS LABELING OF

SOME SPLIT GRAPHS

Theorem 3.1: Spl(P,)) is a permutation graph Proof:
Letu;, u;,...,u, be the vertices correspondingto vy, v, ,... ,
v, of P, which are added to obtain Spl(P,). Let G be the
graph Spl(P,). Then [V(G)| =2n and [E(G)| =3(n-1) . To
define  f: V(G) — {1,2, ... .,2n } as follows.

flv)=i (1<i<n)
flu)=n+i (1<i<n)

Hence Spl(P,) is a permutation graph

Ilustration: 3.2: Permutation labeling of the graph Spl(P,) is

shown in Figure-6.

f(vi)) =i+3n+1l, 1<i<n

f(vi) =i+2n+l, 1<i<n

f(vi) = w3, wheni=1and
Ilustration:2.9:

The permutation labeling of a graph G obtained by joining

two copies of shadow graphs D,(C 5)by a path of arbitrary
length is shown in figure-5

Vi vV, V3

Fig-6: Permutation labeling of the graph Spl(P,)

llustration: 3.3: Permutation labeling of the graph Spl(P;) is shown in Figure-7.
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Fig-7: Permutation labeling of the graph Spl(P).

Theorem 3.4: spl(K ;) is a permutation graph.

Proof: Letu,, u,...., u, be the vertices corresponding to v,
, Vs ,..., vy Of P, which are added to obtain Spl(P,). Let G be
the graph Spl(P,). Then |V(G)| = 2n+2 and |[E(G)| = 3n. To
define

f: V(G) — {1,2, ... 2n+2 } as follows.
flvp=1 (1<i<n)

fvi)=i (1<i<n) f(v)
=1 f(V’)
=2n+2

and all the edges of Spl(K 1) have different weights for the
edges. Hence Spl(K 1) is a permutation graph.

Hlustration:3.5: Permutation labeling of the graph

Vo V3’

(€ @ v,
. \ / 4

) :

SpI(K 1.4) v
Fig-8:Permutation labeling of the graph Spl(Kj 4)

4. CONCLUSION

Finding shadow and split graphs seems to be a useful tool to
generate new permutation graphs. Here | investigated
shadow graphs of path P, star K;, and path union of
shadow graphs of cycle C, are permutation graphs. Further 1
proved that the split graphs of path P, and star K, are
permutation graphs.One can investigate further more graphs
which satisfies permutation labeling.
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